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BBepneHue

O nocobuu ang yyurenem

JlanHasi KHHWra ajapecoBaHa YUYHTENAM, pPa0bOTAMINUM IIO
yueOHUKY «AJiredpa 1 Hayaja MaTeMaTUYecKoro amaausa, 10»
(aBroper: C. M. Hurkoawsckuii, M. K. Iloranos, H. H. Pemrer-
HUKOB, A. B. IlleBKuH). ITOT yUeOHUK HpeIHasHAUEH KaK IJIs
0a30BOr0, TaK W JJA YIJIYOJEHHOIO YPOBHSA OOYUEHUS W SIBJISA-
ercd YacTbio yuebHoro xommaekTa mjasa 10—11 xiaccos. On
OPOJOJIZKAET cepuio yueOHUKOB « MI'Y — mIKojie» Tex :Ke aBTO-
pPoB miasa 5—9 KJaaccoB m HalleJIeH Ha MOATOTOBKY yUaIMXCAd K
HOCTYIIJIEHUIO B BYy3 M K O0yUeHUIO B By3e.

B yuebusniii kKominiekT s 10 KJjacca BXOOAT:

1) Anrebpa m Hadaja MareMaTuueckoro aHaiamsa. 10 Kiacc.
YuebHUK AJ1a 00Ileo0pas3oBaT. OpraHU3aluii: 0a30BBLI U YIJIyO-
aeanbiii ypoBHH (C. M. Hukonsckuii, M. K. Iloranos, H. H. Pe-
mretHUKOB, A. B. IlleBkun. — M.: IIpocBermienue, 2008—2013);

2) Anrebpa m Hauajia MaTeMaTHUYeCcKOro aHaamsa. umak-
Tuueckue marepuaybl. 10 Kimace (M. K. IToramos, A. B. Illes-
kuu. — M.: IIpocgerrenue, 2005—2013);

3) Aunrebpa m Hauajia MaTeMaTHYeCKOro aHajamsa. TemaTu-
yeckue Ttectol. 10 Kiace (FO. B. IllemeneBa. — M.: IIpocBeriie-
Hue, 2011—2013).

4) Anrebpa m Hauaja MaTeMaTHUYeCKOTo aHajamusa. Merongu-
yeckue pexomeHmanuu. 10 Kiaacc. ITocobue nns yuuresaein 06-
mieobpasoBar. oprauusanuii (M. K. IToramo, A. B. Illes-
kuH. — M.: IIpocBemenue, 2008—2013).

B pmamHoOii KHHUTe pacCMOTPEHBI KOHIENIUS YYeOHUKOB
aJireOphI 1 HAYaJ MaTeMaTudeckoro aHaausa majas 10—11 xiac-
COB, UX CTPYKTypa, IPUBeAeHO 4 BapuMaHTa MPUMEPHOro TeMa-
TUYECKOTO IJaHUPOBAHUS, MaHBI METOAWUYECKMNEe DPeKOMeHa-
OUMY II0 M3YyYeHHWI0 OCHOBHBIX TeM Kypca 10 xiacca u
KOMMEHTApPUU K PEIeHnI0 HEKOTOPBhIX TPYAHBIX 3amau. 3Aech
JKe MaHbl PeKOMEeHJAIlMM O KCIOJb30BAHUIO NUIAKTUUECKUX
martepuaJsioB. IIpakTmuecKm s BceX IIYHKTOB y4YeOHUKA B
KHUTE I YUYUTEJNS UMeloTcAa pyopuKu PelreHuss 1 KOMMeEHTa-
puu u IIpomMe:KyTOUYHBIN KOHTPOJB. B mepBoii U3 HUX IIpUBEeE-
HBI YCJIOBUS MHOTHX 3a7au U UX PeIlleHNs UJIN JaHbl PEKOMEeH-
manuu, IoMoraolue HaWTu pernenue. IIpu sTOoM maHBI
MOsSICHEHU s, TTIOMOTAI0IIe 00YUeHNI0 MIKOJbHUKOB. Bo BTOpOIi
pPyOprKe yKasaHbl HOMepPa CAMOCTOATEJbHBIX PaboT 10 AUAAK-
TUUYECKUM MaTepHuaiaM.



KoHuenuua yyeoHukos ansa 10 u 11 knaccoB cepum
«MI'Y — wkone»

ABTOpaMu yueOHUKOB paspaboTaHa KOHIIENINA MHOTOYPOB-
HeBBIX YUeOHMKOB MaTeMaTuKu. [IpuBeseM OCHOBHBIE ITOJIOKeE-
HUA 9TOM KOHIIEIIINN.

e DMaremaTuKa eguWHA U MOJYKET OBITH HBJIOKEeHa B OJHOM
yueOHUKe AJiA paboThl 1Mo pasuHbIM nporpammam. Comepoka-
HUe y4YyeOHUKA [OOJYKHO COOTBETCTBOBATHL HAYYHOM TOUKe
3peHusl Ha M3ydyaeMble BOIPOCHI.

e VueGHUK TOJIJKEH coueTaTh B cebe HaAyUYHOCTh, CTPOHHOCTD,
SKOHOMHOCTb ¥ JIOTUYHOCTL WUBJ0KEHUsS MaTepuaia c
JOCTYIHOCTBIO AJIS yYaIlUXCsa ero yueOHbIX TEeKCTOB.

e VYueOHUK He MOJKEeH OTPaHUUYMBATLCA MHTEpecaMu CpeiHe-
To0 yUeHWKa, OH MOJI’KeH yIOBJIETBOPATL HMHTEpecaM BCeX
y4ualquxcsa — OT CJAObIX OO0 CUJIbHBIX.

e VYueOHHUK OOJIKEH ObITh IIPUTOAEH IJd OpraHm3anuu Aud-
depeHIITUPOBAaHHOTO 00yUYeHUsA U OoOecIlieurBaTh JIIOOOW JKe-
JaeMbIl YPOBEeHb IIyOMHBI U3YUEHUS MaTepuasa.

e Cmocob6 m3JI0KeHUs MaTepuajia B yueOHUKe, OpraHu3arus
y4eOHBIX TEKCTOB M CHUCTEMbI YIPaKHEHUUN MOJKHBI obec-
meunBaTh AOCTUKEHUE DPAa3JIUYHBIX Iejieli O0yueHUs NHpu
paboTe 0 Pas3HBIM IIPOTPAMMAaM.

CTpyKTypa yueOHUKOB «AJirebpa u Hayajia MaTeMaTHUYeCcKo-
ro agagmusa» aad 10 u 11 KjgaccoB 1 MX MeTOIMUYECKHUI aimapar
OTBEYAIOT OCHOBHBIM TOJIOMKEHUAM 9TOH KOHIENIINU. ABTOPHI
yueOHUKOB cepuu «MI'Y — mIKoje» CUMTAIOT IPUHITUTINATIHHO
BasKHBIM 00y4YaTh ITKOJbHUKOB, BRIOPABIIIUX pPasHble TPOdhuIn,
IO OOHUM U TeM ke yueOuukam. Torma yuaiuecs, 3alHTEPECOo-
BaHHbIe B 0OoJjiee TJIyOOKOM WU3YyYEeHUU MATEMATUKH, MOTYT
yIayOasTh CBOU IIO3HAHUS B MaTeMaTUKe CAMOCTOSTEIbHO WU
IO/ PYKOBOJCTBOM YUHUTEJ A, KOTOPHIN IMOJyUYaeT peaabHYyI0 BO3-
MOJKHOCTD JIJIsI opraHusanuu guddepeHInpoBaHHOr0 00yYeHU
U TMOATOTOBKM yUaIuXcsA K MOCTYILJIEHUIO B By3bl. Kpome ToOTO,
Imepexos ¢ OAHOI IporpaMMbl OOyUeHUs Ha APYTIyIo He Oymer
BBIBLIBATh TPYAHOCTEH HU IJIA YUAIIUXCS, HU AJISI YUUTEJeH.

AT 0COOEHHOCTH YUYEOHMKOB B IIOJIHOM Mepe OTBeUYaloT Tpe-
6oBanuam PI'OC, maleauBaloONInX yUeOHBIN mpollecc Ha (popMu-
poBaHUe y yYallUXCs B IIPOIlECCe M3YyUEeHUs Kypca MaTeMaTHuKU
00111eyUeOHbIX (HAAITPEeIMETHBIX) YMEHUH ITPU BLITOJTHEHUN YHU-
BEPCAJBHBIX YUEOHBIX AeUCTBU, mpemycMoTpeHHBIX PI'OC.

Kaxaprii u3 aByx yueOHMKOB 00JiafaeT IeJIbHOCTHLIO U 3a-
BEPIIIEHHOCTHIO CBOET'O COMEPIKaHusd, a BMECTe OHU COCTaBJIAIOT
enuHbIA Kypc. [JIsg KasKkaoro m3 yueOHMKOB paspaboTaHa aB-
TopcKkasa pabouas mporpamMma, coorBeTcTByioinaa PI'OC.
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B yuebHuMKax maparpadsl 6e3 3BE3M0UYKU COOTBETCTBYIOT
®DI'OC (6azoBbIil ypoBeHb). Ilaparpadbl co 3Be310UYKOM U CIIEIU-
aJbHO BBIJEJIEHHBLIN B maparpadax 0e3 3Be3IOUYKU MaTepua
mpegHAa3HAUYEHBI ydYaluMCd, HIYUAIOIIMM MaTeMaTuKy Ha
yray0JeHHOM YpPOBHE.

Kaxxknaa romaBa yue6uukoB aid 10 u 11 kaaccoB 3aBepiIiaer-
cA UCTOPUYECKUMHU CBeleHUsMHU. B KoHIle yUeOHUKOB IIOMellle-
HBI pasfenbl «3aJaHusA IJs IIOBTOPEHUS», COAep:Kaliiue 3ama-
HUSA O ToBTOpeHus mayueHHoro B 10 miam 11 Kjgacce u 3a
OpeabIAYINTe TOAbI. B 5TOT pasmes BKIOUYEHBI 3aJaHUs IITKOJIb-
HBIX BBIITYCKHBIX 9K3aMEHOB M KOHKYPCHBIX 9K3aMEHOB B pas-
JIMYHBIE BY3bI CTPAHBI MIPOIILJILIX JIET, a TaKiKe 3aganuda ExuHo-
ro rocygapcrBeHuoro sksameHa (EI'Q). 9To MO3BOJIUT yUUTEIIO
OpPraHM30BaTh IeJIEHANIPABJIEHHYIO IIOATOTOBKY ydYaIlllUXCA K
sK3aMeHaM HaumHas ¢ 10 Kjacca.

Ha 6asoBom ypoBHE MOHOJIHUTEIbHbIE MaTePUATBI U CJIOK-
HbIe 3aJaYM, CIEeINaJbHO BBIJeJeHHbIe B yUEeOHUKAaX, MOYKHO
He paccMarTpuBaTh. IIponyck Heo0A3aTeJIbHBIX HYHKTOB U 3a-
Iad He HapyIllaeT IeJIOCTHOCTU Kypca. ¥YMEHBIITaeTcsa JHUIIh
rIyOMHA TOTPYKEeHUA yUallliXcsd B TeOpeTHYecKlUe BOIIPOCHI,
YMEHBIITaeTCA YHCJIO AOKA3hIBAEMbBIX (PAKTOB, UHCJIO TeXHUYE-
CKU WJIU UAeHHO CIOMKHBIX 3a1ad.

ITpu yrayb6aeHHOM M3yUYeHWN MATEMaTUKHN 3a CUET JOTMOJI-
HUTEJbHBIX TYHKTOB U OTAEJbHBIX 3a7aY CO 3BE3JJOUKOIl comep-
JKaHMe M3yJyaeMOro MaTepuaja pacliupsaeTcsd U yrayoaseTrcs
Io0 o0beMa, COOTBETCTBYIOIEr0 IIporpaMMe MIJis KJacCoB C
YTJIyOJIeHHBIM M3YUeHNEeM MaTeMAaTUKHU.

Yuebuuk mis 10 KJjacca BKJIIOYAeT CJAEAYIONIUIT MaTepuas:
IefcTBUTENIbHBIE UHCJa, pPaluoHaJbHbBIe ypaBHEHWA U Hepa-
BEHCTBA, KOPEHb CTENEeHU 7, CTEIeHb MOJIOMKUTEJIbHOTO YHCa,
Jgorapu@mbi, (POPMYyJabl TPUTOHOMETPUM, IOKa3aTeJIbHbIe, JIO-
rapudMuyecKre, TPUTOHOMETpHUUecKue (GYHKIIUU, YPaBHEHU
U HepaBEHCTBA, a TaK’Ke 9JIeMEeHTHI TEOPUHN BEPOSTHOCTEH.

Yuebuuk niaa 10 Kaacca oxBaThIBaeT IMOUYTU BeCh MaTepHUAaJl
mo ajarebpe u HavajaM MaTeMaTHUYECKOT'O aHaJIn3a, HeOOXOIu-
MBIH [AJIA IOCTYIJIEHUS B BY3bI CO CPEeIHUM ypoBHeM TpeboBa-
HUU IO MaTeMaTUKe.

Yuebuuk gad 11 Kjaacca BKJIIOUAeT BCe BOIIPOCHI IPOrpaM-
MBI, CBA3aHHBIE C UCCIeqOBaHNEM (DYHKITUI U MOCTPOEHUEM UX
rpaduKoOB, ¢ IPOU3BOIHON U IIePBOOOPA3HOI, C PellleHeM ypaB-
HeHU, HePaBeHCTB, X CUCTEM, a TaKKe C KOMILJIEKCHBIMU YHC-
JaMu. 3[1ech YIUIyOJIAIOTCA SHAHUA yIaluXCcsA II0 paHee U3yUeH-
HBIM BOIIPOCAM JI0 YPOBHS, HEOOXOIMMOTO AJIA IIOCTYIJIEHUS B
BY3bI, IPEIBbABJIAIONNE MMOBLIIIEHHBIE TPeOOBAHUA K MaTeMa-
TUYECKOI IMOATOTOBKE HMIKOJbHUKOB.
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O paboTe no y4eOHUMKY U AnAaKTUYEeCKUM MaTepuanam ans
10 knacca

Pa6oraTrs mo yuebHUKY aaa 10 Kjiacca MOXKHO IIOCJe o0yude-
Husg B 9 KJjacce 1mo Jo0oMy 13 yueOHUKOB. B Hauaje yueOHUKA
IIOBTOPAIOTCA OCHOBHBIE BOIIPOCHI IPOTPAMMBI NEBATUJIETHEH
IIKOJIBI, UTO II0O3BOJIUT CUCTEMATU3UPOBATh U3yUeHHOe paHee 1
IOATOTOBUTHCA K M3YUEHUIO HOBOTO MaTepuaa.

I'nmaBbl yueOHMKAa HAa3bIBAIOTCH:

I. KopHwu, cremnenu, jorapu@mel.

II. Tpuromomerpuueckue Qopmyabl. Tpuromomerpuue-
ckue (PpyHKIIUU.

II1. S1eMeHTBI TEOPUU BEPOSATHOCTEIA.

Tak kak marepuasbl ryiaB I u Il mpakTuyecKm He CBA3aHBI
IPYT C IPYTOM, TO KeJaTeJbHO M3yYaTh 9THU TJIaBbl ITapajlieb-
HO, OTBOJA Ha M3yUeHUe KasKIOU IJaBhbl ONpPeeIeHHOe YMCJIIO
YyacoB B Henesaro. Takoe m3ydyeHUWe OIPABIAHO €Ille U TeM, YTO
BO MHOTUX IITKOJIaX B 9 KJjacce IPOJOJIIKAIOT M3yUaTh TPUTOHO-
MeTpUYecKHuii Matepuaji. B aToM ciydae OTKJIAALIBATH M3yde-
HUe TPUTOHOMETPUU Ha BTopoe moayromaue 10 KJjacca OBIIO ObI
HeJsiornuHbIM. [lapaienbHoe M3ydyeHWe 9TUX TI'JIaB MO3BOJISAET B
kouie 10 Kjgacca OJHOBPEMEHHO HMOJAONTH K M3YUYEHUI0 (PYHK-
OUHA W PelleHUI0 YpaBHEHUH W HEPaABEHCTB: IIOKa3aTeJbHBIX,
JorapupMHUUeCKNX U TPUTOHOMETPUUECKUX, UTO OyHAeT CIocoo-
CTBOBATDH JIYUIIIEMY YCBOEHUIO 3TUX BaKHBIX TEM.

B rsnaBe I msyueHme JiImHWUM Yncjaa HAYMHAETCA C IIOBTOPe-
HUA TeNCTBUTENbHBIX UNCEeJ, a 3aBepIlaeTca N3yUeHeM CTerme-
HU C JIOOBIM OefCTBUTEJLHBIM IIOKAasaTeJeM WU JIOTapu(MOB.
Jlunusa ypaBHeHUUN W HepPaBEHCTB HAUMHAETCA C IIOBTOPEHUSA
CIIOCOOOB pEIeHUs PAIMOHAJbHBIX YPAaBHEHUU W HEPABEHCTB,
a 3aBepIllaeTcAd H3YUYEHHEM IIOKas3aTeJbHBIX UM JiorapuMuuie-
CKHMX ypaBHeHHUII 1 HepaBeHCTB. OTMeTHUM OCOOEHHOCTHL METO-
IUKN O0yUYeHUs PEIIeHNI0 HePaBEeHCTB U MX CHUCTEM, IIPUHATON
B yueOHUKe. CHauaja paccMaTpUBAaIOTCA CTPOrve HepaBeHCTBA,
moToM HecTporue. Takas mmoc/ief0BATEJIbHOCTh U3YUEHUST MaTe-
puajsa mo3BOJAET MPeNyIpPeIuTh IOABJEHINE OIIMNOOK IIPH pe-
IITeHUY HePaBEeHCTB B CJOKHBIX CIydYasdX, KOTJa MHOMKECTBO pe-
IITeHUH CONEPKUT M30JIUPOBAHHBIE TOUKU.

B riase I goykHOEe BHUMaHNIE yAeJeHO U JUHUHU IIPeodpaso-
BAHUS UYNCJIOBBIX 1 OYKBEHHBIX BBIPAMKEHUH, 1 TUHUYU PYHKITUHA.

IIpu uzyueHun QyHKIIUN UCIOJIb3yeTCA MTOHATUE PYHKIIUN,
HeIpepbIBHOM Ha IPOMEKYTKe, OIUparolneecsa Ha NHTYUTUBHOE
npencTaBiieHre 0 PYHKIIUM, TPpa)UK KOTOPOU ABJIAETCA HeIpe-
peIBHOI JuHUel. OmnpenesieHre HeIPePbIBHON (PYHKIINU Uepes
HETIPEePBhIBHOCTh €e rpad@ura He TpebyeT OT ydalmuxcsa Ka-
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KuX-Jamb0 0COOBbIX YCUJIUU IJIsA ero MoHMMaHusA. PaccmaTpuBas
HeIIPepPbIBHBIN TI'padUK, JIETKO YOeAUTH yUAIIUXCS B TOM, UTO
IPUBEIEHHOE OIIpejieJieHre PaBHOCUJIBHO U TAKOMY OIIpeieJe-
HUIO: (PYHKIIMS HeIpepbIBHA HA IIPOMEXKYTKE, €CJIM OHa oIIpe-
IeJieHa B KaKJIOM TOUKEe STOTO IPOMEKYTKA U MaJOMy U3MeHe-
HHUIO apryMeHTa X COOTBETCTBYeT MaJioe M3MeHeHUe (PYyHKIIUU
f (x). IIlpu sTOM HE CTOUT HBITATHLCA KaK-JnM0OO MOSCHUTH 3TO
aHaauTuuecku. B 11 Kjlacce B CBA3KU C PacCMOTPEHMEM OOIITMX
CBOMCTB (PYHKIIUA OYyAyT PaACCMOTPEHBI U HENPEPLIBHOCTH
(GYHKIIUM B TOUKE, U Pa3pbIBHbIE (DYHKI[UN.

B riase II nmpuBemeHO M3JI0)KEHIE BCErO0 TPUTOHOMETpPUUE-
CKOI'o MaTepuajia: OT BBeJ€HUSA IIOHATUA yIJia, TPUTOHOMETPU-
YeCcKUX (PYHKIIUHA yria, OpMYyJ TPUTOHOMETPUU OO TPUTOHO-
METPUUYECKMX YpPaBHEHUU U HEPABEHCTB, IIPHM OBTOM Bce
TPUTOHOMEeTPUUeCcKUue (POopMyJibl TOKa3bIBalOTCA. BBOAATCA 1mMO-
HATUA apKCUHyca, apKKOCHHYycCa, apKTaHreHca, apKKOTaHTeH-
ca. Ilocne paccmoTpeHUss (POPMYJI CJAOMKEHUA U UX CJIEICTBUN
BBOJATCSA TPUTOHOMETPUUeCKre PYHKIIUW YHCJIIOBOTO apryMeH-
Ta. I'1aBa 3aBepIiiaeTcs M3ydeHUEM CIIOCOOOB PeIeHUs TPUTO-
HOMETPHUYECKUX YPaBHEHUN WM HEPABEHCTB.

B raaBe III mpencraBiieHBI 3JEMEHTBI TEOPUUN BEPOATHO-
creii. Tem caMmbIM BbinoJaHeHO TpeboBanue @I'OC o popmuposa-
HUHU Yy y4YallluXCcs YMEHUsS BOCIPUHUMATHL M KPUTUUYECKH OIle-
HUBATh UHPOPMAINIO, IIPEJCTABJEHHYIO B  PAa3JIMUYHBIX
dopmax, MOHUMATh BEPOATHOCTHBIN XapaKTep MHOTHX peaJib-
HBIX 3aBHCHUMOCTEI, pellaTh HPOCTEHINne BepPOATHOCTHBIE 3a-
Iayy OPUKJIATHOTO XapaKTepa.

B mammoii KHUTe MpUBEAEHbI METOAUUYECKNE PeKOMEeHIAIIUU
IO M3YUYEHUIO BCEX TEM, BKJIIOUEHHBLIX B YUEOHUK M B TUIAKTHU-
yeckue Martepuansl Ajas 10 Kiacca, ¢ pernieHUAMH HamboJee
TPYAHBIX 3amad. HOTAa KOMMEHTapuu K OJIM3KUM II0 COoepsKa-
HHUIO TyHKTaAM o0benuHeHbl. IIpu sToM He o0cy:kmaeTcs BpeMsd,
OTBOAMMOE HA M3ydYeHUEe IMYHKTa, — B KaXKIOM Ipo@duiie OHO
OKaKeTCs CBOUM, a B OTAEJbHBIX MPOPUIAX HEKOTOPbIe MyHK-
Thl BOOOIIle He M3ydaloTcsa. B KOMMeHTapuAX OJd YUYUTeJ s He
BbIZleJIsieTcs 00sA3aTeNbHBIN 1 Heo0A3aTelbHBIN MaTepuas, Tak
KaK B YueOHHKe eCTh COOTBETCTBYIOIHe o0o3HaueHusa. Bo MHO-
TUX TYHKTAX KHUTHU IJIs YUIUTEJSI MeTOANYEeCKe KOMMEeHTapU U
IaHBI B pacueTe Ha BO3MOYKHO 0oJjiee IJIy0OKOe M3yUeHe BOIIPO-
ca, MOTOMY IIPU IIOATOTOBKE K YPOKY YUHTENIb TOJKEH OTO-
OpaTh TJIaBHOE, YTO OyIeT M3J0KEeHO ydaluMcsa Ha YpOKe, pe-
IUTh, KAKUM OyZeT 3aKpelljieHre MaTepuaJa B Kjacce U AoMa,
KaKuM 1 Korja OyJeT KOHTPOJb usyueHHoro. IIpu aTom He HaZO
CTPEMUTBLCS MOHECTH OO0 yUallluXCsA BCe MOAPOOHOCTU U TOHKO-
CTH M3yYaeMOro MaTepualia, eCid ydallluecs CYIIeCTBEHHO OT-
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paHUYeHBbI BO BpeMeHH! U3yUyeHusa TeMbl. Eciiu yunuTesab cuuTaet
HeOoOXOAMMBIM IaTh Heo0A3aTeJ bHBIN IJIA CBOEro KJacca MaTe-
puaj, To He cJielyeT BXOIUTH BO BCE MOAPOOHOCTU M3JIOMKEHU I
Takoro MarepuaJsa. Ha HeKOTOpble MecTa JOCTATOUHO OOPATUTH
BHUMAaHUE yJallluXCA U ITOCOBETOBATh UM BHUMATEJIBHO ITPOUU-
TaTh 00BACHEHUE MU JOKa3aTeJbCTBO, UMeIoIeecsd B yueOHM-
Ke, HO OIIyIIeHHOe IPU OOCYKAEeHUU B KJIacce.

IIpu oprammsamnuy MOBTOPeHUs Kypca anredpsl 3a 10 Kiaacc
Heo0XonmMo o0paTuTh 0coboe BHUMAaHUEe Ha Hanbojee TPYAHbIE
TeMbI Kypca [JIsl JAaHHOTO KJacca, IIoCTapaThCA YUeCTh UHIUBU-
OyaJbHbIe IPO0eJIbl yUallluXCcs.

IIpu moBTOpEeHUU TEOPUU HEOOXOAMMO BBIJEJIATH OCHOBHBIE
TeopeTndyecKkue (haKThl, U3YUEeHHBIE 3a TOJ, JaBasd WJJIIOCTpA-
U UX OPUMeHeHUs Ha HauboJee XapaKTEpHBIX IIpuUMepax, B
TOM YHCJe Ha IpUMepax 3aJad ITKOJbHBIX BBINYCKHBIX dK3a-
MEHOB, a TaKJKe BCTYHHUTEJbHBIX 3K3aMeHOB B By3bl (EI'J).
IIpu sTOM MOKHO MCIIOJIL30OBATH 3aaum M3 pasnesa «3aJaHusd
IJIsI TIOBTOPEHUA» .

MpumepHoe TeMmaTnyeckoe miuaHvposaHue gna 10 knacca

W3 nmpuBegeHHBIX YeThIPEX BAPUAHTOB IPUMEPHOTO TEMATH-
YecKOoro IanupoBaHus BapuauThl 1 um II mpenmHasHaueHbl AJIA
6aszoBoro ypoBHsA. Bapumantsl III u IV mnpemnasmaueHbl s
yray0JeHHOrO YPOBHA. B 3aBUCUMOCTH OT YPOBHSA IOATOTOBKU
KJlacca U IPU HAJUYUU JOTOJHUTEJIbHBIX YUEeOHBIX YacOB YUU-
TeJIb BHOCUT KOPPEKTUBLI B IPUMEPHOE IIJIaHUPOBaHUE, YBEJIU-
YuBasg BpeMsA M3yUYeHUS TPYAHBIX T€M U YHNCJIO MU3YyUaeMbIX BO-
IIPOCOB.

CmpaBa oT maparpada niu IyHKTa yKasaHo YHCJIO YacoB, OT-
BeIeHHBIX HA ero M3yJYyeHue IPU KaKIOM 13 BAPUAHTOB ILJIAHU-
poBanus I, II, III, IV, paccunTaHHBIX COOTBETCTBEHHO Ha 2,5, 3,
4 u 5 HeeIbHBIX YaCOB B TeueHUe rofa. TeKCcThl KOHTPOJIbHBIX
paboT mpuBeAeHBI B TUJAKTUUYECKUX MaTepUuaiax.
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1. QeicTBUTENbHbIE YNCNa 7
1.1. TloHATME [eNCTBUTENBHOIO 4Yncna 2
1.2. MHoxecTBa uncen. CBOMCTBa OENCTBUTENbHBLIX Yncen 2
1.3. MeTon maremMaTnyeckom NHOYKUUn
1.4. TepecTaHOBKM 1
1.5. PasmeleHnsa 1
1.6. CoyetaHus 1
1.7. JokasaTtenbCTBO YMC/IOBbIX HEPABEHCTB - -
1.8. JenumocTb Lenbix Yncen - =
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1.9. CpaBHeHusa No mMoaynio m
1.10. 3agaum ¢ UENOYMCNEHHBIMU HEM3BECTHLIMM

2. PaumoHanbHble ypaBHEHUS U HEpaBEeHCTBa
2.1. PaumoHanbHble BblpaXeHus

2.2. ®opmynbl 6MHOMa HblOTOHA, CyMMbI U Pa3HOCTU
cTereHemn

2.3. [leneHve MHOro4sieHoB C OCTaTKOM. ANIrOpUTM
EBknnpa

2.4. Teopema besy

2.5. KopeHb MHOrouneHa

2.6. PauuoHanbHble ypaBHEHUS

2.7. CucTtembl pauuoHasbHbIX YpaBHEHUI

2.8. MeTon WHTEpPBanoOB peLUEHNs HEPABEHCTB
2.9. PaumoHanbHble HEpaBeHCTBa

2.10. HecTtporue HepaBeHCTBa

2.11. Cucrtembl paumoHanbHbiX HEpPaBEHCTB
KoHTponbHaa padota N2 1

3. KopeHb cTeneHu n

3.1. lMoHsaTtne dyHKuMM N ee rpaduka

3.2. dyHkuMa y=x"

3.3. TloHaTne KOPHSA CTeneHun n

3.4. KOpHM YeTHOWM 1 HEYETHOI cTeneHemn

3.5. ApudMeTn4eCcKnini KOpeHb

3.6. CBoricTBa KOpHEN cTeneHn n

3.7. ®ynkuma y=Ux, x>0

3.8. ®yHkums y=Ux

3.9. KopeHb cTeneHn n n3 HaTypanbHOro ymcna
KoHTponbHaa pabota N2 2

4. CrteneHb NONOXUTENbHOrO YUcna

4.1. CTeneHb C paumoHasbHbIM nokasaTenem

4.2. CBoWcTBa CTerneHn ¢ paunoHasbHbiM nokasaTtenem
4.3. TloHATMe npegena nocnesoBaTeNbHOCTU

4.4. CeowncTBa npenenos

4.5. BeckoHe4HO yObIBaloLLAas reoMeTpuYeckas NpPorpeccust
4.6. Yucno e

4.7. ToHATME CTeneHn ¢ nppaumoHasibHbIM
nokasarenem

4.8. MokaszatenbHas GyHKLMSA
KoHTponbHasa pabota N2 3

5. Jlorapudpmbl
5.1. MNoHaTne norapudma
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5.2. CaoiicTBa norapmdpmon

5.3. Jlorapudmunyeckass pyHKUNS
5.4. JecatnyHble norapndmbl
5.5. CreneHHble pyHKLMN

6. MokasaTenbHble U NnorapupmMmnyeckne ypaBHeHUs
N HepaBeHCTBa

6.1. lpocTeliwmne nokasaTesibHble YPaBHEHNS
6.2. lpocrTeriwme norapudmMmyeckme ypaBHeHUs

6.3. YpaBHeHUs1, CBOAALLMECS K MPOCTENLLNM 3aMEHOM
HEV3BECTHOIO

6.4. lNpocTelilwne nokasaTesibHble HEPaBEHCTBA
6.5. lMpocTenwmne norapndmMmyeckmne HepaBeHCTBa

6.6. HepaBeHcTBa, CBOAALMECS K MPOCTENLLUM
3aMeHOol Hen3BeCTHOro

KoHTponbHasa pabota N2 4

7. CUHYC U KOCUHYC yrna

7.1. ToHaTtue yrna

7.2. PapnaHHas mepa yrna

7.3. OnpegeneHne cUHyca 1 KOCUHYyca yrna

7.4. OCHOBHble dOpMYyJIbl 41K Sin oL U COS o

7.5. ApkcuHyc

7.6. ApPKKOCUHYC

7.7. TlpyMepbl NCNONB30BaHNS apKCHHYCa N apKKOCUHYCa
7.8. dopmynbl 4Nna apkcuHyca U apkkoCUHyca

8. TaHreHc u KOTaHreHc yrna

8.1. OnpeneneHne TaHreHca 1 KOTaHreHca yrna
8.2. OcHoBHble popMynbl anda tg o n ctg o

8.3. ApkTaHreHc

8.4. ApKKOTaHreHc

8.5. lMpumepbl NCNONb30BaHUS apkTaHreHca n
apKKOTaHreHca

8.6. dopmynbl AN apKTaHreHca 1 apkkoTaHreHca
KoHTponbHas pabota N2 5

9. dopmynbl CNOXeHUs

9.1. KocrHyC pasHOCTM 1 KOCUMHYC CyMMbl ABYX YriOB
9.2. dopmynbl 419 AONONHUTENBHLIX YII0B

9.3. CuMHYC CyMMbI 1 CUHYC Pa3HOCTU AOBYX YrioB
9.4. Cymma 1 pa3HOCTb CUHYCOB M KOCUHYCOB

9.5. dopmynbl 4Na ABOWHbBIX Y NMOSIOBUHHBIX Yr10B
9.6. MNponsBegeHne CUHYCOB 1 KOCVMHYCOB
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9.7. dopmynbl 4N TaHreHCOoB

10. TpuroHomeTpuueckue GyHKUUU
4YUCJIOBOrO aprymeHTa

10.1. ®dyHKUMA y = sin x
10.2. ®PyHKUMS y = COS X
10.3. ®PyHkuma y =tg x
10.4. PyHkumns y = ctg x
KoHTposnbHaa paboTta N2 6

11. TpuroHomeTpuyeckmne ypaBHEeHUS
N HepaBeHCTBa

11.1. lpocTenwme TPUroHOMETPUIECKNE
ypaBHEHUS

11.2. YpaBHeHusi, cBOOSALIMECS K NPOCTEALLINM 3aMeHOM
HEen3BeCTHOro

11.3. lNpuMeHeHne OCHOBHBIX TPUTOHOMETPUYECKMX
dopmMyn Ana peLleHns ypaBHEHUN

11.4. OgHOpPOAHbIE YPaBHEHUS

11.5. TlpocTenwmne HepaBeHCTBA OJ1s1 CUHYyCca
1N KOCUHYyCa

11.6. MpocTenwme HepaBeHCTBA A1 TaHreHca u
KOTaHreHca

11.7. HepaBeHcTBa, cBOASAWMECS K NPOCTENLLMM
3aMeHO HEN3BECTHOro

11.8. BBegeHne BcnomoratesnbHOro yrna
11.9. 3ameHa HensdBecTHOro t = sin x + cos x
KoHTponbHas pabota N2 7

12. BeposAITHOCTb COGLITUSA

12.1. ToHATME BEPOATHOCTU COObITUSA
12.2. CgolicTBa BEPOATHOCTEN COObLITUI

13. YactoTta. YcnoBHasi BepOSATHOCTb

13.1. OTHocuTenbHas YactoTa cobbiTus

13.2. YcnoBHas BeposiTHOCTb. HesaBucuMble coObITUS
14. Martematunyeckoe oxugaHue. 3aKoH 60NbLUMX
yucen

14.1. MartemaTtunyeckoe oxugaHue

14.2. CnoxHbln onbIT

14.3. ®opmyna BepHynnu. 3akoH 60MbLUNX YNCeN

MoeTOpeHue

MoBTOpeHne kypca anredpbl U Havyas MaTeMaTUYeckoro
aHanuaa 3a 10 knacc

NToroeas koHTposbHas pabota N2 8
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KopHu, cTteneHuu, norapmnpmbl

B sT0ii r;1aBe mMOBTOPSAIOTCA, PACIIUPAIOTCA U CUCTEMATU3HU-
pPYIOTCA M3BEeCTHBIE YUAIIUMCSA W3 Kypca ajareopbl OCHOBHOM
IITKOJIbI CBEIEHUS O NeHCTBUTEIbHBIX UMWCIaX, BBOASATCS IMOHS-
TUS KOPHSA CTENEeHW 7, CTeIeHU C PallMOHAJIBHBIM IIOKa3aTe-
JileM, a 3aTeM U C JeHCTBUTEJbHBIM IIOKa3aTeseM, IOHATHEe JIO-
rapudma ymciaa. Tem caMbIM 3aBepHIaeTcA JUHUSL PA3BUMUS
nonamusa uducaa. JanbHelllee pacHIMpeHVE MHOYKECTBa YU-
ceJl — BBeJleHUEe KOMILJIEKCHBIX YKCeJl — 3aBepIIaeTcs B yued-
Huke mjas 11 xkiaacca (mpoduiabHOe o0ydyeHUe).

DyuryuoHanvHas JUHUS B TEePBOH TJaBe CTPOUTCA CJie-
nyroiuM obopasoMm. CHauajsa MOBTOPSETCS KJIaCCUYECKoe oIpe-
menenne Gyurnuu mo JlobaueBckomy — dupuxie, uaydaercs
dyHKIuA y = x", 3areM QPyHKIuA y = Yx. Ilocie BBeLeHUA HO-

HATUA CTEIIEHU C AeHCTBUTEJHHBIM ITOKa3aTeJIeM BBOJIUTCA ITO-
KasareabHasa GyHKIIUA, a IIOCJIe BBeIeHUA JorapudMoB U Jiora-
pudpmMuueckasa PyHKIIUA.

JIuHus ypaéHeHull U HepageHCcm6E HaunHaeTCs ITOBTOPEHU-
€M M3yYEeHHOTO B JIeBATUJIETHEN IIKOJe — IIOBTOPSAIOTCA CIIOCO-
ObI pellleHns PalMoOHAJbHBIX YPaBHEHUN W HePaBEHCTB. 3aBep-
I1aeTcs IJaBa pPellleHNeM IT0Ka3aTeJbHbIX W JOTapU(MMUUECKUIX
YPaBHEHUU U HEPaBEHCTB.

Ha yrany6iieHHOM ypoBHE HpegyCMOTPEHO M3yUYeHUe IOII0JI-
HUTEJIBbHBIX TeM, CBS3aHHBIX C pelleHueM ajaredbpamdyecKux
ypaBHEHUN BBICIIINX CTEIeHel.

B pesynbrare m3yueHus riaBbel 1 yuarmuecs JOJKHBI 3HATH
OCHOBHBIE ONPeIeJIEHNA M CBOMCTBA, CBA3AHHBIE C IMOHATUAMU
IeCTBUTEJHHOTO UMCJia, KOPHA CTENeHUW 71, CTEIeHUW C JeicT-
BUTEJBHBIM ITOKasaTejeM ¥ Jjorapudma, yMeTb IIpeoOpasoBbI-
BaTh HECJOXKHbIe BhIPDAXKEHU, COo/lepsKalliue KOPHU CTeNeHu 71,
CTeIleH! ¢ APOOHBIM ITOKasaTesjeM U jJorapudmbl, 3HATH CBOHCT-
Ba U yMeTb CTPOUTH rpapuku GYHKIUHN y = X", y = Q/;, IIoKasa-
TeJIbHOUW 1 Jiorapu()MuuecKoi; yMeTh peIiaTh IPOCTEeHIIIne IIo-
KasaTeJbHbIe, JIoTapU(pMUUecCKHue, a TaKiKe CBOAANINECA K HUM
ypaBHEHUS W HEPABEHCTBA.
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AdencrtBurtenbHble Yucna

1.1. lNMoHaTHe fEenCcTBUTENIbHOIoO Ynucna

1.2. MHoxecTtBa uncesn. CeBoiicTBa AeMCTBUTEJIbHbIX Yucen

Marepuas mepBBIX ABYX OYHKTOB § 1 HalleJeH Ha HMOBTOpe-
HUE C HEeKOTOPBIM O00OOIIeHrMeM W3BEeCTHBIX yUall[MMCsS CBeje-
HUHM O HJeMCTBUTEJbLHBIX UMCJaX, MOAYJIe YHCJa, CICTEME KOOP-
OUHAT Ha OPAMOM M IIJIOCKocTH. Hamo ob0paTuTh BHUMAaHNE
yJamiuxcsa Ha TO, UYTO MHOKECTBO UHCEJ MOMKET ObITh 3aMKHY-
TBIM OTHOCHUTEJHHO HEKOTOPOU omeparuu, HallpuMep, MHOKe-
CTBO HATYPAJbHBIX YHCEJ 3aMKHYTO OTHOCUTEJILHO OIlepaIruii
CJIOJKEHUA U YMHOMKEHHUS: CyMMa U IIPOU3BeIeHe JIIOObIX ABYX
HaTypaJbHBIX YHCEJ SBJAIOTCSI HATypaJbHBIMH YHCJIaMU, a
PAa3HOCTh W YaCTHOE He 00A3aTeJbHO ABJIAIOTCA HATYPAJIbHBIMU
yucaamu. CTpeMJyieHHEe «yCOBEPIIIEHCTBOBATH» MHOMKECTBO UU-
ceJsl, cejaTh BBIIOJHUMBIMU B « HOBOM» MHOJKECTBe Oollepaluu,
He BCer[a BBIIIOJHUMBIE B «CTAPOM», SIBJISIETCS OOy IUTEIbHOM
OPUUYNHON IJA PACIINPEeHUA IePBOHAUAILHO OCBOEHHBIX MHO-
JKecTB umces. 3ech MOKHO HATIOMHUTH yUAIIUMCsS HEKOTOPhIe
He BcerJa BBIMIOJHUMBIE OIlepallii, KOTOPLIE CTAJIM BCerja BbI-
HOJTHUMBIMU IIOCJIE PACIITUPEHUS MHOMKECTBA UUCEJI.

Hago mamoMHUTE yualiuMcsa, 4YTO HapALY ¢ O€CKOHEUHbIMU
IeCATUYHBIMU IIePUOAUYECKUMU APOOSIMU CYIIeCTBYIOT u Oec-
KOHEUHbIe OecATHUYHbIe HeIlepuoauvecKue Apodu, KOTopbIe
Ha3bIBAIOT MPPAMOHAJIBHBIMU YKcIaMu. PalinoHalbHBIE U UP-
pamnroHaJIbHbIE YMCJIa COCTABJIAIOT MHOKECTBO BCeX IeMCTBU-
TeJIbHBIX UKCEeJI.

CpaBHUBAIOT AeHMCTBUTEIbHBIE UKCIIa, 3alCAaHHbIe B BuIe Gec-
KOHEUHBIX JEeCATUYHBLIX AP00eii, IIopaspsamsHo, T. €. II0 TeM »Ke IIpa-
BUJIaM, IT0 KOTOPHIM CPaBHUBAIOT KOHEUHBIE NECATHUUHBIE TPOOU.

Hmeercss ocolObIit cayuaii — apobu c¢ mepuomom 9. Taxume
Ipobu ecTh Apyrasa (popMa 3allCy KOHEUHBIX MTECATUUYHBIX IPO-
Oeli, KOTOpPhbIe MOKHO 3alMcaTh ellfe U KaK 0eCKOHeUHbIe Jecsd-
Tu4dHBbIe apobu ¢ mepuozom 0. B yueOHMKe IIpuBeneH HPUMEP
samnucu apobu 2,4 B Bume apobdeii ¢ mepuomamu 0 u 9:

2,4 = 2,4000... = 2,4(0) u 2,4 = 2,3999... = 2,3(9).

Ilpo6u ¢ mepuomoM 9 OOBIYHO HEe pacCMaTPUBAIOT, B YaCTHO-
CTHU, YTOOBI M30e:KaTh IYyTAHUIILI IPU CPaBHEHNU 0ECKOHEUHBIX
IeCATUUYHBIX Apobeii, HAITpuMep, Apods 2,4(0) MoKeT oKasaTh-
csa «boJibIlle caMoil ceOsi», HO 3amucaHHOU B Buae 2,3(9).

ITyukr 1.1 yueGHUKA 3aBepIliaeTcs IpeacTaBIeHHeM IeiicT-
BUTEJIBHBLIX YKNCEJI TOUKAMU KOOPAWHATHON IIPSIMOI, CHCTEMOM
KOOpAWHAT Ha MJIOCKOCTH.
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IIpu moBTOpeHMM MaTepuaJia HAaHHOTO HYHKTa Hamo obpa-
TUTh BHUMAaHUE yUYallUXCA HA MHEeMOHUYeCKOe NPA6UJiO 3alu-
cu 0eCKOHEUHOII MAecATHUYHON MepUOAMUYEecKO apodu B Bue
0OBIKHOBEHHOI qpo0mu:

0 mozo ¥mobvL 3anucamyv nepuoduyeckKyro 0ecamuinyo
0pobb 6 8ude 00bLKHOB8EHHOIL Opobu, HAdo 8 wucaumese 3anu-
camb pa3nocmy yucaa 0o 6mopozo nepuoda u wucaa 0o nepeo-
20 nepuoda, 6 3HameHameJe 3ANUCAMb CMOJLbKO 0e8AMOK,
CKOJNbKO Uu@gp 6 nepuode, u npunucamsv K HUM CMOJAbKO HY-
Jell, CKONbKO Yudp mexcdy 3anamoil U nepeévim nepuodom.

9ro mpaBuao cHOPMYIUPOBAHO B I. 1 AUTAKTHUECKUX Ma-
TEepuaJioB, TaM K€ IIPUBEIEHbl MPUMEPhl €ro MIPUMEHEeHUd.
IIpumeHeHMe 9TOr0 MpaBMJa MOYKHO 3aMEHUTH PAaCCYIKIEHUsI-
MU, KOTOPbI€ IPOJEMOHCTPUPYEM Ha MPUMEDE.

IIpumep. BanuiiieM G6eCKOHEUHYIO MHEePUOAUUECKYIO [Iecsd-
TUYHYIO 1pobb 2,1(45) B Buse 0OOBIKHOBEHHOU APOOHU.

O6ozHauuM Apo06b OYKBOI X:

x = 2,1(45),

TOrZa
10x = 21,454545...,
1000x = 2145,454545...,
1000x — 10x = 2145 — 21,
990x = 2145 — 21,
_ 2145-21
990
o 118
%5 118
, 2,1(45)= .
3HAYUT 45) 55

3ameuanue 1. HacTto Bo3HMKaeT BOIpoc 00 0O00OCHOBaHUU
MHEMOHUYECKOT0 MpaBUJia W PACCYXKAEHUIl B IPUBEJEHHOM
npuMmepe. TpyaHOCTH 3lech 3aKJII0OUEHA B TOM, UTO HEACHO, YTO
YUYEeHUK IIOHMMAaeT 1oJ 0eCKOHEeUHOM IepuogUIeCcKOU APOO0bIO.

Ilox GeckoHeuHOI IePUOAMYECKON APOOBI0O MOXKHO IIOHU-
MaTh pe3yJabTaT AeJeHUA YTrOJIKOM UYUCJIUTEJA Ha 3HaMeHaTe b
HECOKPATHUMOMN Apo0OM, MMEIOINUII IPOCTOH AeJHUTeJb, OTJIMU-
HBIH oT 2 m 5. IIpum TakoM moAXOIe HEBO3MOKHO IIOJYUYUTH
Ipo0B ¢ mepuoaoM 9 1 MOKHO yOeqUuThCSA B IIPABUJILHOCTI OTBE-
Ta B IPUBEJEHHOM IIpuMepe, pasaenus yroaxkom 118 Ha 55, HO
TPYZAHO 000CHOBATH MHEMOHMUYECKOE ITPABUJIO B OOIIIeM BH/IE.

3ameuanue 2. Ilog OeCKOHEUHOM IIePHOAUUYECKOI APOOBLIO

(04
Oly> 0Ly Oly0Olg. .. Ol...  MOYKHO IIOHMMATBL CYMMYy pPAfa o, +$+
o (0 o
+2 4+ B 4+ R
102 108 10*
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ITpu Takom mozxome HALO M3ydaTh CBOMCTBA PAMOB U AOKAa-
3LIBATh HA MX OCHOBE MHEMOHHNYECKOE IIPABUJIO W IIPABUIO yYM-
HOKeHUs 0eCKOHeUHOU maecATHUYHON Apobm Ha 107, uTo mocra-
TOUuHO TpyAHo. OZHAKO B cCJydae MIPOCTBIX IIEPUOSUUECKUX
Ipobeii MOKHO AOKasaTh, HaIpuMep, paBeHcTBO 2,3(9) = 2,4.

JleficTBUTEIBHO, TIEPUOANYECKYIO Mpo0h 2,3(9) MOKHO 3a-
oucaTh B BUAe CYMMBI paga

2,3+ 0,09 + 0,009 + 0,0009 + ...,

SABJIAIONIETOCS CyMMOH uncia 2,3 U CyMMbI 6€CKOHEUHO YOBIBaIO-
mieii reomerpuueckoii mporpeccuu 0,09 + 0,009 +0,0009 + ...,
0,09
1-0,1
MyJia CyMMbI OECKOHEUHO yOBIBaloOIleli reoMeTPUUYeCKOi IIPo-
rpeccun ysKe maydajach B 9 KJjacce um OymeT oOocHOBaHa B
o. 4.5 yueOHUKA).

Bot mouemy Ham KasKeTcs, UTO 37leCh HE CTOUT yIAYOJIATHCA
B TEOPHUIO: OMIPENeATh IePHUOAUUYECKYI0 APo0L, 000CHOBLIBATDH
MHEMOHMYECKOe ITPABUJIO0 U IPABUJIO YMHOMKEHUA 0eCKOHEUHOM
necsaTuuHou apoou ma 10”. IloctaTouHO, ecjam y ydalinuxca 0y-
IeT chopMUPOBAHO UHTYUTUBHOE IIPEACTABICHNE O IepuoauYe-
CKOM Apo0u, a IIpU 3allliCH ee B BUJe OOBIKHOBEHHOI APOo0U OHI
CyMeIoT JUOO BOCIIOJIB30BATHCA MHEMOHUYECKUM TIPAaBUJIOM,
Ju0O0 MPOBECTU PACCYKIEHUA, KAK B IPUBEAEHHOM BBIIIIE TIPU-
Mepe, U COBCEM XOPOIIO, eCJU OHU yOeKJal0TCs B IIPABUILHO-
CTH HOJIYUEHHOTO OTBETAa, PasJejinB YroJKOM UHCJIUTENb APoou
Ha ee 3HaMeHAaTeJb.

ITyukT 1.2 mocBAIEeH 3HAKOMBIM yUAIIIUMCS 0003HAYEHUAM
YUCJIOBBIX MHOKecTB. OOpaTuM BHUMAaHNE Ha TO, YTO B IEBATU-
JIeTHeH IITKOJIe TEePMUHBI «OTPE30K», «HUHTEePBaI», «IIOJYUH-
TepBaJI» AJs 0003HAUEHUS UNCJIOBBIX MHOYKECTB B OOJIBIIIMHCT-
Be YUeOHUKOB HE MCIIOJb3YIOTCS.

Ha c. 13—14 yueOHUKa IpuBeAeHbI CBONCTBA JEMCTBUTEb-
HBIX umncesa. Hamo moguepKHyThb, UTO BCe APYTUe CBOMCTBA Jeli-
CTBUTEJILHBIX UHCeJ, Pa3JNUYHbIle HepaBeHCTBA U MHOTIE Teope-
MBI MOTYT OBITh JOKas3aHBI C OIIOPOM HAa BTU OCHOBHBIE
CBOMCTBA.

ITpu pabore ¢ marepuamamu nno. 1.1—1.2 MOKHO MCIIOJIB30-
BaTh 3aJauM U3 pasjeia «3amaHus IJs IIOBTOPEHUs» IJisi opra-
HU3aIlU1 MOBTOPEHUS U BBIABJIEHUSA IIPOOEJIOB B IOATOTOBKE Je-
cATUKJIAacCHUKOB. C TOHM JKe IIeJbI0 MOXKHO HCIIOJIb30BaTh
CaMOCTOATEeJbHbIE PA00TEI 1—4 U3 UAAKTUUYECKIX MATEPHUAJIOB.
C110co0BI UCTIOTB30BAHUA 9TUX ¥ MHOTUX IPYTUX CAMOCTOSATEb-
HBIX paboT MOTryT OBITH pasauuHbiMu. Hampumep, mo padore 1
MOJKeT OBITH JAHO TaKoe 3aJaHKe: CAMOCTOSTEJbLHO IIOBTOPUTH
TeopeTnuecKkuii marepuaJy (pasgea I, c. 4—»5) u BBIIIOJIHUTL ca-
mMocTosAaTesibHYI0 padory C—1 (paszmen II, c. 64—65).

paBHOI =0,1. ITosTomy 2,3(9) = 2,4 (oTmeTum, 4TO GOP-
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Pemenua u KOMMEHTaApHuu

1.17. a) Pemute ypasHenue || x |- 2|= 10.

Pemenune. Pemras sTo ypaBHeHUe, HaJ0 HAUMHATH C OTBETA
Ha Bompoc: «Kaxoe umciio umeer moxysab 10?» OrBer Ha Hero
IIPUBOAUT K HEOOXOIMMOCTH PEINUTDL ABA YPABHEHUS:

|x|-2=10u |x|-2=-10
WJIV PAaBHOCUJIbHBbIE UM yPaABHEHUA:
|x| =12 u |x| = -8.

IlepBoe ypaBHeHmMe umMeeT naBa KopH#A: 12 m —12, a BTO-
poe — He mMeeT Kopueii. CiiegoBaTesibHO, MCXOJHOE ypaBHE-
HUe mMeeT aBa KopHA: 12 u —12.

1.18. a) [JoxaskuTe, UTO pPaCCTOSHNE MeEXKAY TOUKaAMU
A (x,) u B (x,) Beiuucisiercsa mo gopmyie AB =|x, — x,|.

6) Hokaxure, YTO paccTOgHUe MeXAYy ToukaMu A (x;; y,) U
B (x,; y,) Beruncasercsa no gopmyne AB= \/(xl - %2 +@y,—y,)?.

B) Hokaxkure, uro Koopamuarta Touku C (x) — cepequHBI
orpe3ka AB, rge A (x,) u B (x,), BeIuucasgeTca 1o GopmyJie:
_%tX
==
r) Hoxaskure, uTo KoopamHatel Touku C (x; y) — cepexnu-
HBI oTpeska AB, rue A (x;; y,) u B (x,, Y,), BEIYUCIAIOTCA II0
tX,  _ Wty
2 2
m) Iokaxkure, uTo ecau Touka C (x) IPUHAIIEKUT OTPESKY
AB, rne A (x,) u B (x,), U LeJUT 3TOT OTPE30K B OTHOIIEHUU
AC :CB=m : n, To KoopauHata ToukKu C BBIUYUCJISIETCA IIO
nx, + mxy
m+n

e) Horamxure, uto ecau Touka C (x; y) IPUHAAJIEKUT OT-
pesry AB, rge A (x;; y;) u B (x5, Y,), U JEJIUT dTOT OTPE3OK B
oruomnenunu AC : CB =m : n, To KoopauHaTbl TOUuKu C BEIUNC-

nx,; + mx n +m
JIAIOTCA TI0 opMyJIaM: X = —> 2 = "MATMYs
m+n m+n

Pemenue. a) Ecnu x, > x,, T0 AB =x, — x, = |x; — x,

Ecau x, < x,, To0 AB = x, — x, = |x; — %,|.

06) B cayuae y, # y, 1 x; # x, TpebyeMoe paBeHCTBO IIOJIyYa-
em us TeopeMsl IIudaropa. Eciu e y, = y,, TO fOKa3bIBaeMoe
PaBeHCTBO TOKe BEPHO, TaK Kak |x; —x,|=./(x; —x,)% +02 (cMm.
Im. «a»). [JokasaTeiabCTBO B cilydyae X, = X, aHAJOTUYHO.

B) IlycTs ny1a onpenesleHHOCTH X; < X,, TOTJa X; < X < X, U
us3 ycigoBus, uro C — cepenpmHa oTpe3ka AB, ciemyer, 4TO

dopmysnam: x =

dopmyie x =

16



Xy, — X =X — X;, OTKyJla 1 II0Jy4aeM G A
Tpebyemoe paBeHCTBO. [[oKasaTesn-
CTBO B CJIydYae X, > X, aHAJOTUYHO. C

r) Yepes Touku A, B u C mpo-
BeJleM MNOpsMble, IePIeHAUKYJIAP- B
Hble ocu Ox (puc. 1). Ha mepeceue-
HUU UX C 0ChbI0 OX MOJYUYUM TOUKU

A, (x,), B, (x,) u C, (x). Tak kKak A, C: B _
no teopeme Paseca AC, =B/C, 0| x x X, X
TO U3 I. «B» CJemyeT, UTO

X + Xy Puc. 1
x=" JlokaszaTeIbCTBO BTO-

POt popMYyJIBI aHAJIOTHUYHO.

n) Ilyers x, < x < x,. Tak kak AC : CB=m : n, TO BepHO
X=X _ Xg—X
m n
nx; + mx,

m+n

JokasaTenbCTBO B ciydae X, > X > X, aHAJOTHUYHO.

e) Ilycts Toura C (x; y) IPUHALIEKUT OTPe3Ky AB, rue
A (x5 y,) u B (x,; y,), U IeIUT 3TOT OTPE30K B OTHOIIEHUN
AC : CB=m : n. Yepes Touku A, B u C mpoBegeM IpsMbIe,
neprneHaukyaapubie ocu Ox. Ha mepeceuenun ux ¢ ocbkio Ox
nosyyuM Touku A, (x,), B, (x,) u C, (x). Tak xak 1o Teopeme
0 IpomnopnuoHanbHbIX oTpeskax AC :CB=AC, :CB, To
X+ mxy (cM. m. «m»). Ilokasa-

m+n
TeJIbCTBO BTOPOU (hOPMYJIBI aHAJIOTUYHO.

1.19. ToxasaTeabCTBO UPPAI[MOHATIBHOCTU KOPHEI CTelleHNn
n B 00IIleM BHJE JAaHO B KOMMEHTapuaAXx K . 3.9.

1.28. a) YcramoBuTe B3aMMHO-OJHO3HAYHOE COOTBETCTBUE
MeKOy ajieMeHTaMu MHO:KecTB N u Z; N u Q.

6) IToxaxkuTe, YTO MEXKAY MHOKECTBAMM BCEX TOYEK IIPA-
MOH u BcexX ToueK mHTepBaJia (0; 1) MO’KHO yCTAaHOBUTL B3anM-
HO-OJHO3HAYHOE COOTBETCTBUE.

Pemrenue. a) CHavajsia yCTaHOBUM B3aMMHO-OJHO3HAUHOE
COOTBETCTBUE MKy dJieMeHTaMu MHOKecTB N u Z.

ITocTaBUM B COOTBETCTBHE KaKIOMY HATYPAIbLHOMY UHUCJIY
eIUHCTBEHHOEe I[eJI0e YICJIO 0 IIPABUJIY: eTUHUIEe COOTBETCTBY-
eT HyJIb, KaKJIOMY YeTHOMY HATYPaJIbHOMY UUCIY 271 COOTBET-
CTBYyeT YMCJIO 1, a CAeAYIOIeMy 3a HUM HATypPaJIbHOMY YHCITY
2n + 1 cooTBEeTCTBYET UMCJIO —11.

Tak'ke MOYKHO yKasaTh IIPABUJIO, IO KOTOPOMY KaKIOMY
IeJIOMY YHCJIYy COOTBETCTBYET BIOJIHE OIPEEJIeHHOEe HATyPaIb-
HOEe YMCJIO: HYJII COOTBETCTBYET €IMHUIIA, KaKIOMY IIOJIOKU-

PaBEHCTBO , U3 KOTOPOTO IojJydyaeM Tpedyemoe

PaBeHCTBO X =

AC,.:CB.,=m:n. Tornax=
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TEJIBHOMY IL€JIOMY YUCJY 72 COOTBETCTBYET HATYpPaJIbHOE YUCJIO
2n, a TPOTUBOMOJIOKHOMY €My YHCJIy —11 COOTBETCTBYET HATY-
panbHOe uwmcio 2n + 1. BzamMHO-OZHO3HAUHOE COOTBETCTBUE
MeXKy 9JieMeHTaMu MHOKecTB N u Z yCTaHOBJIEHO:

Temmeps yCcTAaHOBMM B3aMMHO-OQHO3HAYHOE COOTBETCTBHE MENK-
Iy sieMeHTamMu MHOXecTB N 1 @. Brinuiiiem pairioHaIbHBIE UKC-
Jla B BHIe Opo0ei Tak, YTOObI CyMMa YHCJIUTESI UM 3HAMEHATEeJIs
MIOJIOXKUTEJIbHOI ApoOu ObLia paBHa 1, mmorom 2, moToMm 3, ..., U
3amnchbIBasl IIOCJIe KasKJIOTO ITOJOKUTEIHLHOTO PaIlnoHaJIbLHOTO
YucJa IPOTUBOMHOJIOKHOE eMy paruoHaabHoe unucao. IIpu sTom
MIPOIIyCcKaloTCcs Apo0M, paBHBIE 3alMCAHHBLIM paHee IPo0saM.
Tark samaercs IIPaBUJIO, IO KOTOPOMY KaKIoe PallOHAJIbHOE
YMCJIO IIOJIYUYUT CBOM OIIPeAeeHHBLI HOMEp ujieHa OeCKOHeu-
HOU 1mocJenoBaTeJbHOCTH apobeit. Kaykmoit mpobu OymeT co-
OTBETCTBOBATL CBOE HATypaJbHOE UMncJo (HOMep dujJeHa IIOo-
CJIeIOBATEJILHOCTH), a KaKJAOMYy HATYPAJIbHOMY YHCJIY — CBOS
Ipo0b. B3anmMHO-0JHO3HAUHOE COOTBETCTBME MEXKAY dJIeMEeHTAa-
MU MHOXecTB N 1 @ yCTaHOBJIEHO:

1, 2, 3, 4, 5 6, 7, 8 9, 10, 11, 12, 13,
A T Tt T Tt S N
o 1+ 1 2 2 1 1 3 3 1 1 4 4
1T 171 12 2 T 13 3 71 1’

0) BzamMHO-OZHO3HAUHOE COOT-
BETCTBHE MEXKIY MHOYKECTBAMU BCEX
TOUEeK IPAMOU U BCeX TOUEK WHTEP-
Baya (0; 1) ycTaHOBJIEHO Ha PUCYH-
Ke 2.

31ech IIOKa3aH CIOCcOoO0 OTBICKA-
HuA TOYKU N TpPAMOIi, COOTBETCT-

BymoIleir Touke M wuHTepBaJsia, a
Puc. 2 TakKe TOYKM R wuHTepBajga, COOT-
BETCTBYIOIIE Touke P IIpaMoOii.

IIpomMeskyTOUYHBIH KOHTPOJXB C—1.
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1.3*. MeToa matemMmaTu4eckom MHAYKLUUN

MeTogoMm MaTeMaTHUECKOM MHAYKIIMU HA3BIBAIOT CIIOCOO IO-
KasaTeJbCTBa UCTUHHOCTU HEKOTOPOTO YTBEP;KAEHUA AJIA JIF000-
ro HAaTypPaJbHOIO YMCJa 7. DTOT CIIOCO0 OCHOBAaH Ha IPUHIUIIE
MaTeMaTUYeCKOH WHAYKIIUU, CHPOPMYJIHMPOBAHHOM B yueOHOM
Texcre. IIpekae ueM IPUCTYIUTL K OOCYKIEHUIO CIIoco0a M3JI0-
JKeHUSA MaTepuaja Ha ypoKe, IpUBeIeM IIYyTOUHBIN IIpUMep, mo-
MOTAIONINI YyUYAIIIUMCS MTOHATH CYTh HOBOTO METOZAa MToKa3aTeb-
CcTBA.

ITpencraBbTe, UTO BBHI MOAOIIIN K KMHOTEATPY U BUIUTE OT-
POMHYIO Oouepenb JKeJallnX KYIUTh OUJIeT Ha HOBBINA (DUIbM.
BrI cTanoBUTECH B KOHEIL 0OUepenn, U K BaM HOAXOIAUT UEJIOBEK
co caoBaMu: «SI mporres oT Hayajsia ouepeau W 3aMeTHJ, UTO B
ouepenu Iocje KasKAOI KeHIIUHBI CTOUT KeHITnHa». MOoKHO
JIM HA OCHOBAHUU YCJBIIIAHHOTO yTBEP:KIaTh, UTO B Ouepequ
CTOAT ONHU KeHIMHBI? OOBIYHO yUaIluecs JIETKO CIIPaBJIAIOT-
csA ¢ BTUM BOIIPOCOM, OTBeYad, UTO IJIs UCTUHHOCTHU YTBEPIKIe-
HUuA «B ouepenu CTOAT TOJNBKO JKEHIITUHBI» HAJTO0 OBITh YBEPEH-
HBIM, UTO IIepBad B oUepenu KEeHIMWHAa. Torma mocJje KayKIon
JKEHIIUHBI CTOUT JKEHITUHA U YTBep:KIeHue «B ouepenu cToAT
TOJIBKO KeHIITUHBI» OyAeT mcTUHHBIM. Ho ecau mepBBIM B OoUe-
penu CTOUT MY:KUKWHA, TO 3TO YTBepP:KAeHre OyaeT JOKHBIM.

BropsiM mpumepoM, KOTOPHIM MOYKHO IIPEABAPUTL O0bACHEHUE
HOBOTO MaTepuaja, MOKeT OBITh pas3bop perrenusa sagaum 1.45.

1.45. Ha oguH 13 TpexX HMITHIPHKOB HAaCaYKEHBI 71 PA3JIUYHBIX
KOJIeIl TaK, 4TO 00JIbIllee KOJbIIO JeKUT HUKe MeHbIero (Ha pu-
cyHKe 3 n = 3). 3a OIH X0/ pa3pelraeTcsa IIepeHecTr OJHO KOJIb-
II0 C OJHOTO MITBIPhbKA Ha APYTOi, IPU STOM HE Pas3pernaeTcs
0oJIbIllee KOJBIO KJIACTh HA MEHb-
miee. JlokaskuTe, UTO HaUMEHBIIIEe
YUCJO0 XOIOB, 3a KOTOPOE MOKHO
IIepeHecTu BCe KOJIbIla C OJHOTO ” 7
MITBIPbKA Ha APYroi, paBHoO 2" — 1. Puc. 3

YcioBue aToM 3agaun yUUTEI0 JIydIne c)OpMyJInPOBATE ca-
momy. Torga y yuarmuxcss 0ymeT BO3MOMKHOCTh IIOYYacTBOBATH
B moucke ()OPMYJIbI, BHIPAKAIOIIell 3aBUCUMOCTEL YMCJIa XOJOB
OT umcJia KoJiel, 1 yoeauThbes, U4To, AaKe HaWgA 9Ty OpMyJIy,
OHU TIOKa YTO HEe MOT'YT JOKas3aThb ee AJs JI000Tro HaTypaabHOTO 1,
Tak KaK HATypPaJbHBIX YMceJ] 66CKOHEYHO MHOTO.

Paccy:xmennss MOYKHO IIPOBECTHU TakK.

Onuo KoabIO (n = 1) MOYKHO mepeHeCTH Ha HOBBIN IITHIPEK
3a 1 xopm.

JlBa xoabita (n = 2) MOXKHO TepeHecTH 3a 3 xXona (IepBoe
KOJIBI[O TIEPEHEeCTH Ha BTOPOM INTHIPEK, BTOPOe — Ha TPETui,
3aTeM IIepBOe — Ha TPETUi).
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Tpu rKosbiia (n = 3) Mo:kHO meperecTr 3a 3 + 1 + 3 = 7 x0-
OB, IIepeHecs cHauaja [IBa BEPXHUX KOJbIla 3a 3 X044, IIOTOM
HUKHee KOJbIT0 3a 1 X0/, IOTOM CHOBA JBa KOJbIla 3a 3 Xo0/a.

AHajlornyHO MOKHO mepeHectu 4, 5, 6 koJjer 3a 15, 31, 63
XOZOB COOTBETCTBEHHO.

HabGaiomaTenbHble ydaliuecs MOTYT 3aMETUTb, UTO IJA N
KOJIeIl YIMCJIO XOI0B MeHbIIle 7-ii cTelleHn umncia 2 Ha eTUHUILY,
T. €. BeIpaskaerca popmyJoi 2" — 1.

CremoBaTebHO, MOJyYeHa TUIIOTE3a O BBIPAKEHUU UYUCITA
XOIOB Uepes 17, KOTOPYIO ellle HyKHO J0oKas3aTh AJIS JIF00oTo Ha-
TypaabHoro n. Ho UTO 3HAYHUT AOKas3aTh (hopMyJay OJs JI000TO
HaTypajabHOro n? OueBUAHO, UTO IIPOBEPUTHL MCTUHHOCTEL (hop-
MYJIBI IJA BCeX 1 HeBO3MO:KHO. Heobxoammo corsariieHue, Io-
3BOJIAIOIEe CUNTATh, UTO HIPU BBITOJHEHUN HEKOTOPBIX YCJIO-
BUI [OOKasblBaeMoOe yTBEp:KAeHWe WCTUHHO [OJsd J00Tro
HATYypPaJIbHOTO M.

ITocse obcy:KIeHUsA PACCMOTPEHHBIX MPUMEPOB ydUaIuecs
OyAyT MOATOTOBJIEHBI K TOMY, UTO €CJIT UCTUHHOCTH HEKOTOPOTO
YTBEPIKACHUS, 3aBUCAINETr0 OT HATYPAJbLHOTO 7, YCTAHOBJIEHA
nas n =1 u JoKasaHo, YTO U3 UCTUHHOCTU 3TOr0 YTBEPIKIEHU S
IS HEKOTOPOTO N = k cJIeflyeT ero UCTUHHOCTD JIJIA CJIeNyIole-
ro 3HAYeHUs n, paBHoOro k + 1, To cumTaercs, UYTO 9TO yTBEp-
JKIeHUe UCTUHHO AJIA JI000ro HaTypaJabHOro n (Takoe corJalie-
HUe U HA3bIBAIOT IMIPUHIIUIIOM MaTeMATHUYECKON MHIYKIINN).

ITpumep 1 m3 yyebHMKA AOCTATOUHO IIPOCT, YTOOBI, HE OT-
BJIeKasCh HA TeXHUYECKMUE CJIOMKHOCTU, OCBOUTH HAEI0 JOKasa-
TeJIbCTBA METOJOM MATEeMATUUYECKOH MHIYKIIUN.

IIpu oGey:kaeHnn mpuMepa 2 MOMKHO YIIOMSIHYTb, UTO BbI-
mamomiuiicas wmaremMatuk XX crosetus A. H. Koixmoropos
(1903—1987) ermie B meTcTBe IPOABJAT HEOOBIKHOBEHHLIE Ma-
TeMaTHUYeCcKue crocobHocTi. B BospacTe MATH JeT OH YCTAHO-
B, uto: 1 +3=22,1+3+5=32,1+3+5+7=42ur. n.,
T. €. BRIABUHYJ T'MIIOTE3y, UTO CyMMa N MEePBbIX HEUETHBIX Ha-
TypaJbHBIX YKces paBHA n?. [lokasaTeabCTBO UCTUHHOCTU dTOH
TUIIOTEe3bl TPeOyeT MPUMEeHeHWs MeTOoJa MaTeMaTUYeCKOW WH-
OYKIIUH.

OOpaTuM BHUMaHNEe Ha MMeloIlleecs B yueOHINKe BaKHOe 3a-
MeuaHUe O HeJOIYCTUMOCTH IIPOIIyCcKa Ji000To M3 ABYX IaroB
B JOKasaTeJIbCTBE METOJOM MaTeMATHUYECKON WHIYKIUU U 00
omrnbKax, K KOTOPBIM MOYKET IIPUBECTU TAKOH IIPOIYCK.

B yueObHMKe mMeeTcs MOCTATOYHOE YMCJIO IIPUMEPOB IJIA
o0yuyeHUs JOKAa3aTeJlbCTBY CIIPAaBEIJIMBOCTH PAaBEHCTB M Hepa-
BEHCTB, a ImocJje 3aganusa 1.35 mMeercsa ykasaHue, C IIOMOIILIO
KOTOPOTO MOYXHO HEMHOI'O COKPATHTH 3aIlMCh JOKAa3aTelIbCTBa
HEKOTOPBIX yTBep:KAeHUM. PaccMoTpuM mpuMep IPUMeHEeHUS
9TOTO cmocoba oopPMIEHUS AOKAa3aTeIbCTBA.
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JlokasxeM paBeHCTBO

SE ST S L =_ (1)
1-4 4.7 7-10 Bn-2)-3n+1) 3n+1
O6GosuHauum A(n)=i+ 1 + 1 +...+ 1 ,
1-4 4.7 ' 7-10 Bn-2)-(3n+1)
B(m)=-"_.
() 3n+1
Cuauaja ybeguMcs B CIPaBeIJIMBOCTH PABEHCTBA
A (1)=B@1).
1 _1 1 _1
Tak kak A(l)=-—==, B(l)=---=-, TO paBeHCTBO
1-4 4 3+1 4

A (1) =B (1) npokasano, T. e. mpu n = 1 paBenctso (1) cupaBes-
JIUBO.

Temepp BbIumMcauM pasHocts A (kB + 1) — A (k), paBHYIO
(k + 1)-my cnaraemomy cymmbr A (B + 1):

3 1
A(k+1)_A(k)_(3k+1)(3k+4)’

u pasHocTtb B (k+ 1) — B (k), paBHYIO
kE+1 E_(E+DBE+1)-EkE@BE+4)

3k+4 3k+1 Bk +1)(3k + 4)
1

T BE+)Bk+

B(k+1)- B(k)=

TeM CaMbIM MBbI JOKa3aJIi PaBE€HCTBO
A(Fk+1)-A(R)=B (k+1)- B (k). 2)

IIpeanososxkum Temepb, 4To Ipu n = k paBeHcTsBo (1) cmpa-
BeIJIUBO, T. €. 4TO0 A (k) = B (k), Torza u3 cupaBeIJInBOCTU pPa-
BeHCTBA (2) ciaemyer chmpaBeIImBOCTbL paBeHcTtBa A (B + 1) =
=B (k + 1), T. e. cipaBeauBocTb paBeHcTBa (1) npun =k + 1.

HNrak, paBeHcrBo (1) cmpaBemyuBo mpu n =1, u U3 ero
CIPaBeIJINBOCTH IJisi N = k CJeIyeT ero CIpaBeIJIUBOCTb IJII
n =~k + 1, Torga corjacHO MPUHIIUITY MaTeMATUUYECKON MHIYK-
nuu paBeHCTBO (1) cupaBeaamBO IJA JI0O0T0 HATYPAJIBHOTO 7.

PemeHuss u KOMMEHTaApPUHU

1.31. a) [Joxa:kuTe METOJOM MaTeMaTUUYECKON MHIAYKIIUWU,
yto 0" = 0 mgyaa a60ro HATYpPaJbHOTO YKCJIA 7.

XOTH 9TO YTBEPXIEHNE 1N KaXeTCd OYeBUJIHbIM, HO TE€M HeE
MeHee OHO JOJIKHO OBITh JOKA3aHO METOLOM MAaTeMaTUUYEeCKON
UHIYKIUN.
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HoxrasareasctBo. Ilpm n =1 -cmopaBegiuBo pPaBEHCTBO
0l =0.

IIpenmososkmumM, 4TO OJS HEKOTOPOTO HATYPAJBLHOT'O YMCJA
n = k cupasemnuso paBerncTBo 0 = 0, m moxaxem, UTO TOTJAa
cupaBeqinBo paseHcTBo 0% 1 = 0.

Ucnonbayas pasenctBo 0F=0, wumeem: 0 1=0%-0-=
=0-0=0.

CnemoBaTenbHo, paBeHcTBO 07 = 0 cupaBeaJnBO AJid JIIOOOTO
HaATypaJbHOTO YHCJa N.

1.38. 6) Moxa:kuTe MO MHAYKIINHU, UTO MJA JIIOOOTO HATY-
PaIbLHOTO 1 CIPaBeIJIMBO HEPABEHCTBO

S SR S L L

1-4 4.7 7-10

+ <.
Bn-2)-38n+1) 3

JlokasareascTBo. Tak Kak JeBass yacTh HepaBeHCTBa IJIs
n
JI000T0 HATYPAJbLHOIO YMCJa 1 paBHA APOoOu il (moxazaHo
n
n 1

1
=~ <> nias Jr00ro HaTy-
sn+1 g, 1 38" v

n

M0 WHAYKIIMU BBIIE), a

pajbHOTO YmcJa 1, TO M3 cCOpaBeaanBocTu paBeHcTBa (1) mas
JIFOOOTO HATYPAJBHOTO YKCJA 71 CIeNYyeT CIPAaBeIJIMBOCTDL TOKAa-
3bIBAEMOTr'0 HEPABEHCTBA MJIA JIIOOOT0 HATYPAJIbHOTO YKCJIA .

3ameuanue. O0bruHO B 9 Kjacce (POpMyJibI n-TO UjieHA U
CYMMBbI IEePBBIX N WIEHOB apu(pMeTnUecKOd U reoMeTPUUeCcKOn
IIPOrpeccuil He JOKAa3bIBAIOT C IIOMOIIbIO METOJa MaTeMaTHue-
CKOI MHAYKIIUU, a JUIIb IPOBOAAT PACCYKIEHUE, IOABOLAIIEe
K rumorese. Ha 5To HY:KHO OOpaTUThL BHUMAHNE YUYAI[UXCH.
O oCo3HAHUA HOBOI'O YPOBHS BJIANEHUA MATEPUAIOM OHU
TOJIKHBI HAYUYNTHCSA JOKA3BIBATH 3TU (DOPMYJILI C IIOMOIIIBLIO Me-
TOoZa MaTeMaTHUYecKoil muAyKIuu (3amaunue 1.32).

1.43. r) [okaskute, 4UTO MOJs JIOOOT0 HATYypPaJIbHOTO
yucaa n 3" + 4" — 1 geaurca uHa 6.

HokazarembcTBo. [loKa3bIBaeMoOe yTBEPIKIEHNE CIIPABEJIN-
Bo mpu n = 1, Trak xax 3' + 4! — 1 =6, 1. e. geaurcsa Ha 6.

Ilpegmosnoskum, uto upu n = k cymma 3% + 4% — 1 meaurcs
Ha 6, u moKaxkem, uro mpu n =k + 1 cymma 3%+ + 4%+1 — 1 ne-
autcd Ha 6. (Ycmex JokasaTeJbCTBa 3aBUCUT OT YMEHHA yua-
muxcsa B cymme 31 4+ 4%+1 — 1 Bpigenuts cymmy 3% + 4% — 1,
KOTOpad IO HAIlleMy IPELIIONOMKeHNI0 JeauTca Ha 6.)

3l pgk+l —1=8.8k+4.4k—1=3.3-+83.4k—3 +4k+2 =
=3 . (3F+ 45— 1) + (4% + 2).

Caaraemoe 3 - (3% + 4% — 1) mocyenHeil cyMMBI geauTcs Ha 6,
TaK Kak OJWH W3 ero MHOJKHUTeJIell AequTcs Ha 6 o Halmemy
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npenmoaoxkennio. Ocragoch H0Kas3aTh, 4TO W cjaraemoe 4% + 2
TaksKe geauTcsa Ha 6. [IpuMeHMM MeTOon MaTeMAaTUYeCKOI MH-
OIYKIUH elle pas.

OueBupHO, uTo npu k£ = 1 cymma 4! + 2 = 6 genurcs Ha 6.

Ilpenmonoxxkum, uto ipu k = m cymma 4™ + 2 nenurcsd Ha 6,
U JOKaKkeM, uTo npu k =m + 1 cymma 4™ 1 + 2 genurcs Ha 6.

qn+t1 4+ 2=4-4"+2=4-4"+8-6=4-(4"+ 2) — 6.

Ciaraemoe 4 - (4™ + 2) gesnurca Ha 6, Tak Kak OOUH M3 €T0
MHOKUTEJIeH HenTcda Ha 6 1o HalleMy IPeIIOOMKeHI0, YKC-
g0 6 Toxxe menuTcsa Ha 6, mosTOMY W pasHocTb 4 - (4™ + 2) — 6,
a sHauuT, u cymma 4m*+1 + 2 TosKe messitest Ha 6.

Tem caMbIM JOKa3aHO, 4TO cymMMa 4% + 2 meaurcs: Ha 6 1711 JIro-
6oro HaTypaabHOro k. Ho Torga u 3 +1 + 4%+1 — 1 neanrcsa Ha 6.

HNrak, Beipaskenue 3" + 4" — 1 mgenurca Ha 6 opu n = 1; us
HPEIIIOJ0XKEeHNsI, UTO OTO BhIpakeHue NeJInuTcsa Ha 6 upu n = k&,
cJielyeT, YTO OHO JeauTcsa Ha 6 u ipu n = k + 1. 910 o3Hauvaer,
4yTOo BBIpaskeHume 3" + 4" — 1 genmrcsa Ha 6 mpu Jrro60M HATY-
pajbHOM YmCIIe 7.

IIpoMeskyTOUHBIH KOHTpOJahb. C—8.

1.4. lNepecTaHOBKU
1.5. PasmewieHuda
1.6. CoueTaHug

Marepuan no. 1.4—1.6 mogpoOHO M3JI0KEH B yUeOHUKE CO
BCEeMU HeOOXOAMMBIMU 000CHOBAHUAMU. OH OOLIYHO BbBI3HIBAET
3aTPYAHEHUA Yy ydYallUXCdA, KOTOPbIe ILJIOXO IIOHKMMAIOT, YeM
pasMeIleHUA U3 71 DJIEMEHTOB IO k OTJINYAIOTCA OT COUeTaAHIHA
u3 n 3JeMeHTOB 10 k. Hamo oTMeTuTh, UTO IJIs IIePBBIX BajKeH
HOPAIOK CJIeLOBAaHNS BbIOPAHHBIX k 9JIEMEHTOB, a AJISI BTOPBIX
9TOT HOPAIOK He BayKeH. IIpM 3TOM MOIKHO BOCIIOJIB30BATBLCHA
npumepamu 1—3 u3 n. 9 paszgena I mugakTuyecKux mMaTepua-
Jg0B (c. 12), maromuMu 3amoMUHAOIIecsa o0pasbl:

P, — KOIWYeCTBO MeJIONUH, KOTOPblE MOXKHO CBHIIDATh, UC-
noab3ysd 4 pas3jiuyHbie HOTHI (0€3 TOBTOPEHUA);

A%l — KoJM4ecTBO MeJIOAMH, KOTOPbIe MOYKHO CHITPATh, HC-
moJIb3ys 4 pasJInuyHbie HOTHI M3 JAHHBIX ceMHu HOT (6e3 mOBTO-
peHus);

C? — KoJIM4ecTBO aKKOPAOB, KOTOPbIe MOKHO CBII'DATh, HC-
Hoab3ysA 4 pasinuyHble HOTHI M3 JAaHHBIX ceMu HOT (0e3 IIOBTO-
peHusa). HoTel B aKKOpAe 3ByYaT OJHOBPEMEHHO, ITOPAIOK CcJe-
JIOBaHWUSA HOT He BayKeH.

YT00BI IIOATOTOBUTDL YUAIIUXCS K BBeIEHUIO ONpeaeIeHn 1
dopMyJa OIS BLIUMCJIEHUS UYMCJIA IePEeCTAHOBOK M3 71 3JIeMeH-
TOB, UMCJIa Pa3MEIeHUl M3 1 3JIeMeHTOB II0 k, YmcJja codera-
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HUN U3 n 39JIEMEeHTOB MO k, Hamo, ciaenys yueOHUKY, PEeIIuThb
IpUBEeIeHHbIe B HEM IIPOCTHIE 3a/laUU C ABYMS, TPEMSA, YeThIPh-
MsA dJIeMeHTaMMU.

Hampumep, ¢dopmyaa momcuera Umucja IePEeCTAaHOBOK U3 1
9JIEMEHTOB MOKeT OBITh MHoJiydeHa cHavaja IS HEeCKOJIbKUX
MaJIbIX HATypaJbHBIX UHCEJ 7.

Hnsa n = 3 paccy:kaeHre MOYKHO IIpoBecTu Tak. Ha mepBoe
MEeCTO MOKHO IIOCTaBUTH JIIOOOM 13 TpeX 3JIeMeHTOB (3 BOBMOK-
HocTtu). Eciiv oquH s1eMeHT MbI yiKe MOCTAaBUJIMN Ha IIepBoe Me-
CTO, TO HA BTOPOE MECTO MOYKHO IOCTaBUTh OJUH U3 ABYX OC-
TaBHINXCA 3JiIeMeHTOB (2 Bo3MOKHOCTH). Torma mepBbie aBa
MecTa MOKHO 3aHATH IIeCThbio cuocobamu (3 - 2 = 6), B Ka)KI0OM
U3 KOTOPBIX OCTaBINIEeCSA TPEThE MECTO MOMKHO 3aHATH OJHUM
CIIoco00M OIHUM oOcTaBITUMCA djaeMeHTOM (1 BO3MOKHOCTH).
Torma uwWciIO0 MTEpPecTaHOBOK M3 TpexX HJIEeMEeHTOB PaBHO
P,=3-2.1=6. IlpuBeneHHOE pacCysKIeHNe yJallecs JIErKO
IPUMEHSAT IJS YeThIpeX 3JIeMEeHTOB U MOTYT BBIABUHYTH T'MIIO-
Tes3y, UTO cIpaBeaamBa (opmysia

P=n-n-1)-n-2)...3-2-1=n!
ATy rumoresy MOMKHO I0Ka3aTh METOAOM MaTeMaTHUYeCKOM
uHAyKInunu (c. 23 yuebHUKA).

Pemenus m KoMMeHTapuu

1.54. MHOXeCTBO, COCTOAIIee U3 IIIECTH DJIEMEHTOB X;, X,
X3, X,y X5, Xg, YIOPALOUNIN BCEMH BO3MOYKHBIMH CIIOCOOAMU.
CKOJIBKO TaKUX CIIoco00B? B CKOMBKUX Caydasx:

a) dJIeMeHT X, OyJeT IepBBIM II0 IOPAAKY;

6) sJyieMeHT x, He OyJeT HU IIePBBIM, HU IOCIETHUM?

Pemenne. Bcex cmoco6oB ymnopsazouuTh 6 9jI1eMeHTOB
P,=6-5-4-3-2.-1=720.

a) IlocraBuM sJyIeMeHT X, Ha II€PBO€ MECTO. ¥YIIOPALOYUTH
ocTaBIInecsa 3JIeMeHTbl MOXHO P, =5-4:3-2-1=120 cno-
cobamu. IlosTomy snemeHT Xx, OyAeT Ha IIepBOM MecTe B
120 cayuaax.

6) Bcex cmoco6oB ynopamouurs 6 siemeHTOoB Py = 720. U3
HUX 9JeMeHT X, OyzmeT Ha nepBoM MecTe B 120 ciaygaax, aHaio-
TUYHO dJIEMEHT X, Oyzer Ha mocyuenHeMm mecrte B 120 cayuadax.
IlosTomy snmemeHT x; He OygeT HU IePBBIM, HU IIOCIEIHUM B
720 — 2 - 120 = 480 cayuaax.

1.55. CKOJIBKMMU PA3IUUYHBIMU CIIOCOOAMU MOKHO YCAAUTh
B PAI TpeX MAJbUYMKOB U TPEX AEeBOYEK TaK, UTOOLI HUKaKIe JBa
MaJbYMKa ¥ HUKAaKUe JBe NeBOUKU He OKa3aJICh PAIOM?

Pemrenue. IlepenymepyeM IiecTh MecT mocagku B pan: 1, 2,
3,4,5, 6. MecTra MAJIbYMKOB U A€BOUYEK JOJKHBI UePeI0BATHC
TaK, YTOOBI HUKAKWe JBa MaJbUMKa 1 HUKAKUe Be NEBOUKU He
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OKasaJuncCh PAJOM, MOITOMY y HaC €CTh JBe BO3SMOYKHOCTU IJIs
IOCaJKU eBOUEK: Ha UeTHbIe MecTa WJIM Ha HeueTHBIEe, a B Ka-
kg0 u3 Hux — P;=3 -2 .1 =6 cmoco6oB. Bcero cmoco6os
ycaguTh JeBOUYeK B paAnx Oyzer 6 -2 =12, a B KaaoM wu3s
HUX — P;=3 -2 -1 =6 coco6oB nmocagkm Malb4nKOB. Bcero
umeerca 12 - 6 = 72 cmocoba mocagKu geBOUYEeK UM MaJbUNKOB
COTJIaCHO YCJIOBUSAM 3aJadumu.

1.56. 3amaua-mytka. Kak-To pas B BOCKpeceHbe ceMepo
Ipyseii 3amiu B Kade, yceamch 3a OJUH CTOJUK M 3aKas3aau
MoposkeHoe. X03AWH Kade cKasaJy, UTO eCJU APY3bda B KasKIaoe
caenyiollee BOCKpeceHbe OYAyT CAAUThCA IIO-HOBOMY U IIiepe-
Opo6yIOT BCe CIIOCOOBI MOCAAKM, TO C ATOT'O MOMEHTa OH obela-
€T KOPMUTH UX MOPOKEHBLIM OeCIIaTHO. YAACTCS JIU APY3bAM
BOCIIOJIb30BATHCSA MIPEIJIOKeHNeM Xo3AnuHa Kade?

Pemenne. Yto6bl mepenpoboBars Bce P,=7:-6:5X
x4-3-2-1=5040 cmocoboB mocamku, morpebdyercsa 0Oojee
96 jmer. MaoBEepOATHO, UTO XO3AUH Kade cyMeeT HCHOJHUTDH
cBoe obOeranue uepes3 96 Jer.

1.60. CKOJIBKMMHU Pa3JIMUYHBIMI CIIOCO0AMI MOJYKHO paciipe-
IeJUTh MEKAy IIeCTbIo JIUIAMU: a) ABe; 0) Tpu pasHble IIy-
TeBKU B caHaTopuu?

Pemenne. a) Yuciao cmoco00OB pacmpenenTh ABe pPasHbIe
IIyTeBKU MeXXAY IIecThbIo JuiamMu paBHO A2 =6 -5 = 30 (uep-
BYIO IIYTeBKY MOJKHO PACIpeneUTh IIeCThIO cIocobaMu; B Ka-
JKIOM M3 HHUX BTOPYIO IIYTEBKY MOXKHO PACIPENEJUTDH IISAThIO
crocobaMu cpeau JIUI, He MOJYUYUBIIUX MEPBYIO IMIYTEBKY).

6) Ywuciao cmoco00B pacupeeiuTh TPU pasHble IIyTeBKU Me-
JKIY ILIecThio JmmaMu paBHO A3 =6 -5 -4 =120 (mepByio 1y-
TEBKY MOJKHO pacCIIpelesinTh IIeCThI0 CIIocO0aMu; B KaKJOM U3
HUX BTOPYIO IIYTEBKY MOYKHO PACHpPENeNUTh MATHI0 crmocobaMu
cpeiu JHWIl, He TOJYUYUBIINX IEPBYIO IIYTEBKY; B KaKIOM U3
6 - 5 =30 crmocob0OB pacipesieJiuTh ABe IIepPBbIe IIYTEBKH Tpe-
THI0O MOJKHO PacCIpemesiUTh MeXKAY UYeThIPbMSA OCTaBIITUMUCS
JUIIAMU YeTBIPbMSA CIIOCO0aMmM).

1.65. CKoIbKUMHU cCIIOCO0AMM MOIKHO pacIlpenenuTh ABe
OJMHAKOBBIE IIYTEBKU MEXKAY HATHIO JIUIAMU?

Pemenne. Hucao cmoco00B paclpenenTh ABe OSUHAaKOBbIE

OyTeBKU MEKIY NATbIO Jumamu paBHo CZ :i:lo (oHO B

2 pasa MeHbIIIe YHcJia CIOCOO0B pPaCIpeleuTh JBe pasHbIe My-
TEBKU MEXKAY NOATHIO JUIAMU, TaK KaK MOPANOK IOJyYeHUSA
OyTeBOK He BasKeH).

1.71. IIpu BcTpeue n apy3eil OOMEHAJUCH PYKOIOXKATHUA-
mu. OnpenesnTe YNCI0 PYKOIOMKATHUH.

Pemenne. Ka:xapiii us n apyseit moxxkmet n — 1 pyry. Ilpu
9TOM Ka’KJ0€e PYKOIOXKaThe CUNTAETCA ABAKIBI — KaKIBIM 13
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IBYX OPY3el, :KMYIIUX APYT APYry pyKu. IlosToMy Bcex pyKo-
nin-1 A?Z

mo:KaTuii 0ymer 7"=0,5-A§L , YTO U TpeboBaJIOCh TIO-

KasaThb.
1.72. B TypHuUpe 1o maxmaraM KasKIbIH YYaCTHUK ChITPaJ
C KaKJbIM II0 OJHOM MapTuu, Bcero ObLI0 chirpano 36 mapTuii.
OnpenennuTte 4YUCJI0 YYaCTHUKOB TypHUDA.
nn-1)

Pemenue. Bce n yyacTHUKOB TypHUpPA CHIT'DAJIA — 5 map-

nr-1) =36. Ono
VMeeT eAMHCTBEHHBLIN IIOJOKUTENbLHBIM KOpeHb 9, ImosTomy
YHCJIO YUYACTHUKOB PABHO 9.

1.73. B kiacce nmeercs 6 cuIBHBIX MaTeMaTUKOB. CKOJIb-
KMMH CIIOCOOAMHU M3 HUX MOMHO COCTABUTHL KOMAHAY HA paiioH-
HYIO OJUMIIMALY II0 MATEMAaTHKE, €CJIA OT KJIacCa MOMKHO IIO-
cjaThb KOMaHAy: a) u3 4 uejgoBeK; 0) oT 2 10 4 uyejioBeK?

Pemenne. a) Yucao cmoco6oB BuIOpaTh 4 yesioBeka u3 6
., 6:5-4.3
(6es yuera nmopanka BbIOMpPaeMbIx) paBHO Cy = m=15.
0) Ywmciao cmoco6oB BeIOpaTh OoT 2 A0 4 uyesoBeK us 6
(6es yuera mopAnKa BHIOMPaeMbIX) PABHO

c2+cs+ci=92,954 1550

2-1 3-2-1

1.74. Haligure 4mcJI0 BCeX IIOAMHOMKECTB JAaHHOI'O MHOMKE-
CTBa, CoJepsKaIiero n 3sJjJeMeHTOB (n — Job6oe HaTypaJbHOE
YHCJIIO).

Pemenne. HamoMHUM, UTO HPUHATO CUNUTATh, UTO HIYCTOE
MHOJK€eCTBO, T. €. MHOKeCTBO, He cofepsKalllee HI OJHOTO dJe-
MeHTa, SABJISEeTCA IMIOAMHOYKECTBOM Ji060To MHOKecTBa. IlycToe
MHOXKECTBO 0003HAUYAIOT 3HAKOM .

Ilycts mamHOE MHOMKECTBO M COIEP:KUT n ajeMeHToB. Torma us
9THUX 9JIEMEHTOB MOYKHO COCTABUTL IOAMHOMKECTBO, COMep:Kaliee:

0 siemenToB (mycroe MHOkecTBO) — CY =1 cmmocobowm;

1 snemenT — C! = n cnocobamu;

Tuii, uro paBHo 36. CocraBuM ypaBHEHUe

2 anemenTa — C2 =7n(;l _11) cmocobaMu; ...;
n -1)-...-1
n ssmemeHToB — C, = le crocobom.
nn-1-...-1

CremoBaTeIbHO, MHOMECTBO M mMeer:

ogHOo — C° — momMHOXKecTBO, conep:kaiiee 0 2IeMeHTOB
(mycToe MHOKECTBO);

C! mogMHOIKeCTB, cofepsKaIux 1 ajaeMeHT;

C2 IOAMHOIKECTB, COAEPIKAIUX 2 DIEeMeHTa; ...;

C” MOIMHOKECTB, COLePKAIIUX 7l BJIeMeHTOB.

n
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IloasTomMy umeso Bcex MOAMHOMKECTB MHOXKecTBa M paBHO
Co+Cl+C2+..+C).
JlokaskeM MeTOJOM MaTeMATUYeCKON MHIYKIIMM, UTO CIIpa-
BeJIJINBO PABEHCTBO
CO+CL+C2+...+C,=2m, (1)
1) Ecaiu n =1, Tto paBeHcTBo (1) cmpaBegJnBO, Tak Kak
C?=Cl=1, u nosromy C9 + Cl = 21,
2) Ilpenmoso:Kum, YTO IIPU N = k CIIpaBeIJINBO PABEHCTBO
Cl+Cl+C2+ ...+ Cp= 2k, (2)
3) Ucmoawnsysa aTo, mokaskeMm, uTo npu n = k + 1 cupasen-
JILBO PaBEHCTBO

k+1
Cg+1+C;+1+C,§+1+...+Ck+1=2k+1. (3)
PaccmorpuMm cymmy B JieBoii uacTu paBeHcTBa (3).
_ _ k+1 _ _ _ -1
Taxk kark CY,,=1=CY C/,;;=1=Ct a C} ,=C; "+C}
ansa 1 < m < k, To mosyuaeM, UTO CIIPaBEeAJIMBO PAaBEHCTBO
k+1
CY  +CL L +C L+ .. +C =CY+CY+ CL+ CL + CE + ...
e +CE+CE=2 (CO+ CL+C2 4 ... + CH).
HUcnonbaysa pasercTso (2), mosydaem, 4YTO CIPaBeaINBO pa-
BeHCTBO (3).
CorgacHO OPUHIIUIY MaTeMATUUYEeCKONH MHAYKIIUKU 3TO O3HAa-
yaeT, yTo paBeHcTBO (1) cupaBeaanBo A JII0O0T0 HATYPAJIbHO-
ro ymesa n.

OrmeTuM, uTO maJjee paBeHcTBO (1) mokasaHO TaksKe C IIO-
MoIbio ounoma HreioToHAa.

IIpomMeskyTOUYHBIH KOHTpPOJXBb. C—9.

1.7*. Joka3aTesibCTBO YMC/IOBbIX HEPaBEHCTB

O0paTuM BHHMAHHNE HA TO, YTO K JECATOMY KJaccy 0OJIb-
IIMHCTBO yYaIl[UXCA NUMEIOT BeCbMa CMYTHBIE IPELCTABIEHUA O
IOKasaTeJbcTBaxX B aarebpe. Camy Ipoleaypy AOKasaTelbCTBa
OHM YAacTO HOHMMAIOT HempaBWIbHO. IlosicHMM ckKasamHOe Ha
npumepe. Ecii yueHMKA MOIIPOCAT AOKAa3aTb, UTO AJISA JIIOOBIX
yrceJ @ U b cupasenanBo HepaBeHCTBO a? + b? = 2ab, TO MOKHO
OJKHIATH TAKOE «I0Ka3aTeJIbCTBO»:

«a?+ b2 = 2ab,
a?— 2ab +b2=20,
(a-b)?=0,

YTO U TPeOOBaJJIOCH JOKA3aTh».
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VueHuKu OOBIYHO YAMBJSIOTCS, UTO MPUBEIEHHOE «IOKa3a-
TeJIbCTBO» OOKA3aTeJIbCTBOM He sBJseTcsA. Jla m He TpeboBa-
JIOCh JOKasaThb, uto (a — b)?2 = 0.

IIpuBeneHHOE pacCcysKIeHne BCEero JIUIIb aHAJIN3, IIOMOrak-
U# HAWTH IIyTh AOKAa3aTejlbCTBA, KOTOPOE IPOBOAUTCSI B 00-
paTHOM IOPALKE, 8 UMEHHO TaK:

paccMOTpUM HEPaBEHCTBO, CIPABEIJINBOE AJISA JIIOObIX UHCeJ
aub:

(a — b)?=0;
npuMeHUM POPMYJIy KBajpaTa pasHOCTU
a2 — 2ab + b2 = 0;

B IOJIyYEHHOM BEpPHOM HepaBEHCTBEe IIepeHeceM cJiaraemoe
—2ab B mpaByI0 YacTh HepPaBeHCTBA U IIOJYYUM HOBOE BepHOE
HEepPaBeHCTBO, UTO M TPeGoBaJIoCh AOKA3aTh.

HokasaTeIbCTBO MOJKET COIep’KaTh NPUBEIEHHBIE BBIIIE
1aru:

a?+ b? = 2ab, (1)
a?—2ab+b220,
(a—-0b)2=>0, (2)

HO TOT'Ja OHO JOJIXKHO 3aKaHuuBaThCs (ppasoii: «Paccyxkgas B 00-
paTHOM TOpsaKe, W3 CIIPABEeIJINBOCTU HepaBeHCTBA (2) mMoIyuyum
CcIIpaBeAJINBOCTDL HepaBeHcTBa (1), uTo 1 TpeboBaoCh JOKa3aTh» .

B yue6HUKe moKasaHbl Pa3JIUUYHbIE IIPUEMbI PeIlleHu 3a7au
Ha JTOKas3aTeJbCTBO HEPABEHCTB, ONMMPASACH Ha KOTOPHIE MOKHO
IoKasaThb MHOTVE HEepPaBEHCTBA U3 JAHHOTO MYHKTA.

B mupaxtuueckux marepuaJsax (m. 7) OpUBEIEHBI METOIbI
IOKa3aTeJbCTBa HEPABEHCTB, He OTMeUeHHbIe B yUeOHUKE.

EcThb ellle oquH MeTO HJOKAa3aTelIbCTBA UMCJIOBBIX PABEHCTB
Y HepaBEHCTB, CBA3AHHLINA CO CPaBHEHUEM YMCeJI.

CkaskeM, UTO JBa YHCJIOBBLIX PABEHCTBA PABHOCUJILHEBI, €CJIN
U3 CIIPAaBEIJIMBOCTH OJHOTO M3 HUX CJEAYeT CIIPaBeIINBOCTD
IPyroro. AHAJOTUYHO OIPeNeAl0TCA PaBHOCUIbLHBLIE HepaBeH-
ctBa. g 3amucu paBHOCUJIBHOCTH MBYX PaBEHCTB MJIU Hepa-
BEHCTB YaCTO HCIOJb3YIOT 3HAK <.

Ecau mmox sHakoM Vv OyaeM IIOHMMATL OOUH M3 IIATH 3HAKOB
CpaBHeEHUdA: =, >, <, =, <, II0J 3HAKOM A — 3HaK, IIPOTHUBOMO-
JOXKHBIN 3HAKY V, T. €. =, <, >, &, 2 COOTBETCTBEHHO, TO MHOTO-
YKCJeHHBIE YTBEPIKAEHUS O PABHOCUJILHOCTU YKCJIOBBIX pa-
BE€HCTB M HEPABEHCTB MOKHO c(OPMYJINPOBATH TaK:

1. avbe a+cv b+ c pna awoboro c € R.

2. avVv b o ac v be gna gwoboro ¢ > 0.

3. avbs arv b gaa aooeix a >0,b>0,neN.

4. a v b < ac A be pns noboro ¢ < 0.
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3HaK VvV HCHOOJb3yeTcA B 3ajladax Ha CpaBHEHUE U ToKasla-
TEeJBCTBO UYUCJOBBIX PABEHCTB M HepaBeHCTB. Eciin MBI XOTUM
BBISICHUTH, KaKOM U3 3HAKOB cpaBHeHUd (=, >, <, =, <) HaAJ0 IIO-
CTaBUTh MEXK/IY JAaHHLIMU UKMCJIOBBIMU BBIPAXKEHUSIMU, TO MEXK-
Iy HUMU MOJKHO IIOCTaBUTh 3HAK V, CHeaTh HECKOJILKO PaBHO-
CUJIBHBIX ITPeo0pas3oBaHWII, WCHOJB3YyA yTBep:KIeHUA 1—4 u
OpUHATH B UTOTEe K OYEBUIHOMY PABEHCTBY WM HEPABEHCTBY.
Torzma ecam MCIOJBL30BAJINCHL TOJBKO cBoOWcTBa 1—3, TO IOJY-
YUBMINICA 3HAaK CpaBHEHUS HAJO ITIOCTABUTHL BMECTO 3HAKa V B
CpPpaBHEHUU AAHHBIX UYMCJIOBBIX BbIpaskeHUi. VM cIoab30BaHUSA
cBoiicTBa 4 Jyullie n3beraTb, YTOOBI YMEHBIINUTL UKMCJIO JOIIYC-
KaeMbIX OIHNOOK.

Ipumep 1. CpaBaum uncaa /11 ++/2 u 3++/3.

Hcnonpaya yrBep:kaeHusa 1—3, HaIUIIEeM IEIIOYKY PaBHO-
CUJBHBIX CPABHEHUI:

V11 +4/2 v 8+4/3,
(Jﬁ + \/5)2 v (8+ \/5)2 (mo yTBep:kIgeHUIO 3),
13 + 222 v 12+643,
14222 v 643 (o yrBepoxaeruio 1),
(1+2v22)2 v (6+/3)? (o yrBepxaenuio 3),
89+4./22 v 108,
4./22 v 19 (mo yrBep:xgeHno 1),
(44/22)2 v 19° (mo yrBep:xgeHUIO 3),
352 v 361.
Tax xax 352 < 361, To B mocJieJHEM CPaBHEHUU JOJIJKEH CTO-
ATh 3HaK <. [IosTOMY M BO BCeX MPEABLIAYIINX CPABHEHUAX HTOJI-
JKEH CTOSATH TOT ke 3HaK. CiregoBaTesbHO, V11 ++/2 <3++/3.

IIpumep 2. [JoxaskeMm cIIpaBefIMBOCTb PABEHCTBA
\/3+J§ +3/10+6+3 =3 +1.
Hanwumiem 1menouky paBHOCUJIBHBIX CPaBHEHUM:
\/3+J§ +3/10+6+3 v /3+1,
(\/3 ++/3+3/10+6+3)2 v (v/3+1)? (10 yrBepKIeHHO 3),
3++/3+310+6v3 v 4+23,
3/10+6+/3 v 1++/3 (mo yreepsxaenuto 1),

(3/10+6+/3)3 v (1++/3)? (o yrBepxaeHuIo 3),
10+6+/3 v 1433 +3(+/3)2 +(+/3)3.
B mpaBoit u j1eBoIi YacTAX IIOCJESHETr0 CPABHEHUS OQHO U TO
sxe ymesto 10+6+/3. Dro Oo3HauvaeT, UTO B HEeM, a TaKiKe B Kak-
IOM IpPeAbIAVIIleM CPaBHEHHU IOJIKeH CTOATh 3Hak =. Ciemo-
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BATEJbHO, 3TOT 3HAK OYZET CTOATh M B IIEPBOM CPABHEHWHH, UTO
u TpeboBaJIOCh JOKA3aTh.

IIpumep 3. IzloxameM, YTO IJid JII000oro a € R cupaBemjinBo
1

HEPAaBeHCTBO - & < -,
l1+at 2
Hanwuiem 1menouky paBHOCUJIBHBIX CPaBHEHUM:
@ 1
l1+at 2’

2a? v 1 + a* (o yrBep:xaeHuo 2),
0v1-2a%+ a* (o yreep:xagenuio 1),
0v(1-a?2

Tax kak (1 — a?)? > 0 gas mob6oro a € R, To B mocjiegHeM
CPaBHEHUU TOJIKEH CTOATH 3HAK <. [109TOMY B KaKJJOM IIPEeIbI-
IyIleM CPaBHEHUHU [TOJIKEH CTOAThL 3Hak <. CiemoBaTeilbHO,
9TOT 3HAK JOJIKEH CTOATHL WM B IIEPBOM CPAaBHEHUU, 4 9TO U TPe-
00OBAJIOCH JOKA3aTh.

Pemenus m KoMMeHTapuu

1.77. ®) Ona no0bIX OeHCTBUTEIBHBIX UMCeJ @ U b JOoKa-
Kute, uro ecan 0 < a < b, To a® < b3.

HoxazareabcTBo. 1o ycioBuio 3azaum a < b u a > 0, moaro-
My a? < ab. Tak kak a < bu b > 0, To ab < b%. I3 TpaH3UTUBHO-
CTU HepaBeHCTB uMeeM a’ < b2.

Tax xak a?<b? u a>0, To a® < a?b. Tak xkak a?2< b’ n
b>0, o a’ < b3 U3 TPaH3UTUBHOCTH HEPABEHCTB MMeeM
a?® < b3, uTo U TPebOoBATIOCH NJOKAa3aTh.

1.78. Moxaxkure, 4TO cymMMa Ky0OOB KATETOB HPAMOYTOJIb-
HOI'O TPEeYTOJIbHNKAa MEHBbIIIe RY6a TUIIOTEHY3HbI.
HokazarembcTBo. [[Jis1 KaTeToB a, b U TUIIOTEHY3HI € IIPAMO-
YTOJILHOI'O TPEYrOoJIbHUKA BEPHO paBeHCTBO a? + b? = c2. YMHO-
JKMB 00€ YacTH 9TOT'0 PAaBEHCTBAa HA C, IOJYYMM HOBOE BEPHOE
paseHcTBO a’c + b%c = ¢3, B KOTOPOM 3aMeHHM cjiaraeMsle a?c 1
b%c Ha menbinme ciaraembie a® u b3 coorBercTBenmHO. JleBas
JaCcTb PaBE€HCTBa YMEHBIIIUTCA, WM MBI IIOJIYUYHMM BE€PHOE Hepa-
BeHCTBO a® + b% < ¢3. 910 u Tpe6oBaOCh NOKA3aTh.
1.79. a) oxaxkure, 4TO 135 .01
2 46 80 9
HoxazareabcTBo. O003HAUNM:

A=135 .0® p_ 246 8
2 46 80 3 5 7 81
Tax RaK*<g, §<é, §<§, e, B<@, To A < B. Tak
3 4 5 6 7 80 81

1-2-3-4-5-...-79-80 _

Kak A >0, To A2< AB, a Tak Kak AB= =
2-3-4-5-6-...-80-81

30



2 2
=811=[51)J , To A2 <(;) . Orkynma, yuuteiBasg, uto A > 0, mo-

1
JyuaeMm, uTo A <§. ITO U TPebOBAJIOCH AOKA3aTh.

1.81. 3amauva Eskauma (III B.). [oxaskuTe, dYTO ecau
a — HamboJbIllee M3 YeThIPeX MOJIOKUTEJbHBLIX uucea a, b, c,

du %z 2, TO CIPaBEAJIMBO HEPABEHCTBO @ + d > b + c.

HorazarembpcTBo. Tak KaK 1o yCJIOBHUIO 3a/iayu a4 > C, TO U3
b b
BEPHOI'0 PaBEHCTBA @ = C'E cJaenyeT, u4To 4 >1, OTKyIa Imojayua-

eM, uTO b > d. AHaJOTMYHO IIOKa3bIBAaeTCs, UTO W3 YyCJIOBUA
3ajavuu cJaenyeT, 4To ¢ > d.

YMHOKUM 00€e YacTu BEPHOTO YHCJIOBOT'O HepaBeHcTBa b > d
Ha IIOJIOMKHUTEJIbHOE YNCJIO ¢ — d, MOJYUNM BEPHOE HEPABEHCTBO
b (c —d)>d (c —d), koTopoe mepenuilieM B BUIe

be + d? >dc + bd.

3aMeHUM B 9TOM IIOCJIeAHEM HepaBeHCTBe ImpousBeleHUe bc
PaBHBIM eMy IIPOM3BeAeHUEM ad, MOJIyYUM HEePaABEHCTBO:

ad + d? > dc + bd.

PaB,lIeJII/IM o0e YacTu 9TOro BEpPpHOI'0O HepaBeHCTBa HAa II0JIO-
JKUTEJbHOE Yucjio d u IIOJIYyYUM BE€PHOE€ HepaBeHCTBO

a+d>c+b,
YTO U TPeOOBAJIOCH JOKA3aTh.

3ameuanue. Bo Bpemena EBkiinpa mHOrue (axkThl B MaTe-
MaTHKe JOKas3bIBaJNCh IeOMeTPUUYeCcKuM crocobom. IIpuBemem
reoMeTpUYeCcKOe TOKa3aTeJbCTBO TOTO »Ke HepaBeHCTBA.

Ha orpesxke AD, namHa KOTOpPOTO paBHA a + d, IIOCTPOUM
OKPYJKHOCTHL KakK Ha amametrpe (puc. 4). OrmeruMm TOouky M,
Takyoo, uro AM =a, DM =d. Tak kak a >d, To meutrp O
OKPYKHOCTH ITPUHAAIECKUT OTPE3KY
AM. Tak Kak a > b, TO, IIOCTPOUB C
OKPY!KHOCTh ¢ IeHTpoM M u pa-
ouycomM b, mosryuuM TOUYKYy B Ha c
HepBON OKPYsKHOCTH, TaKyl0, YTO
BM =b. Ha nepeceueHUU TIPAMOM 0 /M
BM c nepBoii OKPY*KHOCTBIO IIOJIY-
yuM TouKy C. VI3 TeopeMbl 0 mepe- b
CeKaIINXCA XopAaxX CJeayeT, UTO
ad =b - MC, a u3 ycjioBusa 3amadun
cienyer, uto ad = bc, mosTOMY B
MC = c. Tak kak OJaMHA XOPIbI, HE Puc. 4
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IIPOXOAAIIEH Ueped IIEHTP OKPY'KHOCTU, MEHBIIIE ee JUaMeTpa,
T0 AD > BC, 1. e. a+d>b + ¢, uTo u TpebOBAJIOCH JOKA3aTh.

1.82. Moxaxxkure, 4TO IJis JIFOOOTO HATYPAJBLHOTO YUCJIA N
cIIpaBeJINBO HEPaBEHCTBO:

1,1 .1 1 3
a ot ———— <15 3
) 1.2t2.373.4 n-(n+1)
) N S S 1 <1 (4)
1-5 5.9 9.13 (4n-3)-(4n+1) 4
1 1 1 1 1 5)
ot <.
D o5ty 62 @2np 2
1 1 1 1 1 1
HorkasareabcTBOo. a) Tak Kak —=--—-, ——=—-—=,
1-2 1 2 2-3 2 3
1 1 1 1 1 1 1 1 1
== .., === , TO o+,
3:-4 3 4 n-(n+1) n n+1 1-2 2-3 3-4
U . S . I S TN S S p— 3"
n-(n+tl) 1 2 2 3 3 4 n n+l n+1
Tak kaxk %>0 IJIs JII000r0 HATYyPaJIbHOTO dYHCIa I U
n
1
1- 1 <1, To moJIy4yaeM, UTO CIIPaBEeAJINBO HEPaBeHCTBO (3).
n
B) Tak Kak i+i+i+...+ 1 =
1-5 5.9 9.13 (4n-3)-(4n +1)
N T T g 4 - (4"
4\1.5 5.9 9.13 (4n-3)-(4n +1)
1

= . 1_1+l_1+1_i+“.+ 1 — 1 :l. 1- 1
4 {1 5 5 9 9 138 4n-3 4n+1 4 4n+1
n—- (1—4+1J < l, TO IIoJy4YaeM, UTO CIIpaBeJJIMBO HEPABEHCT-
n

4
BO (4).
1.1 1 1 1 1
Tak xax — +—+-——+...+ < + +

) 2 g e eny? S 221 4-1
LR SR S S S
378.5 5.7 n—1)@2n + 1)

N _1(q_ 1
2n-1 2n+1) 2 o2n+1)

T. €. TAK Kak —+i+i+ + L <1~1 1 (5"

22 £ 6 U @em? 27 2n+1
1

u L 1- 1 <,
2 2n+1 2
TO TOJIyUYaeM, YTO CIPaBeAJNBO HepaBeHCTBO (5).

OrMeTHM, YTO HPUBEJEHHbIE TOKA3aTeJIbCTBA CIIPABEIINBO-
ctu HepaBeHCTB (3), (4) u (5), cTporo roBops, HE ABJAIOTCSA

|
| =t
—
[ =
|
[ =
O =
|
Lol ST
+
O | =t
|
N[ o
+
—
|
(==Y
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HOJHOIIEHHBIMHK, TaK KaK [OJA IIOJHOIIEHHOCTH 3THUX OOKasa-
TeJBCTB TPebyeTcAa MOKas3aTh CIPaBEIJIMBOCTH paBeHCTB (3') u
(4') u HepaBeHcTBa (5') METOZOM MaTeMaTHUUYECKOM MHIYKITHU.

1.83. a) [okaxkuTe, UYTO IJA JIOOBIX NEeHCTBUTEJbHBIX UU-
cetaub,ecima+b=3, T0a?+b2=>4,5.

HoxazarenbcrBo. Ilyctb a=1,5+¢, b=1,5—-c. Torama
a?+b2=(1,5+¢)?+(1,5-¢)?2=2,25+3c+c%2+2,25—-3c+c?=
=4,5+ 2¢? =2 4,5, uTo U TPebOBAJIOCH JOKA3aTh.

IIpomMesxkyTOUYHBIH KOHTpPOAB. C—T7.

1.8*. JenumMmocTb LenbiX Yyucen

Marepuasn o BeTMMOCTH 1eJbIX YNCeJ] — HOBBIN B IIporpaM-
Me CTapIInX KJacCOB, IIOATOMY OH IIOAPOOHO OMMCAH B yUYeOHU-
ke. CHauaJyia paccMaTpuBaeTcs BOIPOC o meaumocTu (6e3 ocTat-
Ka) HATypaJdbHBIX YHCEJ, 3aTeM O AeJNMOCTHU IIeJbIX YKCeJI
(c ocTaTKOM).

B yuebunuke mpunatro obosHauenue (m, n) — HamOOJIBINMNIT
o0IIMiI AeauTeNb YUCeJ M U n; cPOpMYyJUPOBAHBI OCHOBHASA
TeopemMa apu(pMeTUKU, CBOMCTBO NEJIMMOCTU CYMMbI U Pa3HO-
ctu (Teopema 1), TeopemMa 0 eqUHCTBEHHOCTHU [eJEeHUs C OCTAT-
KOM JIJIs IIeJIbIX umcet (Teopema 2).

PemeHnusa u KOMMEHTaApPuUHu

1.84%, a) OmpepnenuTe 1eable Yucaa m, n, k u p, AJisd KOTO-
PBIX CIIpaBeIJINBO PABEHCTBO:

2m+n,3k+1,57,712227—n,37,5m+p,7m+n+k‘ (1)

Pemenne. Ilo ocHOBHOI Teopeme apudpMeTHKU KaKIoe Ha-
TypaJbHOe YUCJO0, 00oJbIliee 1, MOMKHO IIPEeJCTAaBUTDH eINHCTBEH-
HBIM 00pa3oM B BHe IIPOU3BEEHUS CTEIleHEel IMPOCTHIX YMCeJI.
ITosTomy u3 paBenctBa (1) caemyer, 4TO IMOKal3aTeJu CTEIeHEN
OPOCTBHIX MHOMKHUTEJEH B IPaBOW W JIEBOU YACTAX 3TOTO PaBeH-
cTBa PaBHBI, T. €.

m+n=7-n,k+1=7, m+p=7 m+n+k=12.

Pemus cucremy ueThipex ypaBHEHUIM C UeTHIPbMS HEM3BECT-
HBIMU, TToayuuM: m =5, n=1, k=6, p = 2.

3ameuanue. Ugesa perenus 3agaum 1.84 ucmosbayercsa npu
peitienuu 3amauu 276 us pasgena «3agaHUA OJIA IOBTOPEHU» .

276. (MI'Y, sxoH. ¢-T.) 3a BpeMsa XpaHeHUA BKJaga B OaHKe
B KOHIIEe KasKJOr0o MecsIlla HAUYMCIAJAM Ha CUYeT HPOIeHTHI OT
CYMMBI BKJIaJla, KOTOpas HaXoAuJjach Ha CUeTy B Hauajie Mecs-

Ia, cHauajga B pasMepe 5% B MeCsIl, 3aTeM 11%% , TIOTOM 7%%

u, HaKoHeI, 12% B mecsrIl. I3BecTHO, UTO IO AeHCTBUEM KaiK-
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IO¥l HOBOM HPOIEHTHOI CTAaBKHU BKJAJ HAXOMUJICA ITEJI0€ UKCJO
MeCHAIEeB, a II0 MCTEUEeHWU CPOKa XPaHEeHUd IepBOHAYAJIbHAT
cymMMa BKJajga yBeaunumiaachk Ha 180% . Onpemenute CpoK Xpa-
HeHUs BKJaa.

Pemenmne. Ilycts B 6aHK nmoaoxxuau a p. (a # 0). Exxemecau-

1
HO Ha CUeT HAUMCJISJIOCh cHauaua 5% m mecsIes, 3aTeM 115%

1
n MecsIleB, IIOTOM 7?% k Mecsanes u, HaKoHel], 12% p mecsd-

IIeB OT CyMMEI BKJIaZa, KOTOpas HaxoAujJaach Ha CUeTy B HadaJie
mecsana. Ilocae m + n + k + p MecAleB Ha CUeTy OKas3aJioCh

m n k p
5 100 50 12
1+ 9 | (14200 1450 | |q, 12 ) _
a( +100) ( +900) ( +700) ( +100)

m n k P
_gf2L) (10) (15] (28]
20 9 14 25
180 |_ .14
100 5
CiiemoBaTeIbHO, CIIPABEJINBO PABEHCTBO:

m n k P
J(21) (0] (15) (28] _ .14
20 9 14 25 5

PasgenuB moayuenHoe paBeHCTBO Ha a (a # 0) U YMHOMKUB
ero Ha 20™ - 9" - 14% . 25° . 5, moJly4uM pPaBHOCUJILHOE €My pa-
BEHCTBO

5-.21"-10"-15".28°=20".9". 14""" . 5%,

PasnoxkuB 00e yacTu paBeHCTBA HA TPOCTbIe MHOMKUTEJH,

IepenuiineM ero B BUIe:
2n+2p . 3m+k . 5n+k+1 . 7m+p — 22m+k+1 . 32n . 5m+2p . 7k+1'

W3 eqmHCTBEHHOCTH DPAa3JIOKEHUS UMCJA HA IIPOCThIe MHO-
sKuTenu (OCHOBHAsS TeopeMa apu(PMeTUKHU) CJAeAyeT, UTO

n+2p=2m+k+1

WJIU TI0 YCJIOBUIO 3amaum a |1+

m+k=2n
n+k+1=m+2p
m+p=k+1L

Pemus cucremy m3 deThIpex IIOJYUYEHHBIX yYpPaBHEHUM, IIO-
ayaum, uto m =2, n =3, k=4, p =3, T. e. IeHbI'U ObLJIU BJIO-
KeHbl B 0OaHK Ha 2 + 3 + 4 + 3 = 12 mecsares.

1.85. a) Hoxaskure, urto uwmcia 1997 u 1999 apuaaiorca
B3aMMHO IIPOCTBLIMIH.

HoxraszareasctBo. Ilpenmonoxkum, uro umcaa 1997 u 1999
He ABJAIOTCA B3aMMHO IPOCTLIMU, T. €. 00a JedATcs Ha HaTy-
panbHOe umciio d # 1. Torga um ux pasHOCTb 2 meauTcsa Ha d,
T. e. d = 2. Ho Kaskmoe U3 9THUX UMCeJ He AeJUTcda Ha 2, cJefo-
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BaTeJbHO, IIPeAnoJoKeHne, uTo unciaa 1997 u 1999 ue asaa-
IOTCA B3aMMHO IIPOCTBHIMH, HEBEPHO. 3HAUUT, OHU B3aWMHO

IPOCThIE, UTO U TPeOOBAJIOCH JOKA3aTh.

1997

1.86. a) Ioxakure, 4TO APOOH 1999 HeCoKpaTHMas.

HokasareascTBo. Tax Kak uwmcaa 1997 u 1999 BzaumuO
npocteie (cMm. 3amanue 1.85), To 1pobb HecoKpaTuMasd.

1.87. a) Moxa:xuTe, UTO IIPOW3BeAeHNE IBYX IMOCIEed0Ba-
TeJbHBIX HATYPaJbHBLIX UICEJ JeJUTCS Ha 2.

HoxkasateascTBo. IIycts n u n + 1 — aBa mocsiemoBaTe b-
HBIX HATYpaJbHBIX umciaa. IIpum meneHum Ha 2 HaTypaJIbHOE
YHCJIO 71 MOXKEeT MMeThb TOJBKO aABa ocraTrka: 0 m 1.

Eciu n=2k (ke N), ton (n +1)=2k (2k + 1).

Ectun=2k+1(keN),ton(n+1)=2 2k + 1) (k+ 1).

CiiemoBaTesIbHO, IIPOU3BEAeHINE JIBYX IIOCJIEI0BATEIbHBIX
HaTypaJbHBIX YMCEJ JeJUTCS Ha 2, TaK KaK COAEPIKUT MHOMKI-
TeJb 2 B KaXKJIOM 13 ABYX BO3MOJKHBIX CJIYUAeB.

1.88. HaiiguTe Bce IeJsible Uncja, KOTOPbIe IPU AeJEeHUU U
Ha 4, 1 Ha 3, ¥ Ha 2 AT OCTATOK 1.

Pemenue. Bee 1esbie urcia, KOTOpbIe Ipu AejieHnu Ha 12 matoT
ocraTok 0, Mo)xHO 3amnucath B Bune 4 -3 - k=12k, rne k € Z.

ITpu genenuu Ha 12 j1060T0 IEJIOTO UMCJIA M MOJKET IIOJIY-
uynThbesa ogud us3 12 ocrarxkos: 0, 1, 2, ..., 11. CiemosaTenabHO,
MHOJKECTBO BCeX IIeJIbIX UMceJl MOYKHO pasdouTh Ha 12 Hemepe-
ceKampIIUxcA KJjaccoB A, rme A, — MHOXKECTBO BCeX IEJIBIX
yuces, uMmewmnux sung 12k +r, rne r=0, 1, 2, ..., 11. Herpyn-
HO y0eAUTBHCA, UTO JINIIb JJIA YUCeJ U3 Kjacca A; BBIIIOJIHAET-
CsI yCJIOBHME: OCTAaTOK OT HeJIeHHUs 3THX uuceJ u Ha 4, 1 Ha 3, U
Ha 2 paseH 1. CiemoBaTeIbHO, BCe MCKOMBIE UKCJIA MOXKHO 3a-
nucath B Bujge 12k + 1, rme k € Z.

1.89. HaiiguTe Bce IeJible UKcJia, KOTOPBIE IIPHU JeJeHUN Ha
4 maioT OCTATOK 3, IIpU AeJIeHUUW Ha 3 JalOT OCTATOK 2, IIpu Je-
JeHUUu Ha 2 JaioT OCTAaTOK 1.

Pemnenne. Bce 1enble umciia, KOTOpble IIPU OeJeHUM Ha
4 paror ocraTok 0, mpu meideHuu Ha 3 marT ocraTok 0, mpu ge-
JeHun Ha 2 pgaror ocrarok (0, MOMKHO 3amucaTh B BHUIE
4.3-k=12k, roe k € Z.

ITpu genenuu Ha 12 j1060T0 IEJIOTO UMCJIA M MOJKET IIOJIY-
uynTbesa ogud usd 12 ocrarxkos: 0, 1, 2, ..., 11. CiexgosaTenabHO,
MHOKECTBO BCeX IIeJIbIX UMceJl MOYKHO pasdouTh Ha 12 Hemepe-
ceKamInuxca KJjaccoB A, rme A, — MHOXKECTBO BCeX IEJIBIX
uynceJs, umeromux sug 12k +r, rme r=0, 1, 2, ..., 11.

Hetpynso yb6egurbcs, 4TO JIMIIL AJISA YHUCEJ U3 Kjacca A
BBLIIIOJIHSIETCSI YCJIOBHE: OCTATOK OT [OeJeHUs dTUX Uucesa Ha 4
pPaBeH 3, IpH IeJIeHUU Ha 3 paBeH 2, IIpu AejieHnU Ha 2 paBeH 1.

CiiemoBaTesIbHO, BCe IMCKOMBLIE UMCJIa MOYKHO 3aIllliCaTh B
Buge 12k + 11, roe k € Z.
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3ameuanue K 3aganuam 1.88 u 1.89. Yciaosusa saganuii mpo-
BEPAIOTCSA JIUIIL HA YNCJIAX 7', TAK KAK HUCKOMBIE OCTATKM IIOJY-
YAIOTCSA TOJLKO IPU JEeJICHUHN I HA COOTBETCTBYIOII[Ee YUCJIO.

1.90. oxaxkure, 4TO cyMMa Ky0OOB TpexX IIOCJeI0BaTelhb-
HBIX HATYPaJbHBIX UHCEJ HeJUTCA Ha 9.

HokasareasctBo. Ilycte M =nd+ (n+ 1)2 + (n + 2)3, roe
n — Jar0b00e HaTypaJibHOe umciio. Ilpu mesenum Ha 3 umcia n
MOJKET IIOJIyUUThCS OnNUH U3 Tpex ocraTkoB: 0, 1, 2. Ciremosa-
TeJIbHO, MHOKECTBO BCE€X HATYPAJIbHBIX UMCEJ MOXKHO PasOUTh
Ha TPU HellepeceKaloIuXcsa KJjacca umnces, UMeIuX Bum 3m,
rnreme N, 3m + 1 wiu 3m + 2, rne m = 0,1,2,... .

HoxakeM, UTO €CJIM YUCJIO 71 OTHOCUTCS K JI0O0OMY M3 dTUX
Tpex KJIACCOB, TO umciao M pmeautcs Ha 9.

1) Ilycte n = 3m, rme m € N. Torga
M=38m)®>+ Bm + 1)®+ (B8m + 2)2=2Tm3 + 27m? + 2Tm? +
+9m+1+27m3+ 54m2+ 36m + 8 =9k, rme k € N.

2) Ilyectrb n=38m+ 1, rtne m=0, 1, 2, .... Torga
M=Bm+1)¥+@B8m+ 2P+ @B (m+1))2=9p, rme p € N.
3) llyecrb n=3m + 2, rtne m=0, 1, 2, .... Torma

M=Bm+22+@B(m+1)P+B(m+1)+1)®=9qg, rme g N.
CremoBaTelbHO, B KayKJIOM cJydae HATypajabHOe uucgo M
meauTcs Ha 9, uTo U TPebOBAJIOCH JOKA3aTh.

1.9*. CpaBHeHMs NO MoAyio M

Marepuaa o cpaBHEHUH IO MOLYJIIO /1 TaK:Ke HOBBIN B IIPO-
rpaMme IJsd CTApPIINX KJACCOB M IIO9TOMY HOAPOOHO OIMCAH B
yueOHUKe. BBeleHO MOHATHE CPABHEHUA II0 MOIYJIO M 1 COOT-
BETCTBYWOIIlee 00O3HaueHMe, CPOPMYJUPOBAHLI 4 CBOMCTBA
cpaBHeHui. PaccMoTpeHHAs Teopusd NPUMEHEHA OJIdA JoKasa-
TeJbCTBa JeJumMocTu 622 — 1 Ha 7, HAXOMKIEHUS OCTaTKa OT Je-
Jeunus 22° ma 11, moxasaTeJabCTBa IPU3HAKA AEJNMOCTH HaA 9.

Pemenus m KoMMeHTapuu

1.92. ChopmyaupyiiTe npusHak geaumocTy Ha 11 um goxa-
JKUTE ero.

Chopmynupyem mpusHakK AeaumocTu Ha 11:

€cJIM Pas3sHOCTb CYMMBLI Iu(P YMHCIA, CTOAMNIMX HA YETHBIX
MecTax, M CyMMBbI (P, CTOAIIMX HA HEUYeTHBIX MecTax, Je-
aurtca Ha 11, To u yuciao geaurtcss Ha 11.

BepHo u o6paTHOe yTBEp:KIEHUE:

ecJr YMCJo AeauTcsa Ha 11, To pasHOCTb CYMMBbI ero mudp,
CTOSIIUX HA YETHBIX MECTaX, M CYMMBLI U}, CTOAINUX Ha He-
YeTHBIX MecTaxX, mgeaurcd Ha 11.

HokasareasctBo. Tax waxk 10=-1(mod11l), To 1027
=(-1)2" (mod11)=1(mod 11), a 1027+1=(-1)2»+1 (mod11)
=—1(mod11).
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PaccmorpuM goxasaTesbcTBO IIpU3HaKa geaumocTu Ha 11
Ha npuMepe 6-3HAUHOIO HATYPAJIBHOTO UUCJIA GglsA,A30,0,0,.
s Hero cupaBeIiuBbl CDAaBHEHU:

asa;a,a;a,a,a, = agl0% + a,10% + a,10* + 2,103 + a,10% +
+a,10+a,=a, (-1)*+a, (-1 +a, (-1)* +a; (-1)3 + a, (-1)% +
+a,(-1)+a, (mod 11) = a3—a,+a,—a;+a, —a,+ a,(mod 11) =

=(as + a,+a,+a,)—(a; + a; + a,). 1)
CrpaBeanBOCTh 000UX YTBEP:KIAEHUN ciaemyeT us paBercTBa (1).

1.95. Ompegenure ocTaTOK OT [OeJeHUs uwmcaa 32° Ha:
a) 10; 6) 11; B) 13.

Pemrenue. a) Tak xkak 32 =9=—-1(mod 10), To 32> =(32)!2 -3=
=(-1)? -3(mod 10)=3. CimemoBaTesbHO, 3 — OCTATOK OT JeJe-
Hus yucsaa 32° ma 10.

6) Tak xax 3°> =243=22.-11+1=1(mod11), To 32> =(3°)° =
=15 (mod11)=1. CuemosarenbHO, 1 — OCTATOK OT JeJIeHUS
yucaa 32° ma 11.

B) Taxk rak 33 =27=2-13+1=1(mod 13), To 32°> =(33)% -3=
= 3(mod 13). CiemoBaTesibHO, 3 — OCTATOK OT [AeJeHUS UYUCIa
325 ma 13.

1.96. He BBIIIOJIHAS JeJIeHUSA, OIIPEJEJUTEe OCTATOK OT Je-
neunsa yucaa 200420052006200720082009 ua 9.

Pemennme. 200420052006200720082003 — HauboJIbIIIee
YUCJIO, He IIPEeBOCXOAINee JAHHOTO U JAeJidlleecd Ha 9, oHO Ha
6 MmewmbIile mammoro, mostomy 200420052006200720082009 =
= 6 (mod 9). CienosaresbHO, 6 — OCTATOK OT AEJ€HUS SAHHO-
ro umcaa 200420052006200720082009 ma 9.

1.97. Ilycte P, (x) = x%—4x2 + b5x + 1. Onpegmenure 110-
ciaenHo0 nudpy umcaa P, (102005),

Pemrenue. Tax kax 102005 =0(mod10), To P;(102005)=
=P, (0)(mod10)=03—-4-02+5 -0+ 1 =1. CirexoBaTeibHo, Ipu
neseHnu unucia P, (1029%) ga 10 mosygaercs ocraTok 1, a aTo
O3HaUaeT, YTo IocienHad nudpa uucnaa P, (10%209) (B ero gecsa-
TUYHOI 3aI1CH) eCcThb 1.

1.98. ILyctb Py, (x) = x2004 — 2003 4 52002 _ 52001 | & — x 4 1.
Oupepenure nocienHow nudpy gnucaa P,y (1002005),

Pemenne. Tax kak 1002005 =0(mod10), To P, (1002005) =
= P,go, (0) (mod 10) = (2004 — (02003 4 (2002 — (02001, — Q0 + 1 = 1.
CiemoBaTesIbHO, IIPU JeJIeHUHN qucyaa Py, (1002005) Ha 10 mo-
JydaeTcs ocTaToK 1, a 3TO o3HAUYaeT, 4YTO TocJemHasd mudpa
uyncaa Py, (100%209%) (B ero pecaTwuHOM 3ammcu) ecTb 1.

1.99. oxaxxuTe, YTO KBaApaT JIIOOOTO HATYyPAJIBHOTO UHUC-
Ja jaubo meauTcsa Ha 9, 1ubo mpu gejieHuU Ha 3 JaeT ocTaToK 1.

JokasareascTBO. JI1000e HAaTypaJabHOE UHCJIO 7 IIPU Oeje-
HUU Ha 3 JlaeT TOJbKO oquH u3 Tpex octaTkos: 0, 1, 2. ITosTo-
My BO3MOJKEH JIUIIIb OAWH U3 Tpex cuayudaeB: 1) n=0(mod 3);
2) n=1(mod 3); 3) n=2(mod3).
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1) Ecom n=0(mod3), To n=3m, tme me N. Torma
n?2=9m?2, r. e. n? genurcsa Ha 9.

2) Ecaiu n=1(mod3), To n2?=12(mod3)=1(mod3), T. e.
n? npu AejgeHUU Ha 3 ZaeT OCTAaTOK 1.

3) Ecitu n=2(mod3), To n?=4(mod3)=1(mod3), T.e.
n? mpu AejaeHUU Ha 3 JAaeT OCTaTOK 1.

Takum o6pasoM, yTBEPKIEHIE IIOJHOCTHIO JOKA3aHO.

1.100. Haiigure mociaenHioo mudpy uucaa 9% .
Pemenne. Taxk xaxk umcao 9°=2n+1, rme neN u
=—-1(mod10), To 927*!=-1(mod10)=9(mod10). Ciuexosa-
TeJIbHO, Ipu geneHnu yuciaa 9°° mHa 10 moayuurca ocTaTok 9, a
9TO O3HAUAeT, 4To 9 — mocienHAa nudpa uuciaa 9%° .

1.10*. 3apgaum c LUEeNo4YNCIIEHHbIMU HEU3BECTHbIMU

3amaym ¢ IeJOUYUCTEHHBIMU HEW3BECTHBIMU ITEMOHCTPUPY-
IOT IIPaKTHUUYecKoe IIPUMeHeHle MaTepuaja O JeJINMOCTH HaTy-
panbHBIX (IIeJbIX) ynces. B TaHHOM NYHKTE PACCMOTPEHBI J1O0-
¢daHTOBBI ypaBHEHUs U CTapUHHLIE 3aJayul, pelraeMble C UX
IIOMOIIBIO. YUaluecs AOJKHBI HAYUUTHCSI HAXOAUTH YACTHOE
pertteHue nuopaHTOBA ypaBHEHUS IIEPBOM CTeIleHU, IIOJIHOEe eTo
pelieHue, pelaTh 3aJaduM C HMOMOINBI0 AUO(MAHTOBBLIX ypaBHe-
Huii. OTMeTHM, UTO Ha KOHKYPCHBIX 9K3aMeHaX MHOTIa BCTpe-
YaloTCA 3aaYUd TAKOTO CONEPIKAHUS, IIOITOMY OCBOEHUE MaTe-
praja [AHHOTO NIYHKTA OKa'KeTCA II0JEe3HBIM YYalluMcHd,
TOTOBANIMMCA K KOHKYPCHBIM UCHBITAHUIM.

Pemenus m KoMMeHTapuu

1.101. IloxbepuTe yacTHOe pellleHKe AMOQPAHTOBA ypPaBHE-
HUSA TIePBOM CTEIeHUW U 3AIUINNTEe 00Ilee pelleHre 9TOTO ypas-
HEeHUA:

a) x+y=>5; 6) 8 —y=15.

Pemenne. a) YacTHbIM peleHreM Auo(paHTOBA ypPaBHEHUA
x +y=>5 daBasgercda, Hanpumep, napa umcen x =1, y=4.
OOmiee pelreHue »dTOro ypaBHeHusa: x=1+n, y=4-—n,
rnene€Z.

6) YacTHBIM pemieHueM auodaHTOBa ypaBHeHUA 8x —y =15
ABJIAETCA, HAIpuUuMep, mapa uucea x = 2, y = 1. O6iree perie-
HUe 3TOro ypaBHeHUuA: x =2 +n,y=1+8n, rmne n € Z.

1.102. a) O0bscHUTe, TOUEMY HEe UMEeT PEIleHUN B IeJIbIX
yucyiax ypaBHeHue 3x + 12y = 5.

Pemenne. Taxk xak (3, 12) =3, a 5 He gmeauTca Ha 3, TO
ypaBHeHUe 3x + 12y = 5 He uMeeT pellleHUH B I[eJBIX UUCJIAX,
TaK KaK eciam OBl CyIIecTBOBAJIO pemieHue (x,; Y,) 9TOTO
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ypaBHEHUs, TO ObLIO ObI CIPABEIJIMBO YHCJIOBOE PABEHCTBO
3x, + 12y, = 5, B KOTOpPOM JIeBas dacThb JeJIUTCA Ha 3, a IpaBasd
He JeJIUTCS, UTO, eCTeCTBEHHO, HeBO3MOJMKHO.

1.103. 3agaua Jleomapmo IIumsanckoro (PuboHauuwH,
1180—1240). Hekto rynua 30 mrurm 3a 30 mMoHeT, M3 UMUCIA
STUX IITUIL 38 KAXKIBIX TPeX BOPOOLEeB 3amjadueHa 1 MoHeTa, 3a
KasKable [OBe TOPJHUIILI — TaKyKe 1 MoHeTa u, HaKOHeIl[, 3a
KaKIgoro rojiyosa — 1mo 2 MoHeThbl. CKOJIBKO OBLJIO IITHII KaiK-
JIOM mopoabI?

1
Pemenne. IIycTh Kynuau x BOpPoOLEB IIO 3 MOHETBI, Y TOD-

JINIT, TIO % moHeTsl 1 30 — x — y rosy6eii o 2 MoHeThI. Byzmem

mpeaIojaraTb, 4TO HTHUIL KaKIONW HOPOAbl KYNUJIU HE MeHee
onHOI, T. e. x, y u (30 — x — y) — HarypaabHble yucyga. Cocra-

BUM ypaBHEHUE

%x+%y+2(30—x—y)=30. (1)

YMmHOKUB ypaBHeHUe (1) Ha 6 1 mepeHecAa HEU3BECTHOE Y B
IpaByIO0 YacThb YpaBHEHUs, IOJYUYUM ypaBHEHUE, PABHOCUJb-
Hoe ypaBHeHUo (1):

10x = 9(20 - y). (2)

Tak xax mpaBas uyacTh paBeHcTBa (2) meaurcd Ha 9, To u Jie-
Bas ero uacthb geaurca Ha 9. Taxk kax 10 He menurcs Ha 9, TO,
npuMeHad gemmy (c. 36 yue6HUKA), TOJaydaeM, UTO X JTEJIUTCI
Ha 9, T. e. x =9x,, rme x, € N. Ilepenumem ypaBHeHue (2) B
BHUIE

9y =10(18 — x). 3)

Tak Kak mpaBad yacTh paBeHcTBa (3) meaurca Ha 10, To u
JeBasa ero dacthb gesaurca Ha 10. Taxk xark 9 e meaurca Ha 10,
TO, IPUMEHAA Ty JKe JeMMYy, IIoJydaeM, uTo y xeautca Ha 10,
T. e. y = 10y,, rme y, € N. Illepenumnem ypaBHeHue (2) B Buje

10 - 9x, + 9 - 10y, = 180.

PasgenmuB sto ypasmenme Ha 90, moayduuM pPaBHOCHUJILHOE

eMy ypaBHeEHUe
x, +y, =2,
nMeIollee eINHCTBEHHOEe PellleHre B HAaTyPaJIbHbIX UMCJIAX:
x,=1,y,=1.
Teneps HalileM COOTBETCTBYIOIIVE 3HAUEHUA X U Y:
x=9x,=9, y=10y, = 10.

Torga 30 —x —y=30-9—-10=11. Urak, kynuaum 9 Bo-

po6beB, 10 ropuuit u 11 roayodeii.
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1.104. U3 «Apudbmeruxku» Jl. ®. Maraunkoro (1669—
1739). Kyoun mexkTo Ha 80 ajaThIH I'yceil, YTAT U YUPKOB. I'yca
IMOKyHaJ II0 2 aJjThlHA, YTKY II0 1 aJTbIHY, YHUPKa Ke II0
3 meubru, a Bcex Kymuieno 80 mruri. CopamiuBaeTrcsa, CKOJIBKO
Kakux Otuil oH Kynuia. (1 aateia = 3 K., 1 gerpra = 0,5 K.)

Pemenmne. Ilycts Kynuiu x ryceit mo 6 K., y yToK 1o 3 K.,
80 — x — y yupkoB no 1,5 k. Byzem mpepmnosiaratb, 4TO IITHI]L
KasKJoll moponbl KyIuUiIu He MeHee OJHOH, T.e. X, Yy U
(80 — x — y) — marypanbHble uncyga. CocTaBUM ypaBHEHUE

6x + 3y + 1,5(80 — x — y) = 240. (4)

PaspgenmuB ypaBuenue (4) Ha 1,5 1 mmepeHecsa Heu3BeCTHbBIE B
OHY YacTh ypaBHEHUdA, a U3BECTHBLIE — B APYTI'YIO, IMOJYUYUM
ypaBHeHUe, PaBHOCUJIbHOe ypaBHEeHUIO (4):

3x + y = 80. (5)

Taxk xkak x = 0, y = 80 — yacTHOe pelnieHue ypaBHeHU:d (5),
TO of0IITee pelrieHue 3Toro ypasueHuda: x =0+ n =n, y=80-3n,
rae n € Z, vHo torga 80 — x — y = 2n.

Tak Kax MbI paccMaTpPUBaeM pellleHUA ypaBHeHUs (4) B Ha-
TYypPaNbHBIX UHCJAX W YKCJIO ITHUIl KaKaoro Buma Menbie 80,
T x=1, y=1, orkyna 1 <n < 26. Takum obpasom, 3amaua
uMeer 26 pemneHuii. Bcero xymmau: n ryceii, 80 — 3n yToK,
2n yupkKoB, rae n € N, n < 26.

IlpuBemem ommo m3 26 pelreHuii 3agaum: Kynuam 1 rycs,
77 yTOK U 2 UyMpKa.

1.107. PemiuTe B IeJbIX YHCJIaX ypPaBHEHUE:

a) x2+y?— 2x + 4y = -b; (6)

B) xy +4x -2y - 11=0. "N

Pemrenmne. a) Ilepenumiem ypaBHeHue (6) B Bume

(x-12+@W+22=0.

9TO YypaBHeHUEe UMeeT eIWHCTBEHHOe perleHne x =1,
y =—2, moatomy napa (1; —2) — eZuUHCTBEHHOe peIlleHWe ypaB-
HeHudA (6).

B) Ilepenuimem ypaBHenue (7) B Buue

(x-2)(y+4)=3. (8)

Tak KaxKk x — 2 um y + 4 — 1ejble Yucia, TO PENIeHUAMU
ypaBHeHU (8) ABIAOTCA TOJBKO Te Maphl IEJbIX ynucea (X; y),
KOTOpPbIE SIBJIAIOTCS PEIeHUAMN XOTSA Obl OQHON M3 CHUCTEM:

x—2=1 x—2=-1 x—2=3 x—2=-3
y+4=3""y+4=-3"""\y+4=1 "y +4=-1.

PemuB xakayio M3 deTbIpeX CHUCTEM, HOJIyYUM BCe pelle-
HuA ypaBHeHUusa (6) B meawix umciaax: (3; —1), (1; =7), (5; -3),
(-1; -5).
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1.108. [lokakuTe, YTO YypaBHEHUE:

a) x2-4x+y>?+4y+8=0 9)
nMeeT eJUHCTBEHHOE IeJIOUYMCIeHHOE PellleHlue;
6) x2—-4x+y>?+4y+9=0 (10)

He MMeeT peIleHnii.
HoxazatenbcTBo. a) Ilepenuinem ypaBHenue (9) B Buze

(x-22%+@Wy+2)2=0. (11)

YpaBHenue (11) wmmeeT eZWMHCTBEHHOE pelleHue Xx = 2,
Yy =—2, TaKk KaK IIpU JIOOBIX APYTrUX 3HAUEHUAX X U Y CyMMa
(x — 2)2 + (y + 2)2 monoskurenpHa. CiemoBaTelbHO, U ypaBHE-
Hue (9) nMeeT eIMHCTBEHHOE IIEJIOUNCIEHHOE pellleHue.

0) Ilepenwurem ypaBHenue (10) B Bume

(x-2"+@y+2)°+1=0. (12)

ITpu n06bIX 3HAueHUAX X U Yy cymMma (x — 2)2 + (y + 2)2 +
+ 1 > 1, caregoBatenbHo, ypaBueHue (12), a 3HauuT, U ypaBHe-
Hue (10) He UMeIOT perTeHui.
3amaua-myTiKa. [Jokaxure, 4TO CYIIIEeCTBYeT PeIlleHre ypas-
HeHUA
29x + 30y + 31z = 366 (13)

B HATYPAJbHBIX UMCJIAX.

Pemenne. B BucokocHOM roay 366 mueir u mmeerca 1 me-
cAl, coaep:Kamiuii poBHO 29 nmHell, 4 Mecslla, COAePKAIIUX
poBHO 30 mHeli, u 7 MecAIleB, COAepsKaAINX POBHO 31 AeHb, IIO-
9TOMY Tpoiika umcen x =1, y =4, z =7 ABIAETCA PeEIIeHUEM
ypaBHenus (13). 9To o3HauaeT, UTO CYIIECTBYeT peIleHune
ypaBHeHUs (13) B HATYypaJabHBIX UHCJIAX.

PauvoHanbHble ypaBHEHNS U HEpPaBeHCTBAa

2.1. PaunoHanbHble BblpaXeHus

B manHOM IyHKTE ITIOBTOPSIOTCS CBEIEHUS O ParliOHAIbHBIX
BBIPDAKEHUAX, OEHCTBUS C ajredOpamdyecKUMHU APoO0sSMU, BBO-
IUTCA MOHATHE CUMMETPUYECKOI0 MHOrouIeHa. [ BLIIIOJIHE-
HHUS 3aJaHuii mM3 5TOr0 IIYHKTAa HEOOXOAHMMO IIOBTOPUTH
GOpPMYyJIBbI COKPAINEHHOTO YMHOMKEHUS, CIOCOOBI Pa3JI0KeHUs
MHOTOUJIEHA Ha MHOMKHUTEJIN, N3yUYeHHbIe B OCHOBHOM IIIKOJIE.

Pemenus M KOMMEeHTapuu
2.10. a) YupocTure BhIpaskeHme

a b ad + 8b3
+ .
a—2b a+2b) a3+ 3a%b - 2ab>
u HaliguTe ero 3mauenue npu a = 0,5, b =-1.

41



3 3
Pemrenmne. a) Az( a b ) @ +8b

+ . =
a-2b a+2b) a®+ 3a?b— 2ab?
_a®+2ab+ab-2b% (a+2b)(a® —2ab+ 4b%)

(a — 2b)(a + 2b) a(a? +3ab—2b2)
_ (a?+3ab—20%)(a+2b)(a® ~2ab+4b?) _a?-2ab+4b? . 4b°
T (a-2b)a+2b)a(a® +3ab-2b2) = a2-2ab = a®-2ab’
4-(-1)2

IIppa=0,5,b=-1 A=1+ 4,2.

052 -2-05-(-1)

2.13. Hoxraxkure, uto ecam f (X; y) — CUMMeTPUUYECKUN
MHOTOYJIeH W Iapa PasyIMYHBIX umucel (X,; Y,) ABIAETCA pelle-
HueM ypaBHeHud [ (x; y) = 0, To mapa uucen (y,; x,) TakxKe aB-
JisieTcs peleHreM ypaBHEHU.

Pemenue. Ecin napa (x,; y,) Pa3INUYHBIX YHCeJ ABJIAETCHA
pettenuem ypaBHeuud f (x; y) = 0, To cnpaBeAJNBO UYKCJIOBOE
paBeHCTBO f (x4; Y,) = 0. Tak kKaxk mMHOrowreH f (x; y) cuMMeT-
PUYeCKUl, TO JJIA Iaprl umuce (X,; Y,) CIIPaBeIJINBO PABEHCTBO
f(x05 Yo) =T (Yys Xx,). OTO o3Hauaer, 4To Imapa umces (Y, X,)
TaKiKe ABJIAETCA pellleHueM ypaBHeHud f (x; y) = 0, uTo u Tpe-
00OBAJIOCH JOKA3aTh.

IIpomMeskyTOouHBIlET KOHTpPOAB. C—2, C—4.

2.2. ®opmynbl 6MHOMa HblOTOHA, CyYMMbI U Pa3HOCTU
cTeneHemn

Bossegenue gByudsieHa a + b B cTelleHb ¢ moKasaTeyieMm 2, 3,
4, 5 u TpeyroabHuK llackaasa He BBI3LIBAIOT 3aTPYAHEHUUN Y
yuarmmuxcsa. UTobsl popmysia 6mHoMa HbloTOHaA TakiKe He BbI-
3Bajla y HUX 3aTPyJHEHUH, HaJO MOKAa3aTh, KaK HAXOIUTHh KO-
a(hppUIIMEeHTHI Pa3JIOKEHUA ¢ IIOMOILI0 Tpeyroabuuka Ilacka-
JisI, BBIIOJHUTL BO3BeIeHNe AByUJIeHa B 5-10, 6-10, 7-10 cTelleHb
C MMOMOIIbI0 TpeyroabuuKa Ilackansa. 3aTeM BBIIIOJHUTDL 3aja-
Hue 2.14, m03BOJIAIOIEee TOBTOPUTEH IIPABUJIO BLIUMCICHUS Y-
cen C* u cCPaBHUTDH UX C COOTBETCTBYIOIUMU KOd(DDUITEeHTaAMU
pasjoxkenuii (a + x)" nna n = 2, 3, 4.

TonbKO Temepb MOXKHO HTPUBECTU OOIIyI0 GOpMyay OGMHOMA
Hgurorona. [flokasaTeabCTBO 3TOi (hOPMYJIbI He ABJIsSETCA 00s3a-
TEJIbHBIM IJI OOBIUHBIX KJIACCOB.

ITpuBegeM BTOpOE JOKAa3aTEJIbCTBO pPaBEHCTBA

CO+Cl+C2+...+Cr=2", (1)

paccMOTpeHHOro mpu pelnenun 3azaum 1.74.
dopmysaa 6uaHoma HbioToHA MMeeT BUI:

(a+b)'=Ca" + Cla» b + C2a"~2b% + ... + Crb".  (2)
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IToxcraBus B paBencTBe (2) uncyo 1 BMecTO KaKg0ro U3 UH-
cesq a 1 b, TOTy4YnM PaBEHCTBO

2"=C'+Cl+C2+ ...+ Cn,

IoxasbIBamlee paBeHcTso (1).

PemeHusa u KOMMEHTaApPuUu

2.15. CroabpKo uwieHOB B (popmysie 6mHOMa HbroTOoHa 1mpm:
a) n=3;0) n=>5?

Pemenne. Pasimoskenue no gopmysie 6maoma HeioToHa mjis
(a + x)" conep:xkut n + 1 uneH.

a) ITpu n = 3 B ¢popmyae 6unoma HrioToHa 4 ugeHa.

6) IIpu n =5 B dpopmyae 6unoma HrioToHa 6 uIeHOB.

2.16. Croabko ujneHoB B opmysae obmuoma HbloToHa mpu:
a) n=2l; 6) n=20l+1, rome | — marypaabHoe uuciao? B Ka-
KOM M3 9THUX CJIyYaeB UMeeTCdA CPpeIHul uieH B popmyJie OUHO-
ma HbroToua?

Pemenue.

a) Ecau n =2l,1 € N, To yucao ujaenoB 21 + 1.

6) Ecitu n =21+ 1,1 € N, To ynucao ujaeHoB 2[ + 2.

B cayuae «a» umciIO 4JIEHOB HEUETHOE M MMEETCS CPeIHUMI
unen C,a'x’.

IIpomeskyTouHbIii KOHTpPOAb. C—10.

2.3*. JeneHne MHOro4JieHOB C OCTaTKOM.
Anroputm EBknupga

OcHOBHOEe Ha3HaUeHWEe MaHHOTO NYyHKTa — oOydyeHUe yda-
MIUXCSA IEeJeHUIO0 YIOJKOM MHOTOUJIeHa Ha HeHYJIeBOW MHOTO-
YJjIeH, KOTOpoe Oy[eT MCIIOJIb30BATLCS IIPU PeIleHUN ypaBHe-
HUI BBICIINX CTelleHell W B [APYrUX CcaydYadxX. AJropuUTM
EBKanga ncooib3yeTcs AJIsS HaXOXKIeHUA HanubOoJIbIIero ooIIe-
o JeJUTeJs IBYX MHOTOUJIEHOB, AJIS JOKa3aTelbCTBA COKPATHU-
MocTHu (HEeCOKPaTUMOCTH) ajarebpandyeckoii Apodu u T. 1.

Pemenusa u KOMMEeHTApPHUH
4
X

L HecoKpaTuMa.
x3+1

HorazarenbcTBo. I[Ipumenus anroputm EBKAmma K MHOTO-
wiedam x*+1 u x% + 1, moayumM IOCJHESHUH OTJIUYHBIA OT
HYJISI OCTATOK 2. 9TO 0O3HAYAaeT, UTO HauOOJIbININI OOIINI AesIi-
TeJIb 9TUX MHOT'OYJIEHOB — JII000€ JelCcTBUTe/IbHOe uncio. I1lu-
mytr HOJI (x* + 1, x3+ 1) = 1. ITosTomy apobGh HeCOKpaTuMa,
uyTO U TPebOBAJIOCH NJOKAa3aTh.

2.31. a) Jlokakure, uTO IPOOH
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2.4*. Teopema Be3y

OcHOBHOE Ha3HaAUeHMWE MAaHHOTO IIYHKTa — oOydYeHUMe yua-
IUXCcs TMPUMEHEHUI0 TeopeMbl be3y AJis OTHICKAHMS OCTAaTKa
OT JeJjieHUus MHOTOYJIeHa Ha MBYYJEeH X — a; o0yueHUe KPATKOU
3amnCU IIPOIEAYPhI JeJIeHWusA MHOTOUJIeHa Ha ABYWJIEH X — a
Cc TIOMOIIbI0 cxeMbI ['opHepa.

B yuebHUKe ommcaH aJropuUTM HaXOXKIEHUA Kod(PUIlMeH-
TOB YacCTHOTO (HEMOJHOT0 YaCTHOT'0) M OCTATKa IIPU [AeJIeHUU
YTOJIKOM U TIPW KUCHOJIb30BaHUU cxXeMbl I'opHepa. Ho yuarue-
cd He Bcerjga IMOHMMAIOT, IToueMy cxeMy ['opHepa HaJo 3amoJ-
HATh UMEHHO TaK U KaK 9TH JeHUCTBUSA CBA3AHBI C IIPOIIECCOM
IeJileHNs MHOTOUJIEHOB yroikoMmM. OcTaHOBUMCS Ha 9TOM IIOJ-
poGHee.

B mpumepe 1 us yuebumKa TpedyeTcs pasgeluTh MHOTOUJIEH
3x3 — 2x — 20 = 3x% + 0x2 — 2x — 20 ma aByuJeH x — 2. Boimos-
HUM JOejieHne yroJkoMm (puc. 5; moapoO0Hoe ommucaHue AefCTBUMI
IPUBEeHO B yueOHUKeE).

3amnuiiieM B BepxHeil CTPOKe TalJHUIIBI KO3(h(PUIUEHTHI Oe-
JIMMOTO, a Iepes BTOPOI cTpoKoi uucio 2 (puc. 6).

3x2+0x2-2x-20 |x—2
3x3-6x2
, |3x2+6x+1o 3 10 | 2|-=20
6x°— 2x V
6x2—12x 2 3
10x-20 Puc. 6
10x-20
0
Puc. 5

Tak Kak mepBbIil KO3MOUIIMEHT AeauTed paBeH 1, To mep-
BbIII K02()(UIIMeHT YacTHOTO paBeH 3 (CHOCMM 3 B IIEPBYIO
KJEeTKY HUYKHEeH CTPOKU TabJuIlbl Ha pucyHkKe 6). Ilanmee mpu
IeJIeHUU YTOJKOM KosdduiimeHtT npu x2 HaxoauTca Tak: us 0
BeIunTaem 3 - (—2), nonyuaem 6, T. e. 0 — 3 - (—2) = 6, uTO pas-
HO 2 - 3 + 0. Yucio 6 mumieM BO BTOPYIO KJIETKY HUMKHEN CTPO-
KU Tabmuisl (puc. 7).

30 |-2-20 -2 |-20 30 -2|-=20

2 3|6 2 3|86 /10 236 10/0

AVRARAN \ VN S
2.3+0=6 2.6+(-2)=10 210+ (-20)=0
Puc. 7 Puc. 8 Puc. 9



AHaJIOTUYHO TIOJyUYaeM 4YHNCa [OJIA CJIELYIOIINX KJETOK
HUKHEeH CTPOKHU TaOJIUIIbI:

10=-2 -6 - (-2), uto paBHO 2 - 6 + (—2) (puc. 8),

0=-20-10 - (-2), uro paBuo 2 - 10 + (-20) (pwuc. 9).

Wrak, HUKHAA cTpoKa Tabauibl (puc. 9) maer Koadqdu-
IUEeHTHl OpU X2, IPU X W CBOOONHBIN UJIEH YaCTHOTO, a B
mocjaenHell KJIeTKe — OCTATOK OT [eJieHusd MHOTOUYJeHa Ha
IBYYJIEH X — 2.

PemeHusa ¥ KOMMEHTAPUH

2.35. a) C momomibio TeopeMbl be3y HalifuTe OCTAaTOK OT
IeJeHnsa MHorowileHa 3x3 — 2x2 —4x — 5: ma x —1; Ha x — 2;
Ha X — 3.

Pemenue. OcraTok oT geneHusa MHorousneHa P, (x) = 3x3 —
—2x2-4x -5 Ha pBywien x -1 paBem P,(1)=3-13
-2-12-4.1-5=-8.

OcraTok oOT [peneHumsa MHoOrousneHa P, (x)=3x3 - 2x2 -
—4x —5 Ha pgaBy4YleH x —2 paBeH P;(2)=3-2%3-2.22-
-4-2-5=3.

OcraTok oOT [JeneHma MHoOrousneHa P, (x)=3x3 - 2x2 -
—4x -5 Ha pgBywieH x—3 paBeH P,(3)=3-3%3-2.32-
—4-3-5=46.

2.36. a) C mowmoirpio TeopeMbl Be3y moKakuTe, YTO MHOIO-
e 17x3 — 13x%2 — 4 pmeaurcsa Ha aByudaeH x — 1 6e3 ocraTka.

JoxasatenbcTBo. Tak Kaxk nAaa MHorouldeHa P, (x)=
= 17x3 — 13x2 — 4 BepHO paBeHcTBo P, (1) =0, TO OocTaTOK OT
IesieHus MHorousneHa P, (x) Ha aByusneH x — 1 pasen O, T. e.
MHOrowlIeH P, (x) menurca Ha AByd4JeH x — 1 Oe3 ocTaTka.

2.5*. KopeHb MHOro4sieHa

B mammoM myHKTEe HPUBOAUTCA TeopeMa 1, IMO3BOJIAIOIIAA
no kKoa(dunueHTaM a, U a, MHorouneHa P, (x) n-ii crenmeru c
meJbIMU KO3((PUIMEeHTaMM HAWUTHU BCe pPallMOHAJbHBIE KOPHU
mHOorouneHa P, (x) (ecim omm cymecrByioT). CiencrBue us
aTO¥ TeopeMsbl (g a, = 1) mo3BoJIAeT HAUTH BCe Ilejible KOPHU
MHorouseHa P, (x) (ecau OHU CYIIECTBYIOT).

Pemenua u KOMMeEeHTaApHuUu

2.41. a) Pasmoxxure muorousgen P (x)=2x%—-x2-8x+4
Ha JUHeHHbIe MHOYKUTEJNN, €CJIU 3TO BO3SMOIKHO.

Pemenne. [y pasiokeHuss mHorodsieHa P (x) Ha JuHen-
HbIe MHOKUTEJIN HalleM Bce palluoOHAJbHbBIE KOPHU 3TOT0 MHO-
rousjieHa (ecjii OHU CYIIIeCTBYIOT).
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3necws a; = 2, a, =4, nosTOMy, ecsqu MmHOTOUYJEeH P (x) nMmeer

panuoHaJIbHBIA KOPEHb ~— (p € Z, g € N), To io Teopeme 1 uwuc-
q

Jo 4 menuTcA Ha p, a YUCJIO 2 JeJINTCA Ha (.

Yucso p MoKeT OBITH PaBHO OogHOMY 13 uucena: 1, -1, 2, -2,
49 _4;

YKCJIO ¢ MOYKeT OBITh PaBHO OgHOMY u3 umceJ: 1, 2;

KOpeHb P voser 6nITH paBeH omzHOMy m3 umces: 1, -1, 2,
q

2,4, 4,1 -1
2’ 2

BrisicHuM, KaKoe M3 9TUX YHCEJ ABJIAEeTCA KOPHEM MHOTO-
wirena P (x):

P1)=2-13-12-8-1+4=-3

P(1)=2-(-1-(-1-8-(-1)+4

P(2)=2-22-22-8-2+4=

Haiigen mepsblii KOpeHb MHOroWwIeHa P (x) — uwucio 2.

PagmoxxuB mHOTOUIEH P (X) Ha MHOMKUTEIN, HTOJYyINUM

P(x)=2x3-—x2-8x+4=(x—-2)(2x%2+ 3x — 2).

Pemne ypaBuenme 2x2+ 3x — 2 =0, HalileM ero KOpPHU
x,=—2, X,=-, OHH u OyAyT KOPHAMH MHOTOUYJEHA
2x2 +3x -2

CnemoBarenbHo, 2x% +3x —2 =2(x + 2)(x - ) (x +2)(2x -1).
ITostomy P (x) =2x3 —x2 - 8x+4=(x - 2)(x + 2)(2x — 1).

2.43. a) HaiigzuTe Bce KOpPHM MHOTIOYJIeHA, €CJIA MHOTO-
uneH P (x) = x3 — 5x2 + ax + b genurcs Ha x — 3 6e3 ocTaTKa, a
IpU IeJeHUn Ha X + 3 JaeT ocTaTok —42.

Pemenue. Ilo Treopeme Besy P (3) =0, a P, (-3) = -42, no-
9TOMY BepPHBI paBeHCTBa

33-5-32+3a+b=0, (1)
(-8) -5 - (-8)2 — 3a + b = —42. (2)

Pemus cucremy ypasuHenuii (1) u (2) orHOCuUTEJBHO a U b,
noaydum a = —2, b = 24. Taxk Kak x;, = 3 — KOpeHb MHOTroOUJe-
Ha P (x), To mHOrOuJieH P (x) pasjiaraercsa Ha MHOKUTEJIN:

P (x) = x® — 5x2 — 2x + 24 = (x — 8) (x% — 2x — 8).

Tax xax —2 1 4 — KopHHU MHoroujena x> — 2x — 8, to 3, -2
u 4 — Bce KopHU MHoTOouJeHa P (x).

IIpomeskyTOouHBIiT KOHTPOAB. C—11.
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2.6. PauuoHanbHble ypaBHEeHUS

B nmanHOM IyHKTE MIOBTOPAIOTCA W3BECTHBIE M3 OCHOBHOI
ITKOJIBI CBEIEeHUS O cIocobax pelleHus palnuoHaJbHBIX ypaB-
HeHui#i. OTMeTMM HEKOTOPHIE OCOOEHHOCTH TEPMUHOJIOTHUU U
c110c000B O(hOopMJIEHUA PENIeHnA, IPUHATHIX B YUueOHUKeE.

YpaBHenue Buga A (x)- B (x)=0, rne A (x) u B (x) —
MHOTOYJIeHBI, Ha3bIBAIOT pacnadarnuumcsi, MHOMKECTBO ero
KOpHEl ecTh o0bequHeHNe MHOMKECTB KOpHell ypaBHEHUN
A (x) =0wu B (x) = 0. IIpu 5TOM IOHATIE COBOKYIIHOCTHU ypaBHE-
HUHN ¥ COOTBETCTBYIOIIlee 0003HAUEHNME TTOKA He MCIOJIb3YIOTC.

)=O IIpeajaraeTcs pellaTh TaK: CHa-
B(x)

yaJjia pemuTh ypaBaenue A (x) = 0, 3aTem oTo6paTh U3 HalIeH-
HBIX YKCeJ Te, KOTOpble He o0palfaioT B HYJh 3HaMeHaTeJb

YpaBHeHUE BUIa

B (x) npo6u. OHu 1 OyAyT KOPHAMU YPaBHEHUS g((;c)) =0. IIpu
9TOM IIepexXoj K CHucTeMe A@)=0 aBHOCHUJILHOM JaHHOM
pexoz B(x)%0, P i y

YPaBHEHUIO, He WCIOJIb3yeTCsd, TaK KaK B yUYeOHHMKAX TeX iKe
aBTOPOB JJIsI OCHOBHOM IIKOJIBI TaKIe CHCTeMbI He paccMaTpHU-
Bayinch. Ecam ke yualnuecss yYHUJINCH 110 yUeOHUKaAM, B KOTO-
PBIX Takue Iepexobl ysKe BBIMOJHSAJINCH, TO, O0OBACHUB yda-
IUMCS, KAKOe UMCJIO0 HA3bIBAIOT PEIleHWeM TAKON CHUCTEMBI,
yuuTeJib MOMKET HMCIIOJb30BaTh U yrIOM.f[HYTI:II;'I mepexon.
ITocne paccmorpenuss mpuMepa 3 M3 ydYeOHUKA MOIKHO
chopMyJIMPOBATh IIPABUJIO: [OJA PeIleHUs PaloOHAIbLHOTO
ypaBHEHUS HAZO IepPeHEeCTH BCe ero UJeHbI B JIEBYIO YacThb, 3a-
TeM, IPUMEeHss IIPaBUJa CJOKeHN U BEIUNTAHUA ajarebpande-
CKHX [Opo0Oeli, 3ammcaTh JIEBYI0 YacTh KaK ajredpamdecKyio
IPO0Bb W PEIUTh IOJYUYEeHHOEe YPaBHEHUE.
3ameuanue. OTKJIOHEHE OT 9TOrO IIPABUJIA MOKET IPUBEC-
TH K IOTepe MJIU K NPUOOPETEeHUI0 KOPHEH, IIOCTOPOHHUX IJIs
JTaHHOTO YPaBHEHU.
IIpumep. Pemtum ypaBHeHUE
(x=2)(x-3)
x—3

Pemenne. IlpuMenuB maHHOe mpaBujio K ypaBHeHHio (1),
MOJIyYUM PaBHOCUJIBHOE eMy ypaBHeHUe
x — 3)?
(x=3F _ (2)
x—-3
Ono He uMmeeT KopHeii. CiaegoBaTenabHoO, ypaBHeHue (1) Toxxe
He mMeeT KOpHeH.
OmHako eciu MBI, OTKJIOHSSCH OT IIPaBUJa, COKPATUIN ObI
Ipo0b B JieBOii yacTu ypaBHeHus (1) Ha x — 3, TO MOAYUYUIN OBI

1 1)
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YpaBHeHUE
x—2=1, 3)

KoTopoe mMeeT KopeHb X = 3. Ho x = 3 He sABJdeTCA KOpPHEM
ypaBHeHus (1) — mpu x = 3 jeBasa yacTh ypaBHeHma (1) mpe-
BpalllaeTcs B BbIpasKeHUe, He MMelolllee CMbICJIA.
CiiemoBaTeIbHO, IIPH TAKOM «CIIOCOOE peIlleHns» MbI IIPHO0-
peau JUMTHUN KOopeHb ypaBHeHus (1).
Ecawu :xe cHauasa OyzeT naHo ypaBHeHUe (3), a MbI BOIIPEKU

x—2
IPaBUJIY YMHOMKUM UYWCJIUTEJIh W 3HAMEHATeJIb APOo0u

Ha

HeHYJIEBOW MHOTOUJIeH X — 3, TO IpuJaeM K ypasHeHwuio (1), Ko-
TOpoe He mMeeT KOpHell. 3HaUUT, IPU TAaKOM «cmocobe peiire-
HUA» IIOTEPAH KOPeHb ypaBHeHU: (2).

ITpu pemtenun nmpumepa 4 (c. 68 yuebHMKA) TOKa3aH A0OCTa-
TOYHO CJIOXKHBIN ITpueM 3aMeHbl Heu3dBecTHOro. [pyrue mpue-
MBI 3aMEeHBI PACCMOTPEHHI B I. 6 IUAAKTUUYECKUX MATEePUAaJIOB.

Pemenua u KOMMEeHTAaApPpHUN

2.49. PemuTe ypaBHEHUeE, UCIIOJIb3Ys 3aMeHy HEU3BECTHOTO:

B) (x—2xP —2(x—1)2—1=0; o) ~T146x=6_5_p
x—1 x+1

Pemrenne. B) CHauaJia HaZo PACKPBITh BTOPLIE CKOOKMU B JIie-
BOI yacTu ypaBHEHUA:

(2 — 2x)2 — 2(x2— 2x+1)— 1 =0. (4)

Temneps, coenaB 3aMeHy HEM3BECTHOTO { = x2 — 2x, Iepemnu-
meM ypaBHeHue (4) B Buge t2 — 2(t+1)—-1=0.

910 ypaBHEeHUE UMeeT ABa KopHA: t; = -1 u t, = 3. O6benu-
HUB BC€ KOPHHU ABYX ypaBHeHHH x%2 — 2x =-1 m x%2 - 2x =3,
IIOJTyYMM BCe KOPHU MCXONHOTO ypaBHeHUA: X, =1, x,=—1 m
xy = 3.

k) Ilepenmuiriem mcxomHOe ypaBHEHUE B BHUIE

x+1, 6(x-1)
x-1 x+1

—5=0. (5)

x+1
ChenaB 3aMeHY HEM3BECTHOTO ¢ = ~ _ 1’ TepemuIIeM ypaBHe-
x—
Hue (5) B Bue

t+g—5=0. (6)

YpaBHeHue (6) umeer ABa KOpHA: t; = 2 u ¢, = 3. O0beAUHUB

x+1
=3, MOJydYuM BCe
1

. x+1
BCe KOPHU ABYX ypaBHEHUM 1 =2u
x

— X —

KOPHU MCXOJHOI'O YPaBHEHUA: X, = 2 U X, = 3.
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2.52. PemmuTe ypaBHeHUE:
x x 2 x 1 b 2

a) + =273 0) ~+ + = ;

x+a x-—a 3 a ax-bx a’x—-abx a-b

2x 12x2 b—x x+a x—-a a(Bx+2a
B) = ;0 T) + = )

x—-b b -x2 x+b x—a x+a x2 —a?
rome a u b — maHHBIE YMCIIA.

Pemenne. a) IlepeHecs Bce uJieHbI ypPaBHEHUS B JIEBYIO
YacTh M BBIMOJIHUB CJIOKEHIE ajiredpamduecKux Apobeii, mepe-
OuIilleM ypaBHEHIEe B BHUIeE

x2 —4a®

=0.

b

x2 — g2

YpaBuenue x2-4a?2=0 wumeer pgBa KOpHA: X, = 2a,
x, = —2a.

Eciu a =0, ToO 3T KOPHU COBIIAHAIOT, HO TOTAA 3HAMEHA-
Teab apobu 4a? — a? paBeH HydI0, T. e. npu a =0 mcxomgHOE
ypaBHeHUE He mMeeT KOpHel.

Ecnu a # 0, To ana rkaskAoro u3 KOpHel x; M X, 3HaMeHa-
TeJb apodu 4a? — a? oTauYeH OT HyJA, T. €. pu a # 0 ucxom-
HOe ypaBHEHNe MMeeT ABa KOpHs: 2a u —2a.

HUrak, ncxomHoe ypaBHeHIe He MMeeT KOopHeii, ecau a = 0;
uMeeT ABa KOPHA: X, = —2a, X, = 2a, ecau a # 0.

6) IlepeHecs Bce uJieHbI YpPaBHEHHUS B JIEBYIO YaCThb U BbI-
MOJIHUB CJOKEeHMe ajredpamuyecKux Apobeli, mepenueM ypas-
HeHNe B BUJE

(a — b)x? —2ax+a+b_0
ax(a —b) -

Ecau a (a — b) = 0, To 3TO ypaBHEeHUE He UMeeT KOPHEeMn.
Ecau xe a(a—-0b)#0, Tto ypaBHenue (a — b)x?— 2ax +
a+b

a-b’

OueBugHO, YTO A X, ycyoBue ax,(a —b)# 0 BeIIOJHAETCA

+a + b = 0 kBagpaTHOe U UMeeT ABa KOpHA: x; =1 u x, =

a+b
IJis Bcex a u b, Takux, yro a(a — b) # 0, a gna x, = s ycJ0-
a—

BUE ax,(a — b) # 0 BeImONHAETCA AJIA BCeX @ U b, TaKUX, UTO
a(@a-b)#0u(a+b)#0, r.e.upua(a-b)Z0u(a+b)#0
WCXONHOE ypaBHeHHWEe HMeeT JABa KOPHA X; W X, Kcam xe
a(@a-b)#0 uw a+b=0, 10 ax,(a—-b)=0, T.e. ucxomHOE
ypaBHEHUE NMeeT eJUHCTBEHHBIN KOpPeHb x; = 1.

HNrak, ncxoguoe ypaBHeHHEe He MMeeT KOpPHeii, ecau a = 0,

b — mro60e ywmciso mau ecau a = b; mMeeT nBa KOpHA: x, =1,

a+b .
X, = p ecim a =0, a#b, a#-b; UMeeT efUHCTBEHHBII KO-
a—

peub x, =1, ectu a # 0, a = -b.
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B) IlepeHecsa Bce ujieHBI YpaBHEHUS B JIEBYIO UaCTb U BBI-
IIOJIHUB CJIOKEeHHe ajredbpamdyecKux ApoOeii, mepenunIineM ypas-
HeHue B BUae

9x2 — b2
Y 0.
VYpasaenue 9x2 — b2 = 0 umeeT JBa KOPHA: X, = g, Xy = —g.

Ecau b =0, To aTu KOpPHHM COBIIaAaiOT, HO TOTJa 3HaMeHa-
b2
TeJIb 1poou e b2 paBeH HYJIO, T. €. Ipu b = 0 LCXOaHOE ypaB-

HeHUe He mMeeT KOpPHeMH.
Ecam b # 0, To pya kamgoro m3 KOpHeill x, m Xx, 3HaMeHa-

2
TeJIb Apoou % — b2 oTanYeH OT HYJd, T. €. npu b # 0 ucxomHoe

ypaBHeHINEe NMeeT ABa KOPHS: % u —g.

HWrak, ncxogHoe ypaBHeHIe He MMeeT KopHeii, eciau b = 0;
_b _ b
uMeeT Ba KOPHA X, = 3 X, = Y ecau b = 0.

r) Ilepenecs Bce UjeHBI YPABHEHUS B JIEBYIO YACTh U BbI-
IIOJIHUB CJIOMKEHIe ajiredpanuecKux Apodeil, meperuiineM ypas-
HeHUe B BHUJE

2x2 — 3ax
Teie O

VYpaBuHenue 2x% - 3ax =0 wumeer aBa KopHa: x, =0 u
x, = 1,5a.

Ecau a = 0, To 5Ty KOPHU COBIIALAIOT 1 PABHLI HYJIO, HO TO-
rIa sHaMeHaTeJb JPo0U paBeH HYJIO, T. e. pu a = 0 ucxomgHOoeE
ypaBHeHUE He MMeeT KOpHeI.

Ecau ke a # 0, To sHaMenaTenb apobu x2 — a? OTJIMUYEH OT
HyJId U JJId X = X,, U JJId X = X,, T. €. upu a # 0 ucxoxuoe
ypaBHeHUe umeeT aABa Kopusa: 0 u 1,5a.

HNrak, nucxongHoe ypaBHeHUE He MMeeT KOpHel, ecau a = 0;
uMeeT ABa KopHA: x; = 0, x, = 1,5a, ecanu a # 0.

IIpomeskyTouHbiii KOHTpPOAb C—3, C—5, C—6.

2.7. Cucrtembl paunoHaJibHbIX YPaBHEHUN

B mamHOM IyHKTE IIOBTOPSAIOTCA M3BECTHBIE M3 OCHOBHOM
IITKOJIBI CBEJEeHUs O CIIOC00aX peIlleHns CUCTEeM PAI[MOHATbHBIX
ypaBHeHUH. 34eCh PACCMOTPEHEI CIIOCO0 MOACTAHOBKM, CIIOCO0
CJIOJKEHUsI YPaBHEHU, IPUMEeHEeHNe 3aMeHbl HeM3BECTHBIX IIPU
pellleHny cUCTeM ypPaBHEHUI, a TaK)Ke IPUEM PEeIleHUsI CUCTe-
Mbl YpaBHEHUU ¢ JBYMS HEU3BECTHBLIMU, ONHO M3 ypaBHEHUM
KOTOPO¥M OIHOPOIHOE.
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PemeHusas M KOMMEHTAPpHUH
2.57. Pemiure cucteMy ypaBHEHUIH:
a) y2 —3xy=-2 B) x2 -8y+31=0
x? +bxy=11; y? —2x—-14=0.
Pemenune. a) Ciio;KkuB ypaBHEHWA HMCXOTHOW CHUCTEMBI, IIO-
JIYYUM PABHOCUJBHYIO €ll cucTeMy
y? —3xy=-2
{(x+y)2 =9. 1)
Bce pemtenus cucremsl (1) momyuyuM, o0beIUHUB BCE peIlie-
HUA IBYX CUCTEM

y? —3xy=-2 - y? —3xy=-2
x+y=3 x+y=-3.

IlepBasa m3 3TUX cHUCTEM UMEET PEIIeHUs lzl; }J u (1; 2), a
11 1
BTOpasa — _Z; ~2 u (-1; -2). CuemoBaTesbHO, HCXOTHAA

) (11_1) ) ( 11 1)
cucTeMa mMMeeT YeTbIpe perteHus: |—;— |, (1; 2), |——;—=|,
4 4 4 4
(-1; -2).

B) Cio:KUB ypaBHEHUS MCXOIHON CUCTEeMBbI, ITOJYUYUM PaB-

HOCHUJIBHYIO € CUCTEMY
{x2—8y+31:0 @)
(x-1)2 +(@y —4)?2 =0.

Bropoe ypaBuenue cucrembl (2) mMeeT eIUHCTBEHHOE periie-
Hue (1; 4), KoTopoe ABJIAETCA TaKiKe pellleHreM IIeEPBOro ypaBHe-
HUA 9ToM cucrTeMbl. CiaemoBaTenbHO, cucTeMa (2) ¥ paBHOCUJIb-
Has el ICXOMHAaA CUCTeMa UMEIOT efHCTBeHHOoe perieHue (1; 4).

2.58. Pemiure cucremy ypaBHEHMIH:

x +x+3_£ 2x+2y_3x—3y_5
a) yx+3 x 4 B) x-y x+y
x? —4xy +4y? =0; x2 +y2 =90;
x2 +y?2=>5
A) {xy+x+y:5.

X o
Pemenne. a) CoemaB 3aMeHy HEW3BECTHOTO t=—3, Hali-
x +

JeM KOpPHU ypaBHEHUSd t+%=%, ux pasa: it =i u t,=4. Bcee

KOPHU IIEPBOTO ypaBHEHUS HCXOIHON CHUCTEeMBbI Haigem, 00b-
. X 1 x
eIUHUB KOPHU [OBYX ypPaBHEHUU ——=— U
x+3 4 x+3

=4. IlepBoe

51



nMeeT eJMHCTBEHHBIH KOPeHb X, = 1, a BTOpoe — eJUHCTBEH-
HBIH KOpeHb X, = —4.
ITopcrasaaa x,;, a 3aTeM X, BO BTOpOe ypaBHeHUE UCXOLHOM’

CHCTEMBI, IIOJIYyYUM, UYTO Y, =3 Y, = —2. CremoBaTenbHO, HC-

XOOHAas CHUCTEMAa MMeeT IBa PeIlleHusd: (1; ;) u (—4; -2).

x+y .
B) CrmenaB 3aMeHy HEHW3BECTHOTO =2, HaliileM KODHU
3 . 1 —
ypaBHEHU:A 2t—?=5, ux gasa: t =5 H t, = 3. Bce pemenus
HCXOIHOM cCHCTeMBbI HaligeM, 00beJUHNB PeIlleHns IBYX CHUCTEeM
x+ty_ 1 Xty _g
x-y 2 u x-y
x2 +y2 =90 x2 +y2 =90.

IlepBas w3 mux umeer perienus (3; —9) u (-3; 9), a BTO-
pas — (6\/5; 3\/5) u (— 6\/5; —3\/5). CilemoBaTeiIbHO, MCXOLHASA
cucTeMa uMeeT ueTsIpe perneHus: (3; —9), (—3; 9), (6v2; 3V2) u

(-642; —3V2).

I) YMHOKUB BTOPO€ YPaBHEHNE MCXOIHOM CHCTEeMBI Ha 2 1
CJIOKUB TIOJIyYeHHOe ypaBHEHUE C IIePBLIM YPaBHEHUEM CUCTe-
MbI, TOJIYYUM CUCTEMY, PABHOCHUJBHYIO MUCXOJHON CUCTEME:

x? +y?2 =5
x2 +2xy +y? +2(x+y)=15.
ITepentuiiiem cucremMy B Bune
x2+y?2 =5
(x+y)? +2(x+y)=15.

CmenaB 3aMeHy HEUW3BECTHBIX ¢ =X + Y, HalgeM KOPHU
ypaBHeHusd t2 + 2t = 15, ux nBa: t, = -5 u t, = 3. Bce pemrenusa
MCXOMHOM CHUCTeMBI HalifjleM, 00beUHUB PeIlleHns ABYX CUCTeM

x2+y?2 =5 x2 +y?2=>5
x+y=-5 " x+y=3.

ITlepBasa u3 HUX He MMeeT pellleHUI, a BTopasd NMeeT Ba pe-
menus: (1; 2) u (2; 1).

CremoBaTenbHO, NCXOAHASA CUCTEMA UMEET Te JKe JBa perlre-
"Husa: (1; 2) u (2; 1).

3ameuanue. Ty Ke cucTeMy MOYKHO PEITUTDH C IIOMOIIBIO 3a-
MeHbI HEM3BECTHBIX U = X + Y, U = XY.

2.59. Permture cucreMy ypaBHEHUI:

9x? —10xy +4y? =3 x2 +y?2 =1
){Zx -3 _1. m){3 3 —_
y—3x+2y=1; x3 +y3 =-1.
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Pemrenmne. a) C IIOMOIIBI0O  3aMeHBI HEeM3BeCTHBIX
u=3x — 2y, v = Xy HmepenuIleM UCXOIHYI CUCTEMY B BHUIE
u?+2v=3
2v—u=1.

dra cucTeMa UMeeT ABa pemleHusa u, =1, v, =1 u u, =-2,
1

Ly = —5.
Bce pemienns mcxogHOI cHCTEeMBI HaigeM, O0ObeIUHUB pe-

ImIeHud OBYX CHUCTEM:

3x—2y=1 Sx—2y=-2
xy=1 . xy=-— 1.
2
2 3
IlepBasa u3 Hux umeer aBa perrenus: (1; 1) u —g; 5 ) a
BTOpas He mMeeT pelreHuii. CiemoBaTebHO, UCXOMHASA CHUCTE-
2 3

Ma uMeeT Te Ke naBa pertenus: (1; 1) u —g; 5 )

H('.) C IIOMOIIIbI0 3aMe€Hbl HEM3BEeCTHBIX U =X+ Y, U =XY
IIepennilneM NCXOOHYIO CMCTeMYy B BHUOE

{uz -2v=1 (3)

W3 mepBoro ypaBHeHus cucreMbl (3) TOJAYyYUM, UTO

u3 —3uv=-1.

2
u — _
v= ; TOJCTABUB BBIPAKEHUE BMECTO U BO BTOpOE
2
ypaBHeHUe, mepemnuiiieM cucremy (3) B Bumae
u?2 -2v=1
3ud -3u 4
ud — —5 +1=0. 4

Bropoe ypaBHeHme cuUCTeMBI PABHOCUILHO YypaBHEHUIO
u? — 3u — 2 =0, umewIleMy OYeBUAHBIN KOPeHb u, = —1, Apy-
Tve KOPHU JTOT0 YPABHEHUS IOJYUYUM, PA3JOKUB €ro JIeBYIO
vyacts Ha mMHOMUTeau: (v + 1) (w? —u — 2) =0. Haiiga KopHH
u, =2, u;=-1 ypaBuenusa u?—-u—2=0 u yuursiBasg, UTO
U, = Uy, TOJIYUYNM, YTO BTOPOe ypaBHeHHe cUCTeMbI (4) mmeeT
JBa Pa3IUUYHBIX KOPHA: U, = -1 u u, = 2.

ITosTomy cucrema (4) umeer gBa pemteHuda: u, =—-1,v,=0n
u,=2, v,=1,5. Bce pemleHua HCXOLHOU CHCTeMBbl HaiijeM,
00'BeIMHUB pelIeHusd JBYX CUCTEeM

x+y=-1 u x+y=2
xy=0 xy=1,5.
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IlepBasa u3 uux umeer pemtenus (—1; 0) u (0; —1), a Bropas
He UMeeT PeIlleHun.

CiemoBaTeIbHO, NCXOLHAS CHCTEMA MMEET Te JKe JBa pelle-
Huqa: (0; —1) u (-1; 0).

2.8. MeToa MHTEepBaJIOB pelleHUusi HepaBeHCTB

Meron MHTEpPBAJIOB peIIeHns HEPaBEHCTB, paccMaTpuUBae-
MBI B JAHHOM IIYHKTE, 3HAKOM yudaiumcsa. [loguepkuemM, 4TO
OH OCHOBBIBAETCsS Ha CBOICTBe AByUYJIeHa X — a obpallaTbCcsa B
HYJIb B TOYKEe X = d, IIPHHHNMATh IIOJOKHUTEJbHBbIEC 3HAUYECHUA
IJIsI BCeX X > @ W OTPHUIlATEJbHbIe 3HAYEHHUSA IJIA BCeX X < d.
B m. 2.8 paccmarpuBaioTcs JIUINb CTPOTHME HepaBEHCTBAa, CO-
Jepsraliiye IPou3BeIeHs ABYUJIeHOB (HepaBeHCTBa C ajaredpan-
YeCKUMMU APOOSIMU PacCMaTPUBAIOTCSA B CJAEAYIOIIEeM ITYHKTE).

Bce yuarmumecsi mOJIKHBI HAYUYUTHCA PeIlaTh HEPABEHCTBA,
JieBasd YacCThb KOTOPBIX ABJAETCA IIPOM3BEAEHUMEM Pa3JIMYHBIX
IBYYJIEHOB. BoJjlee CIOKHBIN cilyyail IpUMeHEHUA MEeTOLA WH-
TEePBAJIOB CBA3AH C HAJINUYMEM OJMHAKOBBIX ABYUYJIEeHOB. MeTosn
pellleHnsa TaAKUX HEepPaBEHCTB HA3BAH B yUYeOHUKE OOIIMM METO-
IIOM WHTEPBAJIOB.

SIBHOTO IpUMeHeHWsA HempepbIBHOCTH (PYHKIIUHN 37ech HET,
9TOT mpueM OyaeT paccMOTpeH ToJabKo B 11 KJjacce.

PemeHnusa M KoOMMeHTaApuUMu

2.72. PemnuTe HepaBeHCTBO:

a) (x2—4)(x%2-5x+ 6)>0;

o) x3+x2—-8x—-12>0.

Pemenne. a) PasioXuB j1eByIO YacTb MCXOJHOTO HEpPaBEH-
CTBa Ha MHOMKUTEJIU, IIePeInIlieM HEPABEHCTBO B BUE

(x = (=2)) (x - 2)’(x - 3) > 0. (1)

Uccnenyem suax muorowneHa A (x) =(x — (-2)) (x — 2)2(x — 3)
Ha mHTepBaaax (—oo; —2), (—2; 2), (2; 3), (3; +o0). Ha unTepsna-
ae (3; +00) KaKIBI MHOMKHUTEJNb IIOJIOKUTEJIEH, II09TOMY
A (x) > 0; opu mepexojie uepe3 KOpeHb MHOTOUWJIeHa X = 3 Me-
HAET 3HAaK TOJBKO ONUH JHUHEMHBLIA MHOMUTEJNb X — 3, CJIEI0-
BaTeJbHO, MeHseT 3HaK U A (x), T. e. A (x) <0 mpu x € (2; 3);
Ipu Iepexofie uepe3 KOPeHb MHOTOUJEeHa X = 2 MeHAIOT 3HaK
cpasy ABa JUHENHBIX MHOMKHUTEIA X — 2 U X — 2, CJIeJOBaTeIb-
HO, A (X) He MeHseT 3HaAK, T. e. A (x) < 0 mpu x € (-2; 2); npu

mepexojie uepe3 KOpeHb MHOTOUWJIeHA X = —2 MeHseT 3HaK TOJIb-
KO OJWH JIMHEHWHBIA MHOMKUTEJb
S ’
5 9 3 > x —(—2), cimemoBaTeJlbHO, MeHSET
sHaK U A (x), T.e. A (x)>0 npu
Puc. 10 x € (—oo; —2) (puc. 10).
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CrenmoBaTebHO, BCE PEIIeHUS MCXOMHOTO HepaBeHCTBa CO-
CTaBJISIIOT MHOKeCTBO (—oo; —2) U (3; +0o0).

n) 3mech CHadaJjia HAJAO0 MepenucaTh HepaBEeHCTBO, PasJio-
KB MHOrowjieH Ha MHOMHUTeau: (x — (-2))?2 (x — 3) >0, a 3a-
TeM IPUMEHUB OMUCAHHYIO BBIIIE IIPOIEAYPY PeIleHus Hepa-
BEHCTBA, MOJIYUYUTDH, UYTO BCE PEIIEeHUsS MCXOTHOTO HepaBeHCTBA
CcoCTaBJIAIOT UHTepBaJ (3; +00).

Homoauutenbunoe 3amanue (C3, EI'9, 2007). Haiigute Bce
3HaYeHUusd X, KOTOpbIe  YIOBJETBOPAIOT  HEPABEHCTBY
(2a — 1) x2 < (a + 1) x + 3a upu g060M 3HAUEHUU IIapaMeTpa a,
OpuUHAIIeKaIeM TpoMeRyTKy (1; 2).

IATo 3amaHUe MOXKHO BBIIOJHUTH, €CJAU HNPUMEHUTHL METO[
WHTEPBAJIOB.

Pemrenue. Ilepenuiirem mcxomgHoe HePAaBEeHCTBO B BUE

2a-1)x2—-(a+1)x —3a<0. (2)
ITpu xaxxgom a € (1; 2) umeem 2a — 1 > 0, TO3TOMY B JI€BOI

YyacTy HepaBeHCTBA (2) 3amucaH KBaJPAaTHBIA TPEXUJIEH C IOJIO-
SKUTEJLHBIM KOd(MGMUIIMEeHTOM IIPU CTapIleM YJeHe, MMEIOITUHi

_ _ 38a
JBa KOpHA x; = -1 ux, = 9 1’ TaKue, 4YTO X, < X,. Onpeznenus
3HAK TpexujeHa Ha KMHTepBaIax I — i
(puc. 11), mosryuum, 4TO IPU KarK- 1 30 X
noMm sHauenuu a € (1; 2) HepaBeH- 2a—1
cTBO (2) pPaBHOCUJIBHO JIBOWHOMY Puc. 11
HepaBeHCTBY
1<x< 30 (3)
2a -1
- -1
Tax xax 8a =2+ 2-a u Sz =3—M, a IJId KasKIo-
2a -1 2a—1 2a-1 2a -1
2—-a 3(a-1)
ro a € (1; 2) cupaBeqiuBbI HepaBeHCTBA >0u >0,
2a -1 2a -1
TO mJis Kaxkaoro a € (1; 2) cupaBenimBo JBOMHOE HEPaBEHCTBO
2< 3¢ _3 (4)
2a -1

W3 mepasencts (3) u (4) (puc. 12) caexyet, uTo aioboe Uuc-
JO X, Takoe, 4To —1 < x, < 2, yAOBJETBOPAET HEPABEHCTBY
(3) mpu go6om a € (1; 2). IToxaskeM, YTO APYTUX TAKUX X
HeT.

fIcHO, YTO HU OJHO YHCJIO X BHE %
npomekyTka (—1; 3) He yIoBJIeTBO- : : >
psAeT HepaBeHCTBY (3) mpu Jr000OM -1 Xo 2 3
a e (1; 2). Puc. 12
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B4, _2+x IToraskem, urto Jswboe Xx;, Ta-

[ 2ol 2 , » KoOe, uTo 2<x,<3, TakKe He
2 X1 3 ¥  ynomimerBOpsieT HepaBeHCTBY (3)
Puc. 13 npu jgioboM a, € (1; 2) (puc. 13).
i 9TOTO paccMOTpUM 3HaUe-
X+ 2 3‘11
HUE @ =d,, TaKoe, YTO BEPHO DABEHCTBO —  —=_ — _, TOrAa
.
+2 3a
llei u 2<71<x1. Tax xak 0le1+L
2(x, — 1) 2a, -1 2 2(x,-1)
9 1,3 1,3 .
<x,<3,T0 ~+=<a, <-+>, T.e. a, €(1; 2).
2 4 2 2

Wraxk, nia duesa x, HAIIIOCh Takoe 3HadeHUe a = a, € (1; 2),
YTO YUCJIO X, HE YJOBJIETBOPsSET HEPABEHCTBY (3) IpHU 5TOM 3Ha-
YeHUuu d.

CiiemoBaTeJIbHO, HepaBeHCTBY (3) Impu Jir0o00M 3HAaUYEHUU IIa-
pamerpa a € (1; 2) yOIOBJIeTBOPAIOT JIUIIL 3HAUEHUSA X, TaKue,
yto —1 < x < 2. CiemoBaTeibHO, NCKOMbBIE 3HAUEHUS X €CThb X,
YIOBJIETBOPSAIOIMe HepaBeHcTBaM —1 < x < 2.

2.9. PauuoHanbHble HepaBeHCTBa

B manHOM myHKTe mpUMeHeHUe MeToJla MHTEePBAJIOB AJIA pe-
IIeHNsA HepaBeHCTB pacIIupseTcsa Ha ciaydai, Korza JeBas
YyacTh HepaBeHCTBa — aJjiredOpamyuecKkas apo0b. 3mech paccMar-
puBaloTCsA JIUIIb CTPOTHE HePaBeHCTBA, II09TOMY IIpolieaypa pe-
IIeHusA HepaBeHCTBA MPAKTUYECKU MOBTOPSET IPOIeAypPY, OIU-
CaHHYIO B IIPeAbIAYIIEM IIYHKTE.

. A
Hemo B ToM, uTO 3HAaKMW BbIpaskeHuit A (x)- B (x) u B((x))
X
COBIIAAIOT IJIA BCEX TeX X, IJA KOTOPBIX B (x) — HeHyJIeBOi
A
MHOTOUYJIeH, TOATOMY HepaBeHCTBA A (x) - B (x) >0 u B((x)) >0
x
A(x)
(mmm A (x)-B(x)<O0mu <(0) paBHOCUJIBHBI. ITO OOCTOA-
B(x)
A(x)
TEJIBCTBO HO3BOJIAET 3aMEHATH PeIlleHVe HepPaBeHCTBA B(x) >0
A(x)
(uu B(x) <0) pemrenuem HepaBeHcTBa A (x) - B (x) > 0 (unm
X

A(x) - B(x)<0).

Bce yuarmecsa moJ:KHBI HAyUNThCSA peIllaTh HepaBEeHCTBA, Jie-
Basl YaCTh KOTOPBIX fABJIIETCS aaredpamyvecKoil APOoObIO, UMCJIU-
TeJIb U 3HAMEHATeJIb KOTOPOI COMep:KaT IIPOU3BEIeHU PasInd-
HBIX ABy4ieHOB. W 3mech OoJiee CJIOMKHBIN ciydail IIPHUMEHEHMS
MeTOooa MHTEePBAJIOB CBA3AaH C HAJIMYMEM OMHAKOBBIX IBYYJIEHOB.
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PemeHuaA M KOMMEHTAPHUH
x2-9
(x+3)(x—-1
Pemenne. Paziosxkus uucantenp anrebpanmyeckoin gpodu B
JIEBO YaCTH MCXOJHOIO HEPABEHCTBA HA MHOMKUTEJU, HEePeIl-
IIIeM HEPaBEHCTBO B BUJE

2.77. 6) PemuTe HepaBeHCTBO > 0.

(x—3)(x+3)
(x+3)(x—1)>0' @)
Pemum HepaBeHCTBO
(x —8)(x — 1)(x + 3)*> 0, (2)

paBHOCcHUJIBbHOE HepaBeHCTBY (1).

IIpumenssa k HepaBeHCTBY (2) 00- S G S o e
muii MeTon WHTepBaJoB (puc. 14), -3 1 3 X
HOJIYYUM, UTO MHOKECTBO BCeX pe-

- Puc. 14
IIIeHu# HepaBeHcTBa (2), a 3HAYUT,
¥ PaBHOCUJIBHOTO eMy HepaBeHcTBa (1) ecTh o0begUHEHUE UH-
TepBaJioB (—oo; —3), (—3; 1), (3; +o0).

CrnenmoBaTebHO, BCE PEIIEHUS MCXOMTHOTO HepaBeHCTBa CO-
CTaBJAIT MHOXKecTBO (—oo; —3) U (—3; 1) U (3; +o0).

3ameuanue. [Ipu perrenuu HepaBeHcTBa (1) yuamuecsa UHO-

ra COKpaIiamT 1podb, 3aMeHsAs HepaBeHCTBO (1) HepaBHOCUJIb-
x—-3
1 >0, UMEIOIIUM DPeIleHNEM YMCJIIO

HBIM €My HepPaBEeHCTBOM
x —
-3, KoToporo He mMmeeT HepaBeHcTBO (1), T. e. mpuobpeTaioT
JuiiiHee peienne —3. YTo0bl n36erath TaKMUX OMINOOK, yUualljue-
cs He JOJIKHBI COKPAIaTh APO0HU IIPU PeIlleHnur HepaBeHCTB.

L<O.
x2-6x+8

Pemenne. O6o3Hauus t = x2 — 6x + 8, mepemnuineM HCXOJ-

HOe HEePaBeHCTBO B BHUIE
12 -8t +17

p <0. (3)

Tax kax t2—8t+ 17=(t—-4)2+1 >0 gna xaxmoro t, TO
Bce pelrieHusa HepaBeHcTBa (3) ects Bce t < 0, ciaemoBaresabHO,
MHOJKECTBO PeIlleHUII MCXOTHOTO HePaBEeHCTBA €CTh MHOYKECTBO
perieHuit HepaBeHcTBa X2 — 6x + 8 < 0, T. e. MHOKecTBO (2; 4).

2.79. a) Pemute HepaBeHCTBO X2 — 6x +

2.10. HecTporue HepaBeHCTBa

Oco00eHHOCTDb MBJIOMKEHNU MaTepruaia O HeCTPOTUX HepaBeH-
cTBaxX 3aKJIIOUAeTCs B TOM, UTO OHM PACCMATPUBAIOTCS IIOCJE
M3YUYeHUs CIIOCO0OB peIllleHUs CTPOTUX HepaBeHCTB. A perire-
HUSI HECTPOroro HepaBeHCTBAa TpeldyeTcs pelluTh ypaBHEHUeE,
3aTeM CTPOroe HePaBEeHCTBO U OOBLEJUHUTL BCe HalleHHBIE pe-
mieHusa (cM. pelieHue HepaBeucTBa 2.91).
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PemeHnuss m KoMMeHTapuu
x2 —4x+3
2.91. a) PemuTe HepaBeHCTBO g9 =0.
x —

Pemenne. Pazio:kuB yucanTes b U 3HAMeHaTeJlb ajredpau-
YeCKOU MpobM B JIEBOUW YacTH MCXOMHOTO HepaBEeHCTBA Ha MHO-
JKUTEJN, IIEPENUIIIEM €Tr0 B BUE

(x-3)(x-1)
ST >
(x +3)(x—3)
CuauaJja pelruM ypaBHeHUe
(x=3)(x-1) _
(x+3)(x—-3)
OHO mMeeT eJMHCTBEHHBIN KOpPeHb X, = 1.
Temepdb periuM CTPOTOe HEPABEHCTBO
x—-3)(x-1
( ) ) -0
(x +3)(x —3)
OHO PaBHOCUJILHO HEPABEHCTBY
(x+3)(x - 1)(x — 3)*>0. (4)

Ilpumensasa ®k HepaBeHCTBY (4) oOIIIuii MeTOI MHTEPBAJIOB

(puc. 15), moayuymuM, 4TO MHOYKECTBO BCEX PeIIeHuil HepaBeHCT-

(1)

(2)

(3)

T~ NS Ba (4), a 3HAYUT, U PABHOCUJIBHOTO
3 1 3 X emy HepaBeHcTBa (3) ecTb 00benu-
HeHUe MHTepBaJoB (—oo; —3), (1; 3),

Punc. 15 (3; +0).

O0BbeIUHUB peIleHusA ypaBHe-
> =Hua (2) wu HepaBeHcTBa (3)
-3 13 (puc. 16), moayuuM MHOKECTBO
Puc. 16 pellleHnl NCXOMHOTO HeEpaBEeHCTBA:
(—oo; =3) U [1; 3) U (3; +c0).

CiemoBaTebHO, BCE PEIIEHUSA MCXOJHOTO HEPABEHCTBAa CO-

CTaBJIAIOT MHOKecTBO (—oo; —3) U [1; 3) U (3; +o0).
3ameuanue. ONIMCaHHBIN BBIIIE IIEPEXO0]] OT HepaBeHCTBA (3) K
HepaBeHCTBY (4) MOYKHO IIPUMEHATb TOJIBKO [JIsI CTPOTMX Hepa-
BeHCTB. MHOrma yuarmmecd mo OIMMOKE NEPEHOCAT TaKOW CII0CO0
paccy:KJeHus U Ha HeCcTporue HepaBeHCTBa. Hampumep, OHEU MO-
T'yT 3aMeHUTL HepaBeHCTBO (1), mMeroliee MHOXKECTBO PeIeHU
(—o0; —=3) U[1; 3) U (3; +0) (cm. puc. 16), HepaBeHCTBOM (X + 3) X
X (x — 1) (x — 3)2 = 0, xoTopoe numeeT

T Y - I F >  MHOXECTBO pemienmii  (~oo; —8] U
-3 1 3 U[1; +o0) (puc. 17), T.e. mpuodpe-
Puc. 17 CTU ABa JIMITHUX PeIleHudA: —3 u 3.

IIpomMesxkyTouHBIiT KOHTpPpOAb. C—12, C—13.

3amaHusg U3 OTUX CAMOCTOSATEJIbHELIX PA00T MOT'YT MCIIOJIb30-
BAThCA BHIOOPOUYHO KAaK [IJIA BHIMOJHEHU CAMOCTOATEJILHOMN pa-
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0OTHI HA OIEHKY, TaK M OJIA SJOMAIIHHUX CAMOCTOATEILHBIX pa-
6or. K 3BamammaM Ha pellleHNe CHCTEM HePaBEeHCTB MOIKHO
BEPHYTHCSA IIPU U3YUYEHUU CJIEAYIOIIEro IIyHKTa YYeOHUKA.

2.11. CuctemMbl pauoHasibHbIX HEpaBEeHCTB

B faHHOM TyHKTe HAIOMUHAETCH, YTO HA3LIBAIOT DEIeHMU-
€M CHCTeMbl PAI[MOHAJbHBIX HEPABEHCTB M UTO 3HAUUT PEIIUTh
cucTeMy palMOHAJIBHBIX HepaBeHCTB. [lajee pa3oOpaHbI IPH-
MephI DellleHus CUCTeM, COAEePKAIUX CTPOTHE U HeCTporue He-
paBeHCTBa.

B yueGHUKe mMelOTCA TaKKe MpuMep 4 Ha pelleHue ypas-
HeHHUs U IpUMep 5 Ha pellleHUe HepPaBeHCTBA, IPUBOAAIINE K
Heo6XOAMMOCTH DPelIUTh CHUCTeMY PalOHAILHBIX HepABEHCTB.
B HUX pacCMOTpeHBLI YaCTHBIE CJIydau pellleHuil ypaBHeHUS U
HepaBeHCTBa, MJIA KOTODPBIX IPUMEHEH MeTOJ PacCyKIeHWu# c
YUCIOBBIME 3HaueHUAMH. CyTh ero 3aKJIOYaeTcs B TOM, UTO
MBI IPeJTIoJIaraeM, YTO ypaBHeHue (HepaBeHCTBO) UMeeT pelrle-
HHue, 0603HAUAEM €T0 X, U COCTABJISAEM BepHOE UNCJIOBOE DABEH-
cTBO (HEepPaBeHCTBO).

B mepBoM ciiydae HMCIOJb3yeTcA TOT (aKT, UTO UUCIOBOE
paBeHCTBO |u| + |v| = u + v cupaBeAIUBO TOTA U TOJLKO TOT/A,
KOT/la OJHOBDEMEHHO BBINOJHSAITCA aBa ycaoBus: u >0 u
v > 0, a BO BTOPOM — UTO YHCJOBOE BLIPAMKEHUE /U ++/U ompe-

JleJIEHO TOTIa M TOJBKO TOTZAa, KOTJa OJHOBPEMEHHO BBLITIOJIHA-
forcsa aBa ycaoBusa: U = 0 u v = 0, uro m mpuBoaAuUT oba pasa K
HeOOXOAUMOCTHU PeIllaTh CUCTEMY.

B mepBoM ciryuae Bce pelieHusI CUCTEMbI 1 €CTh PeIlleHUs 1C-
XOQHOTO YPaBHEHUs, & BO BTOPOM CJIydae TOJHKO eCJIU CHCTeMa
uMeeT KOHEUHOe UHCJIO PeIleHU, TO MOMKHO IIPOBEPUTh, YAOB-
JIETBOPSIOT OHU MCXOMHOMY HEPaBEHCTBY WM HeT. VI TOJIBKO
TOTIa MOKHO HAaliTH pellleHre MCXOMHOTO HepaBeHCcTBa. B mpy-
TUX CJIyYasgX dTOT METO]| PellleHnsA He JacT pe3yJjbTarTa.

PemeHusas u KOMMEHTaApPUHU

2.101—2.103. C uneeii perreHus MOA00HBIX 3aJaHUIT MOMK-
HO MO3HAKOMUTHCA MPU pasbope perieHuin nmpuMepoB 1 u 2 us
n. 15 gugakTuyecKuX MaTepuaJosB.

IIpomMesxkyTouHBIH KOHTpPOab. C—14, C—15.

Kourposnpnasa pabora K—1.
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KopeHb cTeneHu n

3.1. MoHgatue HKLUMU U ee rpaduka

B manHOM TyHKTe HAIIOMMHAIOTCA OOpenejJeHus (PYHKIINN
u ee rpaduka. ITocKoIbKY (PYHKIIUS OmpeaesieHa KaK HEKOTO-
PBIi 3aKO0OH, TO, HAIpUMeEp, g)ymcuna y = x° MoxkeT GBITH 3aJa-
Ha opmynaMu y = t, u = v’, ..., x = y* (37ech 3aKOH BhIPaXkKa-
eT IPaBUJIO: [MOJsA I[IOJyYeHUs B3HaueHusS QYHKIUN Hamo
3HaueHNe apryMeHTa BO3BEeCTH B KBaJpaT, MOITOMY TO, KaKU-
My OyKBaMu 00O3HAUEHBI (DYHKIIMS WM apryMeHT, He Ba’yKHO).
IdTa 0COOEHHOCTh TPAKTOBKU IOHATUA (PYHKIIUU ITOMOKET B
11 kjacce jierue yCBOUTH MOHATHE OOPATHON (PDYHKITMIU.

Pemenus m koMMeHTapumu

3.4—3.7. 3mecy TpebyeTcss IIOCTPOUTL TPAPUKU HEKOTOPHIX
PYHKIINN ¢ IPIMEHEeHEeM M3BeCTHBIX IIPeo0pasoBaHmil rpa)IKoOB:
TIEPEHOCHI, UCIIOJIb30BaHUe MOyJiel. [lesaTh BHIBOABI AJIA OOITIETO
caydJasi, HAIpUMep O moaydeHuu rpadpura QyHKIum y = f (x — a)
u3 rpadpukra pyaxmuu y = f (x), Heoba3aTeIbHO. ITOMY OYAYT II0-
CBSIIIEHBI CIIeIMAIbHBIE MyHKTHI yueOHuKa mid 11 Kiacca.

" x2 -4 |x -1
3.7. Ilocrpoiite rpaduk QyHKIUN: a) Y = P 0) y= Y1

2 b
2
Pemrenue. a) O0nacts omnpeneneHus: GyHKIUU Y = x ecThb

x—2
Bce X # 2, (PyHKIINIO MOXKHO 3aJaTh TaK: J = X + 2, x # 2. KEe rpa-
UK — npamaa y = x + 2 ¢ «BBIKOJIOTOM» Toukoi (2; 4) (puc. 18).

1]

6) O6xaacTh onpenesneHUA QYHKIINY [ = Ll ecTb Bce x # 1,

1, ecim x>1
-1, ecau x <1.

napa Jydeil 6e3 HavasbHON Touku: y =1, x>1nmy=-1, x <1
(puc. 19).

MYHKIIUIO MOYXKHO 3a4aTh TaK: Y ={ Ee rpajpux —

RY

—
Q= "—J‘

Puc. 18 Puc. 19
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3.2. OyHKuMa y = x"

B mamHoM myHKTe paccMmaTpuBaioTca QYHKINU BUga y = X"
pnsa n e N, n= 2, 3arem (POPMYJIUPYIOTCSA 1 000CHOBBIBAIOTCS
cBOlicTBa PYHKIIUMU Yy = X" cCHaUaja JJs HeOTPUIlaTeJIbHBIX, 3a-
TeM IJId JIIOObIX 3HaueHuil aprymenTa. JINIb mocjie 3Toro ¢ oIo-
poii Ha M3yUYEeHHBbIE CBOMCTBA CTPOATCA rpaduKy PYHKIIUN 13Y-
yaeMoro Buja. ['J1aBHOE HasHAUYEHUWE WH3ydyaeMoro MaTrepuaja
3aKJII0UaeTCcA B MOATOTOBKE K BBEAEHUIO IIOHATUSA KOPHS CTele-
HU 1, a JJId 9TOT0 HY:KHO 00paTUTh 0co00e BHUMAaHUE Ha Hellpe-
PBIBHOCTH T'padpmka QyHKIIUU, KoTopad OyIeT MCI0Jb30BaThCA
OpHU TOKAa3aTeJbCTBE CYIIeCTBOBAHUS KOPHS CTeIleHU 71, yKa-
3aTh Ha pasymuusa rpadukoB naa n=2kun=2k+ 1, ke N.

Pemenua u KOMMEeHTApPHUH

3.17. a) Brisacuure, Kakoil 3 rpa@uKOB ABYX QYHKIINHA: [ = X
WIN Yy = X2 — pacmojIosKeH BbIlte apyroro Ha uutepsase (0; 1).

Pemenmne. [[na g00bix x € (0; 1) u3 cupaBeaInBOCTU Hepa-
BeHcTBa 1 > X cienyeT cIpaBeIINBOCTL HepaBeHCTBa X > X2,
noaTomy mJist a00bix x € (0; 1) rpaduk QyHKIUU y = X pacmo-
JIOKeH BhINIe rpadura QyHKIUT y = x2.

3.19. a) BrisgcHure, Kakoii u3 rpaduKoB Tpex (GYHKI[UI:
Y=Xx,Yy=x3 y= x> — pacroJioKeH BbIIlle, a KAKO HUKe APY-
rux Ha mHaTepsaJe (—1; 0).

Pemrenne. YMHOXXHUM [OBOMHOE HepaBeHCTBO —1 < x < 0 cHa-
yajia Ha TOJIOXKUTEJbHOe YKUCJIO0 —X, a IIOTOM Ha MOJIOMKUTEJb-
HOe YMCcJa0 X2, MOJyYMM JBa BEPHBIX ABOMHBIX HepaBeHCTBA
x<-x2<0wu—x%<x®<0, u3 cIpaBeJINBOCTH KOTOPLIX CJIEIY-
er, 4yTo ecanm —1 < x <0, To x < x®. AHAJIOI'MYHO IIOKA3LIBAET-
csa, uTo x3 < x5. ITOo o3HAuUaeT, UTO Ha IpomexxkyTKe (—1; 0)
BBIIIIE APYTUX PACIIOJOMKEH rpaduk QyHKIUU y = x5, a HUKe
apyrux — rpaduk pyHKOIUU Yy = X.

3.3. lNMoHaTne KOpHHA cTeneHu n

O6paTuM BHUMaHUE, YTO B IyHKTe 3.3 HAHO JIUIIL CJIOBEC-
HOE OIMCaHUe TeX UNCeJ, KOTOPbIe HAa3bIBAIOT KOPHAMU CTEIIEeHU 71
M3 HEOTPUILATEJIHLHOTO UHrcjia. 37eCh ITOKa HET 0003HAYEHUN IJIA
9TUX KOPHEU, IMOACHEHUA Jal0TCA Ha IpUMepax.

3.4. KOpHU 4YeTHOM U HEeYEeTHOW cTeneHen

B nyukTe nokaswiBaeTcs, UTO CYyIIeCTBYeT, ¥ IIPUTOM €IUH-
CTBEHHBIHM, KOPEeHb HEeUeTHOH CTeIeHU 13 JII000TO0 AefiCTBUTE b-
HOT'O UMCJIa; UTO CYIIECTBYIOT ABa M TOJHKO MBAa KOPHA UETHOU
CTeIlleHr U3 JII00OTO ITOJOKUTEeILHOTO UKCJa; YTO CYIIeCTBYeT,
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U TIPUTOM €JWHCTBEHHBIN, KOPeHb YETHOUW CTemeHW u3 HYJd,
PaBHBIN HYJIO; YTO He CYIIIECTBYyeT KOPHA YeTHOU cTenmeHU U3
OTPUIIATEJBHOTO Ymcsa. s JoKasaTesIbCTBA CYIIeCTBOBAHUA
KOpHEHN uCcHoJib3yeTcd IpaUUecKUil METOX U HEIPEepPLIBHOCTD
dyHKIU y = x". 3mech BBOAATCA O0O3HAUEHUS 2’\’/5, neN,

2 1
msma>0u’""Va,neN, nnaa € R.

3.5. ApudmMeTuyeckKkuii KopeHb

B manHOM IIyHKTe JaeTcs ompenejeHne apu(MeTHUUECKOro
KOPHS CTEIeHU 7 U3 HeOTPUIlaTeJbLHOT0 uucja (3TO HeoTpuiia-
TeJbHBIN KOPEHb M3 HEOTPUIIATeIbLHOTO UYKCa), JOKA3hIBAIOTCS
ImepBbie CBOMCTBA apu(pMeTUUYeCKNX KOPHeIi:

®Wa)y =a, %ar =a, Yab=%a-¥b, 4= ()
b %

IToguepxHeMm, UTO 37eCh a4 U b HEOTPUIIATEIbHBI, 4 B IOCJTE] -
HeM paBeHcTBe b > 0.

Crenyer oOpaTHUTh BHUMAHWE YyUAIIUXCsS Ha 3aMeuaHUe B
KoHIle nyHKTa. OHO TOBOPUT O TOM, UTO ecau n=2m + 1
(m € N) — HeueTHOe YHCJIO, TO cBoiicTBa (1) cupaBemJuBBI U
IJIs JII00BIX umces a u b (B mocaenHeM paBeHcTBe b # 0).

Jiss KopHel HeueTHOU CTEeIIeH! YacTO IIPUMEHSIOT CBOMCTBO

mil—a=-"""a, a € R.

TpaguIoOHHO CIOMKHBIMU IJIS YUAITUXCS SABJISIOTCS Ipeobpa-
30BaHUS BLIPAIKEHUM, COMEPIKAIINX KOPHU CTeIIeH! 71, — OCBO0O-
JKJeHre OT MPPAIMOHAJILHOCTY B 3HAMEHATEJIe JPOo0Y, BEIHECeHMe
MHOJKHUTEJNA 38 3HAK KOPHS UM BHECEHME MHOMKUTEJS II0J 3HAK
KOPHS, OCOOEHHO €CJIN BhIPAKeHIEe COAEPIKUT OYKBBI. ITH IIPE0D-
pasoBaHusa pa3oOpaHbl B II. 16 AUIaKTUUYECKNX MaTepPUAJIOB.

Pemenus m KkoMMeHTapuu

3.63. Yupocture BhIpasKeHUE:

B) 30.31%%-3\/%%-3\/144; x) 4/81-(4— V1Tt .

1,7 .[2 3 _ [1 .7 .[8
p . 30-3—+—--3=2+5:8144 =303 — + -3/ — +
emere. ) 12 2 V3 12 2 V12
+5-3125 . 1 =80.3/ L +7.3/ 1 160.2/ L =97.5/ 1
12 12 12 12 12

31ech BayKHO OBLIO 3aMETUTDH, UTO BTOPOII U TPETHI KOPHU

MOKHO BBIPDAsUTL Uepes 3 é OTBeT MOKHO IIpeoOpPa30BaTh,
130aBUBIIINCH OT MPPAIMOHAJIBLHOCTA B 3HAMEHATeJe:

sl _g7.5/18 _97 sag 1613
97 3/12 97 3/63 o 318 16 . 3/18.
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k) 4/81-(4—17)* =4/81-4/4—V17)* =3-4(V17 —4)* =
=317 —4).
3Iech BasKHO IMMOJUEPKHYTDb, UTO CBOHICTBO 21 a’"=a,n e N,

CIIpaBeaJINBO JINIIIb OJIAd HEOTPHUIIATEJIbHBIX YMCeJI, IIO3TOMY IIO-
TpeboBaJIOChH IIPeo0pa30oBaHMe MO 3HAKOM KOPHS:

(A- 1Tyt =(J17 - 9.

3.6. CBolicTBa KOPHEN CTeneHun n

B nyHKTe moxkasambl HOBBIE CBOICTBAa apUPMETUUYECKUX
KopHel cremnenu n (TeopeMbl 1—3), IpuUBeIeHBI IIPUMEPHI UX
OIpUMeHEeHUs. ITOT TeOPeTUUECKU MaTepuas AOJKeH ObITh XO-
POIIIO YCBOEH, TaK KaK C OIOpPOii Ha Hero OyAyT BBOAUTHLCS IIO-
HSTHE CTEIEeHHU C PallOHAJbHBLIM IIOKa3aTesieM U JOKA3bIBATh-
CcsI COOTBETCTBYIOIIIIE CBOMCTBA.

Hanpuwmep, moassyscsk ceoiicrsom > Na?"=|a|,a € R, n € N,
U oIIpemesieHMeM MOAYJS IJis OTPUIATEJBHOTO YHcja, pellle-
Hue mpuMepa 3.63:K MOKHO 3ammucaTh MHaye:

4/81-(4—V17)t =4/81-4/@4—V1T)* =3|4—V17|=3 (V17 —4).

Ha,u;o O6paTI/I’I‘I> BHUMaHME yYallluXCda Ha cBolicTBa

*a2" =|a| u?"*\a?"*1 =a, a € R, n € N.

B manbHeiiliieM oHU OyAyT YacTO MUCIOJIb30BaThCAH.

Pemenus M KOMMEeHTapuu

3.79. YuopocTure 4uCI0BOE BBIPpAKEHUE:

r) J244V4; @) 232:3242; e) 3/324/4.\24/4¥/4.

Pemenue. r) \/mz\/?‘\/g =\/‘V@ =%128.

1) 242 1422 = 382 :3/J1-2 =416: 48 =4/T6:8 =42.

e) 3/324/4 -\24/4%/4 = 28/4V2 -24/4/4* =23/V32 - 2¥4* =
=29/32.,/23/4 = 29/32-/2/32 = 29/32-8/32 = 2(¥/32)2 =2%/32 =
—23/8.4=2.23/4=4%4.

IIpoMeskyTOouHBIHT KOHTpPOab. C—16.

3.7*. dynkuma y=x, x>0
3.8*. dyHkums y=%x

B nyakTe 3.7 msyuarorcsa cBoiicTBa GyHKIIUU Yy = ¥/ X TOJBKO

niasa x = 0, a B nyHKTe 3.8 — aada a00b1x x. OTMeTM ocobeH-
HOCTH JOKAa3aTeJIbCTBA HEIPEePBIBHOCTY (GYHKIUMY I = 2fx (x = 0).
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Tark xak rpadpuru QyHKIHI yzﬁ/; (x=20, y=20) uw x=y"
(y 2 0, x = 0) coBazawT, TO HENIPEPHIBHOCTh QYHKIIUU = 2fx
(x =2 0) caemyer u3 y:Ke OOKa3aHHOII paHee HEIPEPLIBHOCTU
dyurnuu x = y" (y = 0), T. e. JOKaA3aTEJIHCTBO HEIIPEPHLIBHOCTU
byHRIUN Yy = %/x, mO cyTH meja, ONMpAaeTcs Ha HEIPEPHIBHOCTH

o0paTHO! (QYHKIUM X =Yy ', HO TaK KaK IOHATHE O0OpaTHOM
QYHKIIUM eIlle He BBOAMJIOCH (9TO0 mMarepuas 11 KJacca), To B
yueOHUKe TaKas TEPMUHOJOTUA He NCIOJIb3yeTCAd.

Pemenus m KoMMeHTapuu

3.85. UssecrHO, uTo: a) 3/a >1; 6) ¥a <1.
Bepuo au, uto a > 1; a > 0?

Pemenne. a) Tax Kak Fa>1, 1. e 3a >31, 10 us BO3pac-
TaHUA QYHKINHA Y =3/x ciaenyer, uTo a > 1, a Tak kaxk 1 > 0, To
cIIpaBemJINBLI 00a HepaBeHcTBa: a > 1 umw a > 0.

0) Tak Kak 8a <1, 1. e.%a <1, 10 us BOo3pacTaHusa PyHK-
nuu y =3%/x cuexyer, uro a < 1, T. e. HepaBeHCTBO a > 1 HeBep-
Ho. VI3 HepaBeHcTBa ¥/a < 1 He ciexnyert, uto a > 0, XoTa B HaH-
HOM OYHKTEe MBI paccMaTpuBaeM (ODYHKIIVIO Y =3/x ToaBKO IS
x =2 0. Hanpumep, niasa a = —1 HepaBeHCTBO ¥a <1 BEpHO, a He-
paBenctBo a > 0 HeBepHo. CiemoBaTesibHO, HepaBeHCTBO a > 0
HEBEPHO.

3ameuanue. [Jokaskem, Kak MOYKHO TOKas3aThb, UTO 13 Hepa-

BeHCTBa 3/a >1 1 Bo3pacTaHusA (PYHKIUU yz% caenayer, 4TO
a>1.

ITo ompeneneHuio BospacrawoIineill GyHKIIMN U3 CIpaBen-
JMBOCTH HepaBeHCTBa a > 1 caexyer, uto 3/a > 1, a HamM Hazo
IOKaszaTh oOOpaTHOe: UTO M3 CIIPaBeIJMBOCTU HepPaBeHCTBA
%/a >1 crenyer, uto a > 1. JJokaxeM 9TO METOLOM OT IIPOTHB-
HOTO.

IIycts 3/a >1. Ipegnonosxkum, uto a < 1, Torga ms Bospac-
TaHUA QPYHKIUUA Y =3%/x u W3 chHpaBeIIMBOCTH HEPABEHCTBA
a <1 cunemyer, uto %a <1, a 5TO IPOTUBOPEUUT YCJIOBUIO
3fa>1. 3HauuT, IPeIIIoJIoMKeHre, 4To a < 1, HeBepHO.

IIycts 3/a > 1. Ipegnomnosxkum, uto a = 1, Trorga 3/a =1, a ato
[IPOTHBOPEUNT YCJIOBUIO /a >1. BHAUNUT, IpPEAIOIoKeHHe, UTO
a = 1, HeBepHO.

Jiis urces a u 1 BBITTOJIHSAETCS, ¥ IPUTOM TOJBKO OIHO, U3
coorHotteHuit a > 1, a<1 u a =1 (cBoiicTBO TOpAIKa AeiicT-
BUTEJbHBIX YHCEJ, CM. I. 1.2), II09TOMY €CJii HEeBEepPHO, UTO
a<lwuma=1,710a>1, uro u TpebOBAJIOCH JOKA3aTh.
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ITpuBenenHbIe 3eCh pACCYKIEHUS ydaliuecda He TOJKHBI
BOCIHPOM3BOIUTL B 00sA3aTebHOM Iopsanke. Ho Oymer mojesHo
IJIS HAX Y3HATH O MIPUMEHEHUU PACCYKIAEHUS OT HPOTHUBHOTO B
HEIIPUBBLIYHOM CUTyAaI[MH, KOIJAa BO3MOXKHBLI HE [BAa B3aMMHO
HCKJIIOUAIOIe APYyT Apyra ciaydas (HapajjaelbHbl U He IIapaJi-
JIeJIbHBI U Ip.), a Tpu cayuasa (a > 1,a <1 m a=1).

3.93. IlocrpoiiTe rpa@uK QPYHKI[UI:

a) y=%x; 6) y=¥-x;  B) y=4x;
r) y=3x-2; nm) y=3%x-2; e) y=32-x;

x) y=|¥x-2|; 8) y=32-|x|; u y=[32-|x|-1

31ech Ha KOHKDPETHBIX IIPUMeEPaxX IIOBTOPSAIOTCS U3BECTHBIE
npeobpaszoBaHuA rpa@UKOB: IEPEHOCHI, UCIOJIb30BAHUE MOXY-
aewi. 'paduku QyHKImit nusobpaskeHsl Ha pucyuke 20, a—u.

IIpoMeskyTOUHBIH KOHTpPOab C—17.

KourposbHasa pabora Ne 2.

3.9*. KopeHb cTeneHu n U3 HaTypasibHOro Yymcna

B manHOM myHKTE mMeeTcA yTBEp:KIeHME: «ApudmMeTnyecKuin
KOpeHb cTerieHu n (n = 2) U3 HATypaJbHOTO YHCJIa MOMKET OBITh
WJIN HATYyPaJbHBIM YMCJIOM, WJIN UPPAIMOHAJILHBIM UYKUCJIOM». B
yueOHUKe CKasaHo, UTO JOKAa3aTeJIbCTBO 3TOT0 YTBEPIKAEHUI IPU
JII000M 711 = 2 aHaJIOTUYHO JA0KAa3aTeJIbCTBY IJId n = 2.

IIpuBeseM HOKA3aTeIbCTBO HPPALMOHAIBHOCTH dUHcIa %/2
(samanue 3.102a).

IIpeAmOI0 KM, UTO YHCIO 3/2 — pamuoHaIbHOE, T. e. Ipe-

MOJIOKHM, UTO CYIIIECTBYEeT HeCOKpaTumasi JPo0h E, Takas, U4TO
q

CIIpaBeJINBO PaBEHCTBO /2= £, rnep € N, g € N. Torga cupa-
q

BeIJINBO PABEHCTBO 2¢° = p®. (1)

Tak xak JeBad yacTb paBeHcTBa (1) meauTcs Ha 2, TO U IIpa-
Bas 4acTb PaBEHCTBA, T. €. p3, meauTcsa Ha 2.

Yucygo p mpu AedeHUU Ha 2 MOKeT MMETh ABa OcCTaTKa:
1 uau O.

B mepBom cayuae p=2n+1, rne n=0,1,2, ..., Torga pa-
BeHCTBO 2¢% = 8n3 + 12n2 + 6n + 1 He BLINOJHSAETCA HU IIPU Ka-
KOM HaTypaJbHOM ¢, TaK KaK JieBas ero 4acTb JeJIUTCA Ha 2, a
mpaBasi — HeT. 3HAYUT, YUCJIO p IPU AeJeHUU Ha 2 He MOYKET
UMeThb OCcTaToK 1.

Bo BTOpoMm cayuae p = 2n, roge n € N, rorga 4n® = ¢3. Ana-
JIOTUYHO ITOKa3bIBAETCS, YTO YMCJIO ¢ IPU JeJIeHUU Ha 2 He MO-
KeT UMeTh ocTaToK 1, U OHO AesuTcsa Ha 2.
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CremoBaTenbHO, Kakaoe us umncesa p u q neaurcd Ha 2. Ilo-
JYYMJIOCH IIPOTHUBOPEUME C MPEIIOJOKEeHNEeM, UTO UHCJIO

32 =£, rae apoohb P HecoxkparuMasa. CiiegoBaTesibHO, IIPEIIIO-
q q

JIO’KeHIe HEeBEepPHO, a BEPHO YTBEP!KAeHWEe, U4TO UHCI0 /2 —
uppanuoHaIbHOe.
3aMeTHUM, UTO AO0KA3aTeJIbCTBO UPPAIMOHAJIBLHOCTH YHCTIA

/29 Tem ke cmoco06oM OKa)keTca I'POMO3AKHMM, TaK KaK IIO-
TpedyeTcsi paccMOTpeTh He 2 cJiaydasd, KaK B IPeIbIAYIIeM
samanuu, a 29. ITosromy mpuBeaeM ApPyroii ciocob JoKasa-
TeJIbCTBA HUPPAIMOHAJIBHOCTU KOPHEN CTelmeHW n U3 HATy-
pPaJbHBIX YHCEJI, He SIBISIOIIUXCS N-f CTelleHbI0 HATYPAJb-
HOTO YmcJia.

Teopema. Eciu HaTypasbHOE UKCJIO M HE ABJIAETCA N-i cre-
neHpio (n € N, n = 2) Kakoro-ambo HaATypaJbHOTO YHCJA, TO
%/m — uppaunroHAIBHOE UHCIIO.

HoxazaremberBo. Ilpenmnonoxmm IpOTUBHOE, T. €. IIPENIIO-
JIOYKUM, 9TO ¥m — 4umesIo panMoHATIbHOE. DTO O3HAUAET, UTO

CYIIleCTBYeT HeCcOKpaTumasi Jpo0h P (p € N, q € N), Takas, 4TO
q

¥m = ? 1o TOrZAa CIIpaBeIJINBO PABEHCTBO
q
q"m = p". (2)

JleBaa uacTb paBeHcTBa (2) menmTcda Ha ¢, IOITOMY U IIpa-
Bas YacThb AEJUTCSA HA ¢, T. €. UKUCJIO P" AEJUTCS Ha .

Ecmu p =1, to p» =1 u p* genurca Ha ¢, TOJIbKO ecau q = 1,
HO TOTJa M3 paBeHCTBa (2) caexyer, uTo m = 1, YTO IPOTUBOpPE-
YUT YCJIOBUIO TEOPEMHBbI.

Ecau p > 1, To o ocHOBHO# TeopeMe apUPMEeTUKU UUCJIO P
pasjaraercs Ha IPOCTbIe MHOYKUTEJIN:

P=Dpy'py7 . DL (3)
rae py, Pss .-, P, — DABJINYHBIE IIPOCTBIE UYUCJIA, O, Oy, ...
..., 0, — HaTypaJIbHBbIEe YHCJIA.

EC.HI/I YUCJIO q nuMeetT nejyimTetib d n d — IIPOCTOE€ YMCJIO, TO

TaK KakK Apo0b P HEeCOKpaTuMasd, TO CPeNU YUCEI Py, Pas «-v» Dy
q

Hetr uuciaa d. I3 paBexcTBa (3) ciegyeT paBeHCTBO
nog

Pr=pi Py Pyt (4)

ITo ocHoBHOIT TeopemMe apudMeTHKU PalJIOKeHHe KaKIOTO

HATypaJIbHOTO YMCJa Ha IIPOCThIe MHOMKUTEJIUN eJUHCTBEHHO.

ITosTomy mpaBast uacTh paBeHcTBa (4) ecTh (€IMHCTBEHHOE) pPas-

JIO}KeHre Ymcjia p" Ha IPOCThle MHOMKHUTeNU. Tak Kak cpenu

4mcen p;, Py, ..., P, HET umcyaa d, TO p" He AeJIUTCA Ha d, a 3Ha-
YUT, He AEJUTCA W Ha ¢, UMEoIe IPOCTON MeJIuTensb d.
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Orcofa cienyer, 4TO TaK KaK p" OeJUTCA Ha ¢, TO YUCJO §
MOJKeT OBITh TOJIbKO paBHO 1. Torma us paBenctBa (2) ciaenyer,
4TO m = p", a 9TO IIPOTUBOPEYUT YCJIOBUIO, UYTO M HE ABJIIAETCA
n-i CTEIeHbI0 KaKOoro-In00 HATYyPaJIbHOI'O YMCJa.

IToryueHHOE IPOTHUBOPEUNE 03HAYAET, UTO CAEJaHHOE IIpej-
II0JIO)KEeHUe HEeBEPHO, T. e. /m — UpparuoHaIbHOe UHCIIO.

CteneHb NOJSIOXUTENIbHOIO Yncna

4.1. CreneHb C pauuoHasbHbIM NOKa3aTenem

B AJAHHOM IIYHKTE BBOAUTCHA IIOHATHE CTEII€eHU ITOJIOKUTEJIb-

HOI'O 4HucJjia a ¢ paiimoOHaJIBHBIM IIOKa3aTeJieM E, roge p — neJjoe
q

YUCI0, ¢ — HATypPaJIbHOE YUCJIO, ¢ = 2, ¥ C IOMOIIIbIO CBOHCTB
KOpHA (-%I CTeIleHU JOKa3bIBAIOTCA IIepPBble CBOMCTBAa CTEIEHU
C paluoOHAJILHBEIM IIOKas3aTeJieM:

P 1\? )4 pk Pq

1) a? =|la? | ,2) at =a (ke N),3) a? =a .

3ameuanue. [loguepKHEeM, YTO pallMOHAJIbHAS CTEIIEHDb UMC-

Jia a oIpejiejieHa TOJBbKO IJs MOJOXKHUTEeNbHOTro unciaa a. OgHa-

KO eCcJIi paruoHaJbHOE YKCJIO I IMOJOKUTEeIbHO, TO, TIPUMEHUB

K HeMy oIIpefejieHre CTeIlleHUW C PallMOHaJbHBIM ITOKasaTeJyeM,
P

nosyunm, uro 07 =07 =407 =40=0.

Hanomuwum, uro samucu 0° u 0 (r > 0) He UMeIOT CMBICJA.
Taxske He mMeeT cMbIcja 3anmuch a’, rae a < 0 m r — pamnuo-
HAJbHOE UYMCJIO, He ABJAIONeeC IeJbIM YHCJIOM.

PaccmorpuMm 3amanue, Ipu BBITIOJTHEHUUW KOTOPOTO UCIIOJIb-
3yeTcsl 9TO 3aMevaHUe.

IIpumep. Ina KakAOro 3HAUYEHWA MOapaMeTpa a PperrmM

ypaBHEHUE
1

(ax)s =—%a. (1)

PemeHne. 1) Ecau a =0, To ana mamoboro x € R umeeMm:
(Ox)3 —03 =0, Tak Kak §>O 1 3/0 =0 mo ompeseIeHUI0 KOPHS

TpeTheil cremenu. CiaegoBaTeabHO, J000e X € R sBIsieTcs pe-
meHueM ypaBHeHus (1) B aToMm cayuae.

2) Eciu a > 0, To —3/a <0. Jlna moboro x < 0 umeem ax < 0.
1
ITosTomy 3anucsk (ax)3 He MMeeT CMBICJA, T. €. cpeau x < 0 HeT pe-

meHuit  ypaBHenusa (1). Hags x=0 wumeem ax=0 wu
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1
(ax)3 =0#—3%/a <0, T. e. x = 0 He ABIAETCA pellleHNEM yPABHEHUS
(1). s aroboro x > 0 mo ompeneseHUI0 CTeIeHU C PAIlOHAILHBIM
1

nokazareneMm (ax)3 >0, u Tak Kak —3%/a <0, To HU AJS OZHOTO

x > 0 ypaBuenue (1) me mIpeBpalaeTcs B BEpHOe PaBEHCTBO (CeBa B
HEM TMOJIOYKHTEJHLHOEe UMCJIO, a CIIpaBa — oTpurarejbuoe). Ciemo-
BaTeJIbHO, YpaBHeHUe (1) He mMeeT pelreHuil B 3TOM CJIydae.

3) Ecau a <0, to —3/a =%/-a =3/|a] >0.
1
s mroboro x > 0 umeem ax < 0, 1 TO9TOMY 3anuch (Ax)3 He

uMeeT cMbIcJja, T. e. cpeau x > 0 HeT perrenuit ypaBuenus (1).
1
IOnsa x = 0 umeem ax = 0 u (ax)3 =0#3/la| >0, T. e. x = 0 He

ABJAETCA pellleHreM ypaBHeHusa (1) B aToMm cayuae.
IOna moboro x <0 umeem ax = (—a) (—x) = |al |x| > 0. ITo-
1

BTOMY HMeeT CMBLICI 3aluch (ax)3, U TaK KaK B BTOM cjaydae

1 1
(ax)3 =(|al|x|)3 =3/|a||x| =3/|a| %/|x|, To ypaBHenue (1) mepemnn-

ImeTcsa B BUae
Yal¥|x| =¥/|al. (2)

Tax kak 3/|a| 20, To ypaBHeHue (2) paBHOCUJIBLHO ypaBHe-

umo 3/|x| =1, xoTopoe (yumTeiBasg, urto x < 0) MMeeT eIUHCT-

BEHHBINT KOpeHb —1.

CiemoBaTesibHO, ypaBHeHUe (1) He nMeeT KOpHeN A Kark-
moro a > 0; a060e 4McIO0 X ABIAsAETCSA ero KopHeMm aasa a = 0;
uMeeT eqIUHCTBEeHHBIN KopeHb —1 miad rammoro a < 0.

4.2. CBOWCTBa CTENEHU C paLnNOHaibHbIM MNoKa3aTesiemM

B mammomM myHKTe HOKAasaHBbI HOBbIE TEOPEMBI O CBOMCTBaX
CTelleHN C PallOHAJLHBIM IIOKas3aTesieM, 13 KOTOPBIX cJaeayerT,
YTO CBOICTBA CTeleHell, N3BeCTHbIe paHee IJIsS IeJbIX IToKasa-
TeJel, CIpaBeAJIUBLI U IJIs PAIlMOHAJIbHBIX TOKa3aTese.

Pemenua u KOMMEHTaApHuHu

4.22, 6) YupocTure BbBIpasKeHUE
B= 4  a% -2 _a*—8a%  4a%°
a® -8 a+2a%° +4 a-16 a%s + 4’

Penrenne.
1) 4 _ a%5 —2 _ 4 _ (a0,5 — 2)2 _
a® -8 a+2a% +4 al%-8 (a%° -2)(a+2a%° +4)
_ 4 a—4a% +4 —a+4a%5
T a%-8  a»-8 a5 -8
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—a+4a% a2 —8a% _ —a%5(a%> —4)a®5(a5 -8) g

2 . = = :
) a® -8 a—-16 (@ -8)-(a%® —4)(@a’> +4) a®>+4
— 4a0%> a%5(a%5 + 4)
3) B= % - =— =—a%s,
) a% +4 a% +4 a%s +4

IToguepkHeM, 4TO Bce MpeoOpa3oBaHuA BhIpaskeHUsa B smech
IIPOBEAEHBI AJIA TeX @, OJIA KasKJ0ro M3 KOTOPBLIX BCE paccMar-
puBaeMble BLIPAMKEHUA MMEIOT CMBICJI, T. €. IJs JIOObIX a, Ta-
Kux,utroa =20, a #4, a # 16.

4.23. a) Mosxer 1u 3HaUeHUE BBIPAYKEHUS
1 1

A=22"% 10,257~ 9(x - 2)°
X3 —x'3

paBHATBCA 17

Pemenne. Cuauasia mpeoOpasyeM BbIpaskeHue A, moJaras,
yro x >0, x #1, x # 2, Tak KaK B IPOTUBHOM CJIy4ae 3TO BHI-
pakeHUe He OIpeNeseHO:

1

x32(x -1 4
x 3(x—1)

Temepb BBIACHUM, CYII[ECTBYET JIX TAKOE X, YAOBJIETBOPSIO-
miee ycaoBuam x > 0, x # 1, x # 2, Ipu KOTOPOM

x—1=1. (1)

YpaBHenue (1) mMeeT eOUWHCTBEHHBIII KOpeHb X = 2. ITO

03HAYaeT, YTO He CYIIEeCTBYeT TAKOI'0 X, YAOBJIETBOPSIOIETO

ycaoBusaMm x >0, x#1, x# 2, Ipu KOTOPOM BEepPHO pPaBeH-
ctBo (1). CnemoBaTenbHO, BhIpasKeHne A He MOMKeT paBHATHCA 1.

1 7%
A= = -91=x+8-9=x-1.

IIpomeskyTouHBIiiT KOHTPOAB. C—18.

4.3. MNMoHaTHMe npepgena nocjsenoBaresibHOCTU

B manHOM myHKTe cHauajia BBOAWTCS HNOHATHE O0ECKOHEUYHO
MaJsioli (ImocJjieqoBaTeJIbHOCTA WJIM IIePEeMEeHHOM), IIPU 5TOM Ha
6a30BOM ypOBHe He (PopMaam3yeTcs TEPMUH «CTPEMUTHCS»,
IOCTATOYHO HAYUYUTH IITKOJBHUKOB U3 MPENJIOKEHHBIX IIepe-
MEeHHBIX IIPABUJBHO HAXOMUTh OECKOHeUHO MaJjble. PopMaJb-
HOe oIIpejeJieHrie 0eCKOHEUHO MaJoll Ha A3bIKe «E — N» B yue0-
HUKEe WMeeTCs, BBOAUTCA TaKKe IOHATHE OeCKOHEUHO
6oabirori. OHU TIpemHa3HaYeHbl OJA YIJIyOJeHHOTO M3yUYeHUS
matematuku. [loHAaTHe Tpezesia MMOCJIeLOBATEIBLHOCTH (POPMU-
pyeTcs ¢ IOMOIIbIO TIOHATUA 0ECKOHEYHO MaJIoi.

O6paTuM BHUMAaHUE Ha TO, YTO HEKOTOPHIM yUalllUMCs 3aja-
Hud 4.25 u 4.29 MoryT mOKa3aThCs CIOMKHBIMU, TaK KaK OHU He
YMEIOT JeJUTh MHOTOUJIEH Ha OJHOUYJEH, AByuaeH. Hamo mocose-
TOBaTh UM IIPEACTABIATH JaHHBIE JPOOU B BUIE CYMMBI JPOOeii.

B mupaktuueckux martepuasax (m. 19) pasobpaH panm mpu-
MepOB Ha MOHATHUE IIpelesa MoCaeq0BaTeIbHOCTH.
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Pemenua u KOMMEeEeHTaApPpHuUHA

4.25. IlpexcraBbTe IepeMEeHHYIO (O, B BHJ€e CYMMBI IIOCTO-
AHHOW M 6eCKOHEUYHO MAaJjoi, ecyau:

n+1 n? +4n
a) o, ; B) o, =—7
n n
n+1
Peurenmne. a) o, Q+l=1+*;
n n n n
n +4n n2 4n 4
B) O, = =" 40 =1+7,
) n? n?2 n2 n

1 4
3mecs — 1 — — OECKOHEUYHO MaJIble.
n n

IATu mpeobpasoBaHUS HEOOXOAUMO OCBOUTH, UTOOBI B aHAJIO-
TUYHBIX CJHy4YadX HaXOAUTh IIpeaeJibl HOCJIe,Z[OBaTeJILHOCTeﬁ.

4.29. n) Haiigure mpenes mepeMeHHOU, IIPeICTaBUB €€ B

n+2
BHUJle CYMMBI IIOCTOAHHOU 1 6eCKOHEeUHO MaJoii: lim
no+oon+1
. n+2 . n+l 1 . 1
Pemrenue. lim — > = lim + =lim [1+— |=1,
n—+oo N+ n—+o\n+1 n+1 n— +oo n+1

1 .
TaK KaK BbeIpaskeHwue 1 +? ABJseTcA cymMMon umncaa 1 u Gec-
n

N |
KOHEUHO MaJIoll ———.
n+1

4.30. [Insa 3agaHHOTO IIOJOKUTEIHLHOTO € YKaKUTEe TaKoe
uyuciao N, 4TO AJA IepeMeHHON a, A BCeX HaTypPaTbHBIX
n > N BBIIOTHAETCA HePaBeHCTBO |0c | < e, econ:

a) ocnzl; 0) o, ==

n

Pemrenne. IIpu BBRITIOSTHEHUM 9TOTO 3aJaHUs JOCTATOYHO OT-
paHUYnTHCA mombopoM umeaa N I BBIOPAHHOTO YHCJa €.

a) Ecau € = 0,1, To mpu n > 10 crupaBesinBO HepaBEeHCTBO
lo,| <€, T. e. N =10; ecau € = 0,01, To mpu n > 100 crnpases-
JUBO HEpaBeHCTBO |0, | <€, T. e. N = 100. Ins mo60ro 81> 0

1
IpU 1>~ CIpaBeJJINBO HEPABEHCTBO |0, | <€, T. e. N =",
€ £
6) Eciu ¢ = 0,1, To nmpu n > 20 crnpaBegJinBO HEPaBEHCTBO
lo,| <€, T. e. N =20; ecau € = 0,01, To npu n > 200 cupasez-
JINBO HEPaBEHCTBO |oc |<e, 7. e. N=200. Iaa mo6oro &> 0
2 2
opu n>~ crnpaBefJUBO HEPaBeHCTBO |0 | <€, T. e. N ==,
€ €
B kamaoM m3 paccMOTpPeHHBIX 3aJaHUIl ydaliuecs MOTYT
IPUBECTHU eIlle HeCKOJIbKO IIPUMEPOB, TJIaBHOe Ha3HaUeHUe KO-
TOPBIX — IMOKAa3aTh, 4TO JJisd Jo6oro € > 0 B JaHHOM IIpUMepe
MOJKHO II0Z0o0paTh Takoe umcio N, 4To mpu Bcex n > N crpa-
Be/IJINBO HEPABEHCTEBO |0, | < €.
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4.31. Hcnosb3ys olpeaeaeHne 0eCKOHEeUHO MaJjoll BeJINYN-
HEBI (uepes € u N), TOKaKUTe, 4TO lepeMeHHadA 0, — 0eCKOHeU-
HO MaJjasi BeJUYUHA, eCJIU:

6) o, = 2000, o n

n+10 n?+1

Pemenne. 6) IlycTs 3amamo umcao € > 0. Haiimem Bce Ta-
Kue n, AJs KOTOPBIX CIIPaBe[JIMBO HEPaBEHCTBO | 0, | <€, T. e.
CIIpaBeJINBO HEPaBEHCTBO

2000 | _. )
n+10
Tak xax n > 0, To HepaBeHcTBO (1) mepemnuilieM B BUIe
2000
<Ee. 2
n+10 (2)

Tax kak n > 0 u € > 0, To HepaBeHCTBO (2) PABHOCUJIBHO He-
PaBeHCTBY

n>2000 49,
Takum obOpasom, HepaBeHcTBO (1) cIopaBemamMBO TOraa U
2000
TOJIBKO Torza, Korma n>-———10. Ecau B KauecTBe unucaa N
€

BO3bBMEM @—10 (n1a € < 200), To agsa JaI060TO BHLIOPAHHOTO

¢ > 0 3 HepaBeHCTBa n > N ciegyeT HEpaBeHCTBO |0, | < €, a o
OIIpEeJIeJIEHNIO DTO O3HAYAET, UTO 0, — OECKOHEUHO MaJas.

3mech IIOJIe3HO BLIOpPATh HECKOJbKO 3HAUEHUI €, YTOOBI II0-
SICHUTH CMBICJ CKa3aHHOTO.

2000
Eciu ¢ =0,2, To mpwm n>W—10= 10 000 — 10 = 9990
’

CIIpaBeIMBO HEPaBeHCTBO |0, | < €, T. e. N = 9990;

ecom €= 0,1, To mpu n>%—10= 20 000 — 10 = 19 990

CIIpaBeJIMBO HEPaBEHCTBO |0, | <€, T. e. N = 19 990;

ecomm € = 0,01, To TpE 1 > % ~10 =200 000 — 10 = 199 990
CIIpaBe/IINBO HEPABEHCTBO |0, | < €, T. e. N = 199 990.

31ech yuaImmxca HYKHO IOBECTH K BBIBOAY: €CJIH B Kaue-

CTBe € BbI6paTB CKOJIb YTOOHO MaJioe IIOJIOMKHTEJIbHOEe YNCJIO, TO

mo ¢opmye N=M—10 Bcerga HaugeTcsa Takoe umciio N,
€

4YTO U3 HepaBeHCTBa n > N cjeayeT HepaBeHCTBO |0, | < .

B) OTo 3ajaHUe CJOXKHee IIPeABIAYIero. 3jech HepaBeH-
CTBO |0, | < € mpuBoAUT K HepaBeHCTBY €n? — n + € > 0, pemas
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KOTOpoe B mpexmooxkeHun, uto 0 <€ < 0,5 u n € N, moayuum

1-./1—4¢2 ans 1+./1—4¢2
2¢

9z . Orcroma ciemgyer, 4ToO ecjau B
1+./1-4¢2
2¢

u3 HepaBeHcTBa n > N GyeT cieoBaTh HEPABEHCTBO |0, | < .

B kauecTBe mpumepa ynob6mo B3ATH € = 0,4, Torma N = 2;
ecan B3ATh € =0,3, To N =3; ecau ke B3arb €= 0,1, TO
n>9,8...,T.e. N=9.

4.32. [Ina samanHoro uucaa M > 0 yKasKuUTe TaKoe YHMCJIIO
N, 4TO IJ1s1 BCeX HATYPAJbHBIX 71 > N BBIIIOJHAETCS HEPABEHCT-
BO |x,| > M, ecnn:

O<n<

KauecTBe unciaa N B3ATH , To pus aroooro 0 < e < 0,5

B) X = n?
" 100’ 2000
Pemenue. IIpu perieHuu 9TOTO 3aJaHUA JOCTATOUYHO Orpa-
HUYUTHCA mogbopoM uucyaa N mjs BeIOpaHHoro uucaa M.

B) Ecau M =10, Tto npu n > 1000 cupaBeqinBo HepaBeH-
ctBo |x,| > M, 1. e. N = 1000; eciu M = 200, To nipu n > 20 000
cIIpaBeaJINBO HEePaBEeHCTBO |x | > M, . e. N =20 000. [Ina mto-
6oro M > 0 npu n > 100M cnpaBeasnBo HEepPaBeHCTBO |x,| > M,
T. e. N =100M.

r) Ecaum M = 400, To ipu n > 20 cupaBeanBO HEPABEHCTBO
|x,|> M, . e. N=20; ectu M = 2500, To npu n > 50 cupasez-
JUBO HEpaBeHCTBO |x,|> M, T. e. N =50. [usa mo6oro M > 0
npu n>+/M CcHpaBeLIMBO HEPABEHCTBO |x,|> M, r.e.
N=+VM.

n) Eciu M = 100, to npu n > 33 cupaBeIJINBO HEPABEHCT-
BO |x,|> M, 1. e. N = 83; eciu M = 600, To mpu n > 200 crpa-
BeIINBO HepaBeHCTBO |x,| > M, 1. e. N = 200. [l;ia nro6oro

r) x,=n% n@) x,=-3n; e)x,=

n

M
M >0 mpu n > Y CIIpaBe[JIMBO HepaBeHCTBO |x, |> M, T. e.

N=M
3

e) Eciu M =5, to ipu n > 100 cupaBeaJnBO HepaBEeHCTBO
|x,| > M, . e. N =100; eciu M = 20, To npu n > 200 cupases-
JIMBO HEPABEHCTBO |x,| > M, T. e. N = 200. [usa ao6oro M > 0
npu n >+/2000M chopaBenuBO HepaBeHCTBO |x,|> M, T. e.

=+/2000M .

B KasKJ0M M3 PACCMOTDEHHBIX 3aJaHUil yual[uecs MOTYT
IPUBECTH ellle HeCKOJLKO IPUMepOB, TJIaBHOe HasHaueHue KO-
TOPBIX — IIOKA3aTh, UTO AJsA Jo6oro M > 0 B JaHHOM IpuMepe
MOKHO TOZ00paTh Takoe umciao N, uTo Npu Bcex n > N cmopa-
BeJIJINBO HEPAaBEeHCTEBO |x,| > M.

73



4.33. Ucnonbsysa onpeneneHre 6€6CKOHEYHO OOJIBIIION BEJIU-
unHH (depe3 M u N), ZoKaXuUTe, 4TO llepeMeHHas X, — 0ecKo-
HEYHO 0O0JIbINIasg BeJINUYUHA, €CJIU:

B) x _n+b5, e) x _n?2-9

n 3 4 n n *

HoxraszarensctBo. B) IlycTh mano uucao M > 0. Haiinem Bce

TaKkWe n, IJA KOTOPBIX CIIPAaBeIJIMBO HepaBeHCTBO |x,|> M,

T. €. CIIpaBeaJINBO HEPaBE€HCTBO

‘ nts ‘ > M. (3)
Tax xak n > 0, To HepaBeHCTBO (3) mepenuIilieM B BUIe
nES S . (4)

HepasencTso (4) paBHOCUJIBHO HepaBeHCTBY n > 3M — 5.

Takum o6pasoMm, HepaBeHCTBO (3) cOpaBemawmBO Torma H
TOJIBKO TOTga, Korma n > 3M — 5. Ecau B KauecTBe umncjaa N
BOo3bMeM Haumbosabiree us umcea 0 mw 3M — 5, To gasa Jar00ro
BbpIOpanHOTO M > 0 M3 HepaBeHcTBa n > N cienyeT HepaBeHCT-
BO |x,| > M, a mo ompejesieHUIO 3TO 03HAYAET, UTO X, — OECKO-
HeYHO OOoJIbIIIasd.

3mech II0JIeBHO BBIOpPATh HECKOJBbKO 3HaueHuUl M, UTOOBI
MMOSICHUTH CMBICJI CKa3aHHOTO.

Eciu M =1, Tto mpu n >0 copaBeainBO HepaBEeHCTBO
|x,|>M, T.e. N=0;

ecau M =10, to nmpu n > 30 — 5 = 25 cupaBeniuBo Hepa-
BEHCTBO |x,| > M, 1. e. N = 25;

ecaun M = 200, to mpu n > 600 — 5 = 595 cupaseaniuBo He-
paseHctso |x,| > M, 1. e. N = 595.

31ech yJaluxcsa HyKHO IIOABECTU K BBIBOY: €CJIM B KaUecT-
Be M BBIOPATH CKOJb YIOAHO OOJIBIIIOE IIOJIOXKUTEIHHOE UHCJIO,
1O 1o popmysie N = 3M — 5 MBI Bcerjia HaiileM Takoe 4ucyo N,
4YTO W3 HepaBeHCTBa n > N cieayeT HepaBeHCTBO |x,|> M.

e) DTo 3aflaHNe CJOKHee IpeAbIAyINero. 31ech HePaBeHCT-
BO |x,|>M wmamo pemars, cumras, uro n >3 (TaKk Kak
n — +oo). Torna HEPaBEHCTEBO |x,| > M DPaBHOCUJILHO HepaBeH-
ctBy n?2—-Mn—-9>0, pemas KOTOpoe MOJYUYUM, UYTO

>M+1/M2+36 M — /M2 + 36

(perteHus n < He YIOBJIETBODA-

2 2
IOT YCJIOBUIO 11 > 3).
M + /M2 + 36
Ecau B KauectBe unciaa N B3ATh —————————, TO JOJIA JIIO-

2
6oro M > 0 BBIIIOJIHEHO YCJIOBUE N > 3 U U3 HepaBeHcTBa n > N
cJleflyeT HEPABEHCTBO |x,|> M.
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B xauectBe mpumepa ymo6HO B3aATH M =8, Torma N = 9;
ecau B3saTb M =10, To n > 10,8..., T. e. N =10; ecau B3ATH
M =20, Ton>20,4..., . e. N =20.

4.4*. CBoMcTBa npenesnos

B nmammHOM myHKTe IpuUBeAeHBI CBOMCTBAa IIPEAEJIOB CyMMEBEI,
pPasHOCTH, IIPOM3BEEHUA ¥ YAaCTHOTO UM CBOWCTBO BBLIHECEHUA
IOCTOAHHOTO MHOMKUTeJA 3a 3HaAK IIpeneia. [lokasaTeyibCcTBa
STUX CBOWCTB He IIPEAYyCMOTPEHbI IMPOTPaMMON U B yUeOHUKE
He TPUBEJEHBbI.

Pemenus m KOMMEeHTapuu

4.35. Haiigure npenpei:

. 2n+1 . nd+n . 2-n
B) lim ;oK) lim ; 8) lim .
n—+c0 5 —3n n—>+oo n2 —1 n—+co 3 — 1
Pemenue.
B) lim 2n+1: i n:”_’+°° n :i:—g-
n—+o0 D —8N n—+oo §_3 . 5 -3 3’
n Iim | —-3
n—+oco\ N
1
3 n+-—
%) lim "= 1im N — too;
n— +oo n2—1 n— +oo l_é
n2
2 1

. 2-n _ .. n2 n_0 _
3) nl—];IIIOO?)—nZ_nl—l»IPoo i_ _—1_0-

n2
4.37. Haitigute nmpemen: a) lim (n® —10n2 +2n);

B) lim (Jn+1-n) o

Pemenune. a) lim (n® —10n2 +2n)= lim n3 (1—1O+2J=

n— +oo n— +oo n2 n

n— +oo n— +oo

B) lim (\/m_\/ﬁ)z li (\/nT\/n\/:)l(\J{? \/7)

lim n? - lim (1—10+2) +o0;

n+1 n
_n1~1>131001/n+1+\/7 n%+oo\/l’l+1+\/7 lim (\/n+1+\/ﬁ)_
n— +oo
- 1 -0
lim Jn+1+ lim \n
n— +oo n— +oo
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Ilpu BBIuMcaeHUU Hpenesa B 3agaHuu 4.37B MUCIOIHB30BAHO
cBoiicTBO mpefena lim ,/x, = | lim x,, He moKasaHHOe B yueb-
n— +oo

n— +oo
HUKe, HO JOKasaHHOe B IUIaKTUUYeCKuX marepuaiaax (m. 19).
IIpomeskyTouHBIiT KOHTPOAB. C—19.

4.5. BecKOHeYHO yObiBaloLLaa reoMeTpuyeckas nporpeccus

B nammoMm nmyHKTe HanmomMmHaeTrcsa (opMmyJia n-ro 4yjieHa reo-
MeTPUUEeCKOH mporpeccuu, (pOpMyJia CYMMbI TIEPBBIX 7. ee dJje-
HOB. OOpaTuM BHUMAaHNE Ha OCOOEHHOCTH TEPMUHOJIOTUM: He
BCsAKasaA 0eCKOHEUHO yOBLIBAIOIAs IPOTrPecCus sBJIsIETCS yObI-
Bamomieil mporpeccueii. Ecaum —1 < ¢ < 0, To mporpeccusi He SAB-
JseTca yObIBaroleil, HaIrpmMep, reoMeTpuyYecKasd IPOTPecCcCUs

1
1, =, ... He yObIBaloIljasi, HO OHA ABJAETCA OECKOHEUHO

274 8
) " _ 1
yOBIBaIOINell Iporpeccueii, Tak Kak q——E u|q| < 1.

C OecxoHeuHO yOBIBaIOINell HMPOTpPeccHell cBs3aHa M3BECT-
Hasd ICUXO0JOTruUecKas TPYAHOCTh, KOTOPYIO YUAIIIUMCSA TPYAHO
IpeoIoaeTh: OYKBO# S 0003HAYUIN CYMMY OECKOHEUHOTO YKC-
Jla cjaraeMbiX a + aq + aq? + ..., OECKOHEUHBIN IIPOIECC CJIO-
JKEeHUA 3aBePIIUTH HEBO3ZMOXKHO, OJJHAKO CyMMa CYIIeCTBYeT U

a
BBIUHCJAETCA IO (popmyie T
—-q

IIpuBenem aBa mpuMepa, KOTOPBIE ITO3BOJAT HIPUMUPUTH
YUaIlluxcsi C MBICIBIO, UTO OECKOHEUHBIN IIPOIIECC CJIOKEeHUA
MOJKeT UMeTh KOHEeUHBIN pe3yJIbTar.

1) Ecam pgmHy oTpesKa %M BBIPA3UTh [AECATUUYHON IPO-

6pi0, To moayuurca 0,3333...m, mau 0,3 + 0,03 + 0,003 +
+0,0003 + ... m.

2) Ecuau mromanb KBaapara paBHa 1 m 3akpallimBalOT cHava-
Jia TIOJIOBUHY KBajJpara, IIOTOM II0JIOBUHY He3aKpallleHHOUN YacTu,
IIOTOM ITOJIOBUHY OCTaBIIEeNCA He3aKpallleHHONM YacTH KBaapaTa U
T. ., TO IIPOIIECC 3aKpalINBaHUA OECKOHEUEeH, HO OUEBUIHO, UTO
«B TIpeJiesie» TJIONIAlb 3aKPaIlleHHOM YacTy KBaJpaTa paBHA ILIO-
Iaau KBaapara, T. €. paBHa 1. 9To IIOATBEP:KIAeT 1 IpUMeHeHe
dopMyIBI cyMMblI 0ECKOHEUHO yOBIBAIOIIEH  IIPOTPECCUN:

1,1, 1, _ 2 _
5 +22 +23 +...= 1 =1 (cm. zagaume 4.38a).

2
Pemenua u KOMMEeHTAaApHuHu

4.40. a) Horaxxkure, uto umcyao 0,(3) ectp cymma pazna
0,3 + 0,03 + 0,003 + ....
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Pemenne. CymMa OeCKOHEUHO YOBLIBAIOIIEH TreoMeTpurue-

ckonr mporpeccum 0,3 + 0,03 + 0,003 + ... paBHa apobu
_03 _ l, a 1poOb — paBHA OECKOHEUHOM MepPUOANUYECKOM Jecs-
1-0,1 3 3
tuuHO# npodu 0,(3). Takum odopaszom, cymma psaga 0,3 + 0,03 +
+ 0,003 + ... = 0,(3).

3agaun 4.43 u 4.44 ABIAIOTCA 3aJadyaMU IJIs CAMOCTOSTEIb-
HBIX pacueToB. IIpakTUKa IIOKa3bIBaeT, UTO HAXOAUTCA MaJIo Je-
CATUKJIACCHUKOB, CIIOCOOHBIX CAMOCTOSTEJIbHO HAMETUTH ILJIaH
pellleHrsa TaKUX 3amad. daie BCero 9TOT IJIaH TPUXOAUTCA Ha-
MeuaTh YUYMTEJI0 WM PelllaTh ¢ yUYalluMUCA TMEePBYIO 3a7auy B
pacueTre Ha TO, UTO KTO-TO U3 HUX CMOYKET PEIIUTL BTOPYIO.

4.43. Croponsnl kBaapara (puc. 21, a) pasnenuau Ha 3 paB-
HbIe yacTu. Ha KaKmoll cpegHel YacTH BO BHEITHIOIO 00J1acTb
TOCTPOMJIYM HOBBIM KBaApaT W STy CPETHIOI0 YacTh YIaJIUJIN.
ITonryunaace purypa, nsobparkeHHas Ha pucyake 21, 6. 3arem
KaKIYI0 CTOPOHY HOJYUYEHHOIN (PUIyphbl pasfe uju Ha 3 pas-
Hble yacTu. Ha kakgoill cpenHell YacTu IIOCTPOUJIM HOBBIU
KBaJpaT BO BHEIITHIOIO 00JIaCTh U 3Ty CPEAHIO YacTh YAAJIUJIU.
ITonryunnace ¢urypa, mzobpaskeHHas Ha pucyHke 21, 8. Tem
JKe cImocoboM IOJaYUYuIn TpeThbio purypy (puc. 21, 2) u T. 1.

a) Oupegpenure miaomane S, GUIypPHl, IMOJYyYEeHHON IIOCIIE
n-ro npeo6pa3oBaHUA, €CJIM @ — CTOPOHA MCXOJAHOTO KBajapara.

6) OmnpenesnuTte mpenesi, K KOTOPOMY CTPEMHUTCA ILJIOIIAIb
S, GUurypsl npu n — +oo.

JonoxHuTenbHble 3agaHud. B) Onpenesnure mepumerp P,
durypnsl, MOOJYUEeHHOI IIOocje n-ro IIpeodpas3soBaHUs, €CJu
a — CTOpOHa MCXOMHOTO KBajpara.

r) Ompepenure IIpenes, K KOTOPOMY CTPEMHUTCSA IIEPUMETP
P, durypsl npu n — +oo.

Pemenue. O6o3nauum gannyo burypy F,, a F, — durypy,
noJydeHHy0 mocJse n-ro (n € N) npeoopasoBanusi. Ha pucyH-
ke 21, a—ez usobpaxens! ¢puryps: F,, F,, F,, F,.

IIpu xkasxgoM mpeoOpasoBaHUM UHCIIO C, CTOPOH 3aMKHYTOH
JIOMaHOM, orpaHMYmBaIolieil Gurypy, yBeanuyuBaerca B 5 pas,
TaK KaK BMECTO KasKJIOT0 OTPe3Ka moABJJsaeTcA 5 oTpe3KoB. Ilo-
atromy c, =4 - 5*. IIlpu sTomM AJUHA @, OTPE3KOB, COCTABJAIO-
X TPAHUIY QUTYPHI, IPU KaKJOM IIpPeo0pasoBaHUU yMeHb-

a
maerca B 3 pasa, IIO9TOMY @, =g Torma mepuMeTp PUTYPHI

F, ects P,=a,-c =;-4-5"=4a-[2). OueBUIHO, UYTO

n n n

P, — +oco mpu n — +oo, TaK Kak g>1 U TIO3TOMY (g) Heorpa-

HUYEeHHO BO3pacTaeT IIpu n — +oo.
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a) F, 6) F,

B) F, r) Fy

Puc. 21

Yucmo k, HOBBIX KBaJpaToB, 00pasyMOINuUXCA IIOCJIe 1n-TO
npeoO6pasoBaHUA, PABHO UHCIYy CTOpOH ¢urypel F, ,, T.e.
k,=c, ,=4-5""1, Torga cymma s, IJoImaaeil HOBBIX KBaJpa-
TOB, IIOJIyUYeHHBIX IIOCJIe 11-T'0 IIpeo0pa3oBaHUsA, paBHA

2 n-1
sn=kn‘(an)2=4~5"l-(a) =4a2-(5j .
3n 9 9

CyMMa ILIomazeil BCeX HOBBIX KBAApPaTOB, IIOJYYEHHBIX B
mpeobpasoBaHuAX ¢ 1-Tr0 10 n-e, €eCTh CyMMa IIE€PBLIX 11 YJIEHOB
reoMeTPUYECKOM IIporpeccun, oHa paBHA



Torgza nromans S, purypsr F, ects S, = a? + a? — a? - (g) ,

OHa cTpeMuTcsa K a? + a? = 2a? upu n — +oo.
OrBer. a) S, =2a%—-a?- (g) ; 06) 2a% B) P, :4a.[g) ;

r) P, — +co mpu n — +oo.

4.6. Yucno e

B mammom nmyHKTe 6€3 JOKasaTebCTBAa IIPUBEIEHBI TEOPEeMBbI
1 u 2 o Ipezesie orpaHUUYEeHHON IIepeMeHHOM. B mpumMmepe 3 pac-

n
1
cMaTpuBaeTcA IepeMeHHad U, = (1+ , n € N. YTBep:Kaaer-
n

csd, YTO 3Ta IepeMeHHas MMeeT IIpefiesl — HEeKOTOpPOe YMCJIO.
9TO YHMCJIO IIPUHATO 0003HAUaTh OYKBOIl e. Hmcyo e mppamnuo-
HaJIbHOE, OHO 3aIlnChIBaeTCA B BuUlEe 0ECKOHEUHON HeIepuomau-
YecKoOU mecATHUYHON napobu 2,718281828459045.... OOGbIUHO
WCHOJIB3YIOT IIPUOIMKeHne yrcjaa e, paBHoe 2,7. [[na samomu-
HaHUA OOJIBLIIIEr0 Ymcja 3HAKOB OOpaTMM BHUMAHUE HA TO, UTO
CO BTOPOTO [AECATHUYHOTO 3HAKA B 3allMCH UKCJA e ABa pasa Io-
BTOpserca rox posxkaenus JI. H. Toxcroro (1828).

Ormerum, uto [amuuny Beprynaau (1700—1782) npuuan-

1" L .1,1,1

JEeXKUT JOKAa3aTeJIbCTBO paBeHcTBa |1+ n) =1+ m + o + 31 +...,

IaroIero 3aKOH AJIS BBIUUCICHUSA NJeCATUYHBLIX 3HAKOB UHCJIA e
¢ J11000¥ TOYHOCTHIO.

J1a MOTUBUPOBKU PAaCCMOTPEHUSA IIEPEeMEHHON U, MOXKHO
paccMoOTpeTh CHUTyalllio, ONMMCaHHYI0 B 3amaHuu 4.48. 3mech
MOJKHO IOKas3aTh, UTO AJA Yucjga n — 1 ImepeBJIOKeHUN cyMMa

n
1
Ha BKJIaJle B KOHIE T'O/la YBEJIUUYUTCA B (1 +) pas.
n

Pemenusas M KOMMEHTapuu

4.48. IlpexncraBum cebe, UTO HEKOTOPBIA OAHK IJATUT IO

BKJIagaM 100% T'OAOBBIX HE3aBHCHMMO OT CPOKa XPaHEeHUudA
100 %

3 b
3a i roga 25% u 1. 1. CoctaBbTe GOPMYJY, IO KOTOPOH MOYKHO

BKJIaza, T. e. 3a 1 rog 100%, 3a % roga 50%, sa % roza

HaWTU YMNCJIO, IMOKAa3bIBAIOIIlee, BO CKOJIBKO Pas3 yBeJIUUYNIach
BJIOJKEHHAasA CyMMa K KOHILY I'ofia, ecJau IPOBOAUJIOChH n — 1 1e-
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. 1
PeBJIOKEHNU CYMMBI Ha — YacCThb roja. K gyeMy CTpeMUuTCA 9TO
n

YUCJ0 TPU N —> +0o?
Pemenne. ITycTs Ha cueT mosoxkuau a p. us pacuera 100%

rogoBeix. Torma wuweped 1 rom Ha cueTe OKakeTcs

a+a 100 _ 2a p. Cymma yBesmuuTcd 3a Tof B U, = 2 pasa.

100
Eciu mosouTth Ty Ke cyMMy Ha % roga u3 pacuera 100%

1 100
TOLOBBIX, TO 34 3 roga cymMMa yBeJIMYUTCA Ha T% 1 COCTaBUT

100
a+a1(2)0=a-(1+;) p. Ecau mewsru m moxon He CHUMATB CO

cyera, TO COIJiaCHO YyCJIOBUAM 3aJadul K KOHITYy I'oga CyMMa yBe-

JUYUTCS eIrfe pas Ha %% OT CyMMBI @ - |1 +% p. Torma uepes
1 2
1 rox Ha cuere oKaKeTcsd a-(l +2j p. CymMma yBeIuuuTca 3a

2
TOJl B U, = (1 +;) = 2,25 pasa.

1
Ecau Temepdh TMOJIOKUTH Ty Ke CYMMY Ha 3 rojia M3 pacuera

100% romoBbIX WM He CHHMATH HAEHbBI'HM CO CUETa, TO K KOHILY
3
1
roja Ha cueTe OKAaMKeTcsd az-(1+3 p. Cymma yBegmuurca 3a

3
roz B U, = (1 +;) =219 ~ 2,37 pasa.

1
Ecinn ke moaoXKUTHL Ty JXe CYMMYy Ha — 49aCTh Ioga nu3 pacue-
n

Ta 100% romoBbIX M He CHHUMAThL NEHbBI'M CO CUETa, TO K KOHILY

n
roga Ha cueTe OKaXXeTCdA a-(l+) p. CYMMa YBEJIMUUTCA 3a
n

1 n
rom B U, = (1 +n) pas.

MoskeT cirouThCA BIeUyaTJeHUE, YTO C YBeJIMUYEeHUEeM Yac-
TOTHI TIEPEBJIOJKEHNI CyMMBI B TeUeHMe Toja IepBOHAYAJIbHAA
cyMMa MOJKeT HeOTrPaHWUUYeHHO YBeJIUUYUBAThCA. ITO He Tak. Ile-
pPeMeHHas u, ABJAeTCA BO3pacTalollell, HO OrPaHUYeHa CBEPXY
YyucJoM 3, T. €. CyMMa He MOKeT YBeJIHUUThCA 0ojiee ueM B
3 pasa. IIpu n — +oco mepeMeHHasd U, CTPEMUTCA K YUCIY €.
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4.7. MoHsATME CTENEHU C UPPaALMNOHAJIbHbLIM NOKa3aTtenem

OcHOBHOe cofep:KaHue dTOTO MYHKTA CBSA3aHO C BBEAEHU-
eM IIOHATHUSA CTelleHUW C MPpPalMoHaJbHBIM HmoKasareineM. CHa-
yaja pasbACHAETCS, UTO IOHMMAaeTcd IOJ ducaoMm 32, 3a-
TeM — 4YTO IIOHMMaeTcsa Ioa uucjaoMm a% rtae a>0, a#1,
0 — uWppamnuoHagbHOe uncyio. HakoHell, gesraeTcs BBIBOI, UTO
ompenesieHa J00ad MeliCTBUTENIbHAS CTeIleHb MOJOMKUTEJIbHO-
ro YucJja.

Bojee moapo6HO 9TOT BOIPOC MOYKHO Pas3bsACHATL Tak. Pac-
CMOTPUM 5 cayuaes.

1) Ecam a > 1, o> 0, To crpemdAImieiica K 0. HeyObIBaroIei
TIOCJIefOBATEILHOCTH PAIIOHATIBHBIX YUCEJL 1y, Fgy vevy Fpy oos —
IeCATUYHBIX IIPUOJMIKEHUNI UYucjaa O C HeJZOCTATKOM, TIle
r; =[0], cooTBeTcTByeT HeyOBIBalomIiad IIOCJIELOBATEJIBHOCTH
at,a2, ...,a’, ... cTeIeHel Uncja a, orpaHUUYeHHAad CBEPXyY
yucyom a’1*1, ITo Teopeme 1 (1. 4.6) sTa mocaemsoBaTeIbHOCTD
uMeer mpenesa. Ilog uuciioM a* u TOHUMAIOT STOT IIpeae.

2) Ecim 0<a <1, a>0, To cTpemsdaIneiica K O HeyObI-
BalIllel IIOCJIeZOBATEeIbHOCTH paIMOHAJBHBIX YHCEJ Iy,
Tgy vees Ty oo — AECATHUUYHBIX NPUOIMKEHUN YHCIIA O ¢ HEJOC-
TaTKOM, Irje r; = [0], cooTBeTCTByeT HeBo3pacTalllad IIoCce-
IoBaTeJbHOCTh a’1, a’2, ..., a’t, ... CTeIIeHel umcjaa a, orpa-
HU4YeHHasa cHu3y uuciaoMm a’'*'. Ilo Teopeme 2 (m. 4.6) aTa
mocJIefOBaTeIbHOCTh, MMeeT mpenaesa. Iloa yucioM a* u MOHU-
MaloT 3TOT TpeneJ.

3) Ecau a > 1, o < 0, To cTpemsleiica K 0. HEBO3PaCTAIOIIEH
TI0CJIeIOBATEIbHOCTY PAIIMOHAJIBHBIX UMCEIL Iy, Ty, wevy Ty oo —
NeCATUYHBIX NPUOJMIKEeHNH Ynciaa o ¢ m30bITKOM, rje r; = [0],
COOTBETCTBYeT HeBO3pacTarlliasa ImocjaesoBaTeJIJbHOCTB 4’1, a2,
eee, @'k, ... CTEIIeHEeH umcJa @, OTPAaHUUYEHHAs CHHU3Y UMCJIOM
a™'. TIo Teopeme 2 (1. 4.6) aTa mOCJIeOBATEILHOCTH HMEET
npepes. Iloxg uucioMm a* 1 MOHUMAIOT STOT IIPEE.

4) Eciu 0 <a <1, oo <0, To cTpemsIneiica K O HeBo3pac-
Taloleil Iocjae0BaTeIbHOCTH PAIlMOHAJBHBIX UHUCET 7'y, 'y, ...

eees Ty ooo — JECATUYHBIX OPUOJAMIKEHNI Yrcaa O ¢ U30BITKOM,
roe ry; = [a], cooTBeTcTByeT HeyOBIBalollas IOCJIEeLOBaTEIIb-
HOCTHL a"l, a’2, ..., a’t, ... CTeIeHel Yucja a, orpaHuYeHHasd

cBepxy umcsoMm a’'"'. ITo Teopeme 1 (m. 4.6) sra mociemoBa-

TeJILHOCTh HMeeT mIpefei. 1Iox YucaoM a® ¥ IMOHHMAIOT JTOT
mpezeJ.

5) Ecam a =1 u o0 — uppamuoHaJIbHOe YHCJI0, TO CTPEeMs-
meicsas K O IOCJIeJ0BATEIbLHOCTHA PANMOHAJBHBIX YHCEN Iy,
gy weey Ty -oo — AECATUYHBIX MPUOIVIKEHUN YUCJIA (L COOTBET-
CTByeT IocJiefoBaTeJbHOCTD uncen 11, 12, ..., 1'¢, ..., cocrosa-
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IIad U3 OJHUX efUHHI, Tak Kak 1" = 1 qysa 1106010 pamuoHalb-
HOTO YmcJia r. ATa MOCJIeL0BaTEeJIbHOCTh UMeeT IIpeesl, PaBHBIH
1, T.e. 1%=1.

MokHO MOKasaThb, UTO CTPEMSAIIYIOCA K O IIOCJIeI0BaTEeb-
HOCTh PAIlMOHAJBHBIX UUCEN I'j, 'y, +.., ', ... MOXKHO BBIOPATH
JIFOOBIM cIIocoO0oM (He 00s3aTebHO TaK, KaK B PACCMOTPEHHBIX
caydasx), BCe PaBHO IIOCJIeN0BAaTeJIbHOCTb a'l, a2, ..., a’n, ...
OyIerT MMeThb IIPeaeJ U 9TOT Ipees He 3aBUCUT OT BLIOOpA II0-
CJIETOBATEIBHOCTH I'yy gy eeey Iy oee -

Crourt erre pas orMeTuTb, uro 0% =0 mpu Jjamobom o > 0, a
danucu 0° u 0 (o0 > 0) He ©MeIoT cMbICA.

Bes mokasarenbcTBa B yueOHUKE IPUBEIEHBI D CBOMCTB CTe-
IIeHU C AefiCTBUTEJbHBIM IMOKaszaTeieM. HeKoTopble 13 HUX 0y-
IyT WCIIOJIb30BAThCA MPU BBIMOJTHeHUN 3amauusd 4.51.

Pemenua u KOMMEHTaApHuu

4.49. Mexxay KaKUMHU ABYMSA COCEIHUMU HATYPAJIbHBIMN
yrcJIaMH 3aKJI0UeHO YucJao 2V2 ?

Tak kax 1 <+/2 <2, 102! <2¥2 <22, 1. e. 2<22 <4. Ho mpa-
BOe HEpPABEHCTBO MOXKHO yTouHHTb. Tak kak 1,4 <+/2 <15, To
2V2 <215, Tak kak 210 =2/2=2,8...<3, o 22 < 3.

Urak, 2 <22 < 3.

4.50. IlocTpoiiTe HeyOBIBAIOIIYIO IIOCJIEIOBATEIBHOCTD,
mpenesoM KOTOpo# sBjisgeTcsa uucygo 2" (m1 = 3,1415926...).

Otser. 23, 231, 2314 23141 931415

JdomomauTenbHbI BOmpoc. [loueMy mocTpoeHHAasT IIOCJIEO-
BaTeJbHOCTD SIBJISETCSA HeyObIBaloIlleil, a He CTPOTO0 BO3pacTaro-
mrein?

Oteer. IloToMy UTO B KaKOM-TO paspsAle YHCJIAa T MOYKEeT
BecTpetuthea mudpa 0, Torma aBa cocegHUX UJeHA IIOCJIEmOBa-
TEeJIBHOCTH OKAMKYTCSA PABHBIMU.

4.51. a) Brrumcaure 2V3 .22-V3

Pemenne. IIpeo6pasyem mpousBeaeHME, NCIIOJIb3YA CBOUCT-

Bo 1 cremeHu:
2V3 .92-V3 —93+2-43 =92 — 4.

4.8. MNokasaTenbHaa dYHKLUUSA

B mysxTe BBOguTCA (QyHKUUA Yy =a*, toe a>0, a#1,
x € R, paccMaTpuBaIOTCA CBOMCTBA 3TOU (DYHKIUM U ee Tpa-
GuK. ITU cBOIicTBa OYAYT MCIIOJIb30BAThCA B HaJIbHEMIIIEM IIPU
JIOKa3aTeJabCTBe CBOMCTB Jiorapu@mMuuyeckoll GpyHKIIUU, IPU pe-
IIeHNY MMOKAa3aTeJbHbIX YPaBHEHUN U HEPABEHCTB.
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PemeHua ¥ KOMMEHTApPHUH )

4.59. Ompegenure rpadpuuecKumM
cII0co60M, CKOJILKO KOPHEH mMeeT ypaB-
HeHme 2% = x2,

Ilpu pemrenuu sToii 3amauu ydarue-
cA OOBIYHO OTPAHWUYUBAIOTCA PACCMOTpPe-
HUEM rpadmKoB QYHKIIUHA B IPUBBIYHBIX
npenenax nasa y < 10 u HaXogAT TOJIBKO
JIBE TOUKU mepeceyeHusa rpadmkos. A ux
Tpu (puc. 22). IlosTomMy ypaBHeHUe
2% = x2 UMeeT TPU KOPHHA, OOUH U3 KOTO-
PBIX OTPUIIATEJBHBIN, a ABa APYTUX IIO- \ /
JIOJKUTEJbHBIE: X =2 U X = 4. /

L]
—

IIpoMeKyTOUHBINA KOHTPOJIb. \

KouTtposnbuas pabora Ne 3.

Jlorapuopmsl

5.1. MoHatue norapudma

B nynkTe BBOAUTCA mOoHATHE Jiorapudma. Ilpe:xge uem ma-
BaThb oIlpefesieHue Jorapu@Ma, MOMKHO IIPEIJIOKUTL yJUallliM-
cs YCTHBIE 3aJlaHUsI, B KOTOPBIX YacTo OyaeT 3BydaThb 00OPOT
«II0OKAa3aTeJb CTEeHeH’, B KOTOPYIO HaJOo BO3BECTH ..., UTOOBI
OOJIYYUTH ...». Hampumep, «HA30BUTEe MOKas3aTeNb CTEIeHU, B
KOTOPYIO HAI0 BO3BECTH 2, UTOOBLI IIOJYUYUTH 8», «HA30BUTE
moKasaTeJIb CTelleHM, B KOTOPYIO Haao BO3BeCTU 3, UTOOBI IIO-
JYYUTL 9».

OTBeThl HAa HECKOJIbKO TAaKMX BOIPOCOB HAJO0 3alucaTh Ha
IOCKe B BHE PABEHCTB:

23 =8,
32=09, ...

3aTeM HaIO CKas3aTb, YTO IIOKA3aTeJIb CTEIeH’, B KOTOPYIO
HAZ0 BO3BeCTH 2, UTOOBI IOJYUYUTH 8, HA3LIBAIOT JOrapmu(pMoM
ypcna 8 no ocHoBaHUIO 2 m obosHauaroT log, 8; mokasaTesnnb cre-
IeHU, B KOTOPYIO HAJ0 BO3BECTH 3, UTOOBI HMOJYyUYUTH 9, HAsbIBa-
10T Jorapudmom uncaa 9 1o ocHoBaHUIO 3 U 0603HaUaAOT log, 9 u
T. . ITo Xomy pasrosopa Ha JOCKe T00aBJISIOTCS HOBBIE 3aIIVICHU:
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23 =8, log, 8 = 3;
32=09, log, 9=...

Crenyer 3aMeTUTh, YTO OCHOBaHUE JorapudMa 1 OCHOBaHUE
CTEeIeHW B KaXJON CTPOUYKE — OJHO M TO Ke umcJyo. Temepb
yuamueca OyayT IIOATOTOBJIEHBI K BBEJAEHUIO OIIPeHeIeHUs JIO-
rapudma uucyga b 1o OCHOBAHUIO d.

B yuebnuKe rpadpmuecku 000CHOBBIBAETCS, UTO AJIS JIFOOOTO
b > 0 u go60ro a (a > 0, a # 1) cymecrTByer, 1 IIPUTOM €IUHCT-
BEeHHOe, UHMCJIO O, Takoe, 4yTo b = a®. Ero HasbIBaIOT J102apug-
mom qucaa b no ochosanuio a u obosHauarrT log, b, mpu sTom
yucyao a (a > 0, a # 1) Has3LIBAIOT OCHOBAHUEM Jozapupma. U3
onpezeaeHusa Jjorapudma cienyer, 4ro al°g«® =p,

3aech Ke BBOLATCS O0O3HAUEHUS AJA AEeCATUUYHBIX 1 HATY-
PaabHBIX JOrapu@MOB.

Pemenus m KkoMMeHTapuu

5.4. a) Brruuciaure log, 4.

Pemenne. Briumcnasa log, 4, Hy:kHO momo6parh IIOKasa-
TeJb CTEHeHU, B KOTOPYIO HAJO0 BO3BECTH UHUCJIO 2, YTOOBI II0-
ayuuTh 4: Tak Kak 22 =4, to log, 4 = 2.

5.5. Borumciaure: a) 2los23; ) 2logad+logas

Pemenne. a) Ilpumenss paBeHcCTBO al°f«b =5b, wumeem:
210g23 — 3.

r) IlpumeHsia CBOMCTBO CTeHmeHW ¥ PABEHCTBO al°fa’ =,
rMeeM:

210g23+10g25 :210g23 . 210g25 23,5:15.

5.9. Berumcawure: 3) e2m5; ) 10213,
Pemrenue. 3) e2n5 = (e ?)2 = 52 = 25;
a) 102123 =(103)2 =32 =9,

5.2. CeowncTtBa norapudpmoB

B nnyHKTE JOKa3bIBAIOTCSA OCHOBHBIE CBOMCTBA JOorapudmMoB
(;morapudm mpousBeeHUs, APO0OU, cTeleHn), hopMyJia mepe-
xoma sorapudMoB OT OJHOTO OCHOBAHUA K APYTOMY U CJEJCT-
Bus us Hee. CBoiicTBo sorapudmos log, b =log,vb" chopmy-

JupoBaHOo B 3damaHuu 5.21. B aqupmakTuuecKmX MaTepuaax
(z. 20) mokaszaHO eIlle OJHO CBOMCTBO JIOTapu(MOB, BbIpaskae-
MOe paBeHCTBOM al°gv¢ =clogve (¢ >0,b>0,b# 1, c > 0).

HoxasaTeabCTBA 9TUX MOCJEIHUX CBOUCTB HE BXOAAT B IIPO-
rpaMmy oOydyeHUs Ha 0a30BOM YpPOBHE, UX MOKET IPUBECTU
YUUTENb, a yYallluecs MOTYyT IPUMEHSATh UX HPU BBIIOJHEHUU
CJIOKHBIX 3aJlaHUH Ha IIpeoOpasoBaHMWe BHIDAKEHUI, COmEpIKa-
mux Jgorapu@mbl (cM., HampuMmep, 3aganume 126 us pasgesa
«3amaHuA OJIs TTOBTOPEHUS» ).

84



OTMeTuM eIre OZHO II0JIe3HOE CBOMCTBO JiorapudmMoB — pa-
BEHCTBO log, b” = 0, 00 € R, KOTOPOe HENOCPEJCTBEHHO CJIENYyeT
U3 ompenesieHus Jorapudma, HO MOXKHO TaKiKe CUUTATb, UTO
9TO YaCTHBIN ciayuail cBoiictBa jorapudmos log, b“ = o log, b
(upm b = a). 9TUM CBOMCTBOM YACTO MOJL3YIOTCA IPU PEIIeHUU
JorapudMuUecKnX ypaBHeHUN (HepaBeHCTB), 3aMeHAs, HATIPU-
Mep, yucao 3 guciaoM log, 23.

Pemenua u KOMMeEeHTaApHuUu

5.21. HMoxaxxure, uto aiad b >0, a>0, a #1 u maoboro ¥
(y+0)
log,b=1og vb".
HMoxrasareaxbcTtBo. Ilycts log,b=c¢, Torma b=a° wu
b’ = (a°)' = (aY)°, OTKyZAa II0 OIpeesIeHUI0 Jorapudma cjiaenyer,
yro c=log,yb". Ho Torma cupaBegINMBO  PABEHCTBO
log, b =1log,+b", uTo 1 TPeGOBATIOCH JOKA3ATH.

Ilonb3yschk yKasaHHBIM CBOMCTBOM, BBIUMCJIIIM:
a) log,, 125 =log;125=3; k) log,, 10*" =log,, 10" =m;

e

3) log, 2¢ =log, 22 =5

u) log 5 9™ =log; 9°™ =log; 3*" =4r.

log, 3 -log; 4
| 25.
log, 4 €5

2=1log, 3"*¢3* =log, 4=2.

5.26. a) Brrumcaure A =

log, 3-logz 4
2 1

5.27. a) Borumciure A = 33" 4 gloeret

Pemrenme. A =30 1218416 —31¢32° L 92 — 93 1412,

126. (3agmaHua A9 MOBTOPEHUS.)

Pemenne. A =

1 log 4 3J§- 1
logg [3 + ﬁ) - log < 345
9 -25 5 <275
6) Brriumciure A= glou510 .
5

logg |8+ L ¥ lo [LE’IJZ
gogg( *ﬁ) _95 825 /3 .210g53+10g5«/5

3log5 2+ log5 5

((3?5 1)2 _(3%— 1)2 ).21%5 3 . glory \5

3log52 -3log5 5

(19+6ﬁ_19—6ﬁ)'ﬁ

2 2 :

= = :4.
3 3

Pemenue. A =




31ech COKpaIleHbl paBHbIe MHOKUTENHN 2°65° 1 3'°¢52 (cBOii-
il 17
cTBO a ' =¢'°v% | IpuBeseHHOE BBIIIIE).

IIpomMeskyTouHBI# KOHTpPOJIb. C—20.

5.3. Jlorapudmunyeckaa dbyHKUMNSA

B nysxTe BBOmUTCA JorapudmMudueckas pynknuda y = log, x,
roea > 0,a # 1, x > 0, paccmaTpuBaOTCA CBOMCTBA 9TOH PYHK-
nun u ee rpapuk. OTMeTMM 0COOEHHOCTH MOKasaTeJIbCTBa He-
npepbiBHOCTU pyHKOUN Yy = log, x. Tak Kak rpaduru GyHEKOUN
y=1log,x (x>0) m x=aY coBmazamT, TO HEIPEePLIBHOCTH
dyarnum y = log, x cienyer u3 yKe OTMeUYeHHOH paHee HeIpe-
PBIBHOCTU QYHKIIUU X = @Y, T. €. TOKA3aTeJIbCTBO HEIPEPHIBHO-
cru QyHKnum y = log, x, o cyTu Jesia, onuMpaeTcs Ha HeIpe-
PBIBHOCTH OOpaTHOM (QYHKIIUM X = @Y, HO TaK KaK IIOHATHE
obOpaTHO#I PYHKIIUU eIlle He BBOAUJIOCH (9To MaTepuasa 11 Kjac-
ca), ToO B yueOHUKe TaKas TePMUHOJOTUA HEe UCI0JIb3yeTCsd.

CpoiicTBa JorapudMuueckoin (GpyHKIUU OYyAYyT MCIIOJIb30-
BaThCA B JaJbHEHIEM JId PelleHus Jorapu@MUUecKUX ypaB-
HEHUU 1 HepaBEeHCTB.

Pemenus m KoMMeHTapuu

5.33. Ucnooab3ys cBoiicTBa JorapupmMuuecKon QyHKIIUU,
cpasHure: a) log, 3 u log, 5; B) log, 3ulog, 5.

Pemenne. a) Taxk Kak QyHKIUA 13: log, azc BO3pacTaeT Ha
npomesxkyTke (0; +00), To 3 HepaBeHCTBa 3 < b cJjenyeT Hepa-
BeHcTBO log, 3 < log, 5.

B) Tak kKax ¢GyHKIUuA y=1log: x yObIBaeT Ha NIPOMEKYTKe

2

(0; +c0), TO ™3 HepaBeHCTBA 3<5 ciaedyeT HepPaBeHCTBO
log: 3>1og: 5.
2 2

JomosuuteasrHoe 3aganne. CpaBHUTe YUCIA:

a) log, 3 u log; 5; ©6) log, 4 u log, 5.

Pemrenue. a) YMHOXUM JaHHBIE YKCJaa Ha 2:
2 log, 3 =10g, 9, 2log, 5=1log, 25

¥ HAIIMIIIEM OYeBUHbIe HePABEHCTBA, CJELYIOIe U3 Bo3pacTa-
HuA QyHKNui y = log, x n y = log, x Ha npomexyTke (0; +00):

3 =log, 8 <log, 9 <log, 16 = 4;
2 =log, 9 <log, 25 <log, 27 = 3.
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Tak xak log, 9 > 3, a 3 > log, 25, 1o log, 9 > log, 25, HO TO-
rga log, 3 > log, 5.

0) YMHOXHUM JaHHBbIE YmcJia Ha 4:
4log, 4 =log, 256 u 4log, 5 =log, 625

¥ HAIIWIIIEM OYeBHUIHbIE HEPABEHCTBA, CIEAYIOIINe U3 BO3pacTa-
Hua QyHKnuil y = log, x u y = log, x Ha npomexkyTKe (0; +00):

5 =log, 243 < log, 256 < log, 729 = 6;
4 =log, 256 < log, 625 < log, 1024 = 5.

Takx rak log,; 256 > 5, a 5 > log, 625, To log, 256 > log, 625,
Ho Torja log; 4 > log, 5.

5.4*. OecssTU4Hble norapndmsl

JecartuuHble JoTapu(dMbl yKe BBeJeHbI B 1. 5.1. [laHHBIN
OYHKT IIOCBAINEH MCIOJb30BAHUIO HECATUUYHBIX JOTapu(MOB U
TaGJIHIL JJOTapU(PMOB 1 aHTUJIOTAPU(PMOB B IPAKTUUYECKUX BEI-
YNCJIEHUAX. 3IeCh BBOAUTCSA IIOHATHE XapaKTEePUCTUKMU 1 MaH-
THCCHI AecaTuuHoro jJorapudma. Comep:ranne TaHHOTO IIYHKTA
uUMeeT cKopee OOINeKyJbTYPHYIO U HCTOPUUYECKYIO HaIpaBJIeH-
HOCTh, TaK KaK B IIPAKTUYECKUX BBIYNCJIECHUSAX JOTapu(MbI
BBITECHEHBI KAJIbKYJISTOPAMU.

B KauecTBe mCTOPUUYECKOrO BKCKYypCca yUaITUMCSI MOMKHO I10-
KasaTh BBINOJHEHHNE HECJOKHBIX BBIUMCJIEHHII C MCIIOJIb30BAa-
HHEeM TabuIl Jorapu@dMOB U aHTHUJIOrapudMoOB.

Broiunciaum npubinyKeHHO 3HAUYEHHEe BLIPAMKEHMUS

A= 3,48 - 5,239.
3,24-4,31

CHauaJjia ¢ TOMOIILIO TAOJIMIL JIOTapPHU(PMOB BBEIUMCINM JIOTa-

pudpm A:
3,485,239

lo A =1g 2252 2499
g g 3,24-4,31
~ (0,5416 + 0,7192-0,5105-0,6345=0,1158, T. e. g A=0,1158.

Tenepb C IOMOIIBIO TAGJUIl aHTHUJIOTAPU(GMOB BBIUUCIUM
A =10"" = 1,305 = 1,31 (pesyiabTaT NIpPUOIMKEHHBIX BbI-
YHCJIeHUH [TOJIKEH Ccomeps;KaTh He O0oJjee TpexX 3HayallluxX
nudp).

HJI}I CPpaBHEHHNA BBIUMCJIIMM 3HAYEHINE BBIPAXXKEHUA A C IIO-
MOIIbI0 KaJbKyJsaTopa. Iloaxyunm A = 1,3055856 ~ 1,31.

=1g 3,48 +1g 5,239 —1g 3,24 —1g 4,31 =
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5.5*. CteneHHble dYHKUMU

B maHHOM IIYHKTE pPaccMaTPHUBAIOTCSA CTEHeHHBIe (DYHKI[UM,
T. e. QyHKIUU BUma y = xP, rme P — mamHoe melicTBUTENBHOE
yucgo. O6sacTb onpeseaeHUsI 9TUX PYHKIINI 3aBUCUT OT TOTO,
KaKoB moKasaresb crenenu . Ho srobasi u3 HUX ompejesieHa
Ha uHTepBaje (0; +oo). Ito mosBosaser aad x € (0; +oo) zamnu-
caTb, uTo xP = (e *)B = eBIn ¥ TIpuMeHAST 5TO paBEHCTBO, JIETKO
MOJIYYUTh CBOIICTBA CTENEHU ¢ JI00bIM MmoKasateneM 3 € R, Ha-
npumep: (x; + x,)P = (x,)? - (x,)? mpu x;, >0 u x, > 0.

NMokasaTenbHble U norapudmMmuyeckme
ypaBHEeHUS U HEpaBEeHCTBA

6.1. lMpocTenwive nokasaresibHble YPaBHEHUS

IlpocreiinmuMuy IMOKas3aTeJIbHBIMU YPaBHEHUAMU Ha3BaHBI
ypaBHeHUs Buma a* = b, rie a — AaHHOE IIOJIOKUTEJIbHOe, He
paBHoe 1 umciio, b — maHHOe OelCTBUTEJbHOE Yucjao. B yueb-
HUKe IPUBEIEHLI TPU IPUMepPa PEelIeHns IIPOCTEeHINnX IoKas3a-
TeJIbHBIX YPaBHEHUI U ABa IIpHUMepa PellleHusa IIOKa3aTeIbHbIX
YpPaBHEHUM, CBOAAINUXCA K IIPOCTEHUINNM YPAaBHEHUAM.

Pemenuss u KoMMeHTaApuUmu
6.7. a) Pemure ypaBHeHUE
3*=4. @))

Pemenue. Tax xkax 4 > 0, To ypaBHeHue (1) numeeT equHCT-
BeHHBIII KOpeHb x; = log, 4.
6.8. a) Permure ypaBHeHUE

9.5*-25-3*=0. (2)
Pemenne. Ypasuenue (2) ABaseTCS ONHOPOAHBIM IIOKA3a-
TeJIbHBIM ypaBHeHUEeM IepBoil cremeHu. Taxk kKak 3* # 0, To

T2

=0,
9

5
ypaBHeHUe (2) MOKHO IIepenucaThb B BuUIe 3% 3

OTKyZa cjJedyeT, YTO ypaBHeHUe (2) paBHOCUJIBbHO YPaBHEHUIO

57 25
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uMeIneMy eIUHCTBEeHHBINI KopeHb x, = 2. CiemoBaTreisbHO,
ypaBHeHUe (2) UMeeT eAUHCTBEHHBIN KOPEHb x; = 2.
3ameuanue. OOBIUHO Tepexol OT ypaBHeHUA (2) K paBHO-
CUJILHOMY €My ypaBHEHUIO (3) OCYIIEeCTBJIAIOT AeJIeHUueM ypaB-
HeHHuA (2) Ha BeIpakeHue 9 - 3%, OTJIMYHOE OT HYJIS IPU JIIOO0OM
x. ImeHHO TakuM cmocobom OyaemM pemraTh B AJajbHeEHIIeM
OHOPOJHBIEe IIOKAa3aTeJbHbIe ypPaBHEHUA (M HepaBeHCTBA).
HomomauTensHoe 3amanue. Pemure ypaBHeHUE:

1) ) 2 ) L
a) (ﬁﬂ) =3-2J2; 0) (ﬁn) +(/3-1)* =8 -44/3.

Pemenne. a) Ilosnbaysach paBeHCTBAMU

1 _V2-1_ -
2+1 2-1 =J2-1n3-2/2=(2-1p,

IIepennilneM NCXOOgHOe YpaBHEHNEe B BHIeE

(2 -1 =(2-1p. (4)

Tak kax V2-1>0 u V2—-1#1, To ypaBHeHue (4) u paBHO-
CUJIBbHOE €My HCXOJHOEe ypaBHeHWe MMEIOT II0 eIUHCTBEHHOMY
KOpHIO x; = 2.

0) Iloap3ysch paBeHCTBaAMU

2 _2483-1)_ & 3 oA _ _1y
Bl a-1 =J3-1u8-4/3=2(4-23)=2(/3-1)2,
r[epem/m_teM NCXOOgHOEe ypaBHeHHe B BHUe
(3 -1)* =3 -1)p. (5)

Tak Kak V3—-1>0u x/g—l;tl, TO ypaBHeHUe (5) 1 paBHO-

CUJIBbHOE eMy HMCXOAHOe ypaBHeHHe MMeIOT IO eJUHCTBEHHOMY
KOpHIO X, = 2.

6.2. MpocTenwime norapudmMmmyiecKkmue ypaBHeHUs

IIpocrefimumy norapudMrIeCKUMU yPAaBHEHUAMU Ha3BaHbBI
ypaBHeHusd Buza log, x = b, rie a — AaHHOE IIOJIOKUTEJIBHOE, HE
paBuoe 1 umciio, b — mamHoe AefiCTBUTEJIbHOE UYMCI0. B yueOH-
Ke IIPUBEEHbI TPU IIPUMepa PeIleHns MPOCTeHIITNX JorapudMu-
YeCKMX YPaBHEHUH M ABa IIPUMePA PeIleHns JIOTapU(PMUIeCKUX
YPaBHEHUM, CBOOANINXCA K TPOCTENINUM ypaBHEHUAM.

Pemenus M KOMMEeHTapuu

6.11. a) Pemurte ypaBHerHme log, (log, x) = 1.
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Pemenne. XoTa mnaesas 3aMeHbl HEM3BECTHOTO IPU PeEIIeHUU
JorapuMUUeCKUX yYpaBHEHUI OymeT M3ydaThCA B CJIENYIOIEeM
IIYHKTE, 3[IeCh MMEeeTCs BO3MOYKHOCTDH IOATOTOBUTH yUaI[UXCS
K MCIOJIb30BAHUIO dTOU UIEH.

He nemas gopmanbHO 3amMeHSBI ¢ = log, X, MOXXHO 3aMeTUTh,
4TO JiorapudM 0 OCHOBaHUIO 2 HEKOTOPOTrO umcja paBeH 1 To-
rIa ¥ TOJBKO TOTZA, KOrza 9To umcjo paBHo 2. CiemoBaTeabHO,
MCXOOHOEe YpaBHEHNEe PABHOCUJIBLHO YPaBHEHUIO

log, x = 2. 1)

Tax kak ypaBHeunue (1) mMeeT eIWHCTBEHHBIH KOPEHb
x, =4, To U PAaBHOCUJIbHOE €My UCXOJHOE YpaBHEeHUE NUMeeT TOT
JKe KODPEHb.

6.12. PemuTe ypaBHEHUE:

a) log,s x +log, x + log, x =T;

B) 2log, (log, x) + log, ; (log, x) = 1.

logox log,x 1
Pemenne. a) Tak kak log, x=-—2"=-—"22"—"]og, x

menue. a) B1X% og,a” 2 g 0B2¥ M
log,x logox 1

log,, x=—22"_=""22" — ~]og, X, TO NICXOJLHOE VPABHEHIE MOK-

B16 X 10g,16 4 4 082 AHOC VP
HO IIepeIlIiCcaTh B BHUJE

1 1

—+=+11 x="1. 2

(4 5 ) og, (2)

VYpaBHeHnue (2) paBHOCUJIBbHO YPaBHEHUIO
log, x =4,
UMeIOIeMy eqUHCTBEHHBIN KopeHb x; = 16. CienosaTennbHoO,
1 PaBHOCUJILHOE eMy HMCXOJHOEe YpPaBHEHNE MMeeT TOT JKe KO-
peHb. logyl ) log.(l )
0g,y(log, X 0g,y(logy X
B) Tax Kak lo log, x)= = =
) g0, (log, %) log, 0,5 -1

=—log,(log, x), To MCXOqHOE ypaBHEeHWE MOIKHO IIE€pPEIucaTb B
BUIE

log, (log, x) = 1. 3)

VYpasueHnue (3) uMeeT eIMHCTBEHHBIN KOPeHb X, = 4 (cM. 3a-
manue 6.11a). CiaegoBaTeabHO, I PABHOCUJIBHOE €My MCXOTHOE
ypaBHEHUE MMEeT TOT K€ KOPEHb.

6.14. a) Pemute ypaBHeHuE log, x + log; x = log, 6.

logs x
Pemenue. Tak kak log, x=1 .2’ TO MCXOJHOE ypPaBHEHUE
083
MOJKHO IepenucaTh B BUIE
logs x
+log, x=1log, 6. 4
log, 2 g3 g3 (4)
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1 1+1log;2
Takx Karx w+log3x= L +1 log3x:&10g3x=
logs 2 logs 2 logs 2
log; 6
= log. 2 log, x, To ypaBHeHuEe (4) MOKHO IlepenricaTh B BUJE
3
log; 6
log, x=1og, 6. 5
log, 2 g3 g3 (3)
log; 6
Tax xax o2 #0, To, pasmeauB obe uacTu ypaBHeHUusA (5)
083
log; 6
Ha YUCJIO0 , IOJIyYUM ypaBHEHUEe
log; 2

log, x = log, 2, (6)

paBHOCHJIBbHOe wucxomHoMy. Tak Kak ypaBHeHue (6) mmeer
€JUHCTBEHHBIH KOPEHb X; = 2, TO U PAaBHOCUJIBHOE €My HUCXOJ-
HOe ypaBHEHUE MMEET TOT K€ KOPEeHb.

6.15. a) Pemure ypaBHeHUe

log? x +5log, xlog, x +1og? x=0.

Pemenue. ITonb3ysack opmyJioii mepexoma K HOBOMY OCHO-
BaHUIO, IIpeobpasyeM JIeBYIO UYacTh MCXOAHOTO ypaBHEHUA, IIO-
JIyYUM PaBHOCUJIBHOE €My ypaBHEHUe:

5log$ x logdx

= 7
log,3-log, 4 log35 0

log2 x +

ITepenumniem ypaBHeHue (7) B Bume

2 o L
10g2x(1+10g23-10g24+10g§5 =0. (&)

Tax Kak 4ymcjo, 3alMCAHHOE B CKOOKaxX, OTJIMYHO OT HYJ,
TO ypaBHeHUe (8) paBHOCUJIIBHO YPaBHEHUIO

log2 x =0, 9

UMeIeMy eJUHCTBeHHBIN KopeHb x, = 1. CiiegoBaTesibHO, MC-
XOJHOE ypaBHEHWE, paBHOCUJIbHOe ypaBHeHHIO (9), mmMeeT TOT
’Ke KOpeHb.

6.3. YpaBHeHud, cBoAsLiMecs K NPOoCTEeULLUM
3aMeHO Hen3BeCTHOro

B nynkTe mpuBeneHbI IpUEeMbl PellIeHnsA ypaBHEHUM, KOTO-
pble Iocje 3aMeHbl HEM3BECTHOT'O CBOAATCA K IMPOCTEUIIUM II0-
KazaTeJbHbIM WJIU JIOTaAPU(PMUUECKUM yPaBHEHUAM.
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Pemenua u KOMMEHTaApHuu

6.19. a) Pemmure ypaBHeHuMe 34+2 ~6x+3 _1(.32+% -3x+1 1 3=,
PeII.[eHPIe. HepeHI/ILT_IeM NCXOMJHOE yYypaBHEHME B BHUE

3.32@x%2 -8x+1) _1(.32x2 -8x+1 43 =), (1)
BBezA HOBOe HeW3BeCTHOe t=32+% -3x+1  [repelHIIeM ypas-

Henwue (1) B Bume
3t2-10t +3=0.

. _ _1
9To ypaBHeHHe HMeeT ABa KOpHA: t, =3, i, =3 caemoBa-

TeJIbHO, YTOOBI HaliT Bce KOpHU ypaBHeHud (1), Hamo oobenu-
HUTH BCe KOPHU ABYX YPaBHEHUI:
32x2 -3x+1 =8 1 3222 -8x+1 :l_
3
IlepBoe wm3 39TMX ypaBHEHUU PaABHOCUJIBHO YPaBHEHUIO
2x2—-3x +1=1, xoropoe umeer Kopuu 0 um 1,5, a BTOpOE
ypaBHEeHMEe PaBHOCUJIBHO ypaBHeHHio 2x2 — 3x + 1 = -1, KoTO-
poe Kopueii He umeeT. CiiemoBaTe/IbHO, MCXOAHOE ypaBHEHUE

nuMeeT TOJIbKO aBa xkopusa: 0 u 1,5.
2

Pemrenue. Bens moBoe HeusBecTHoe f = 3** 1, mepemnuiiem

MCXOJIHOEe ypaBHeHUEe B BUIE
t— 2 -1. (2)
t—2

YpaBHeHUe (2) mmeer aBa KopHA: t, =3, t, =0, cienosa-
TeJbHO, YTOObI HAWITHM BCe KOPHU MCXOMHOTO ypaBHEHUS, HAJO0
00beINHUTh BCE KOPHU IBYX YPaBHEHMII:

3x+1 — 3 u 3x+1 — O.

IlepBoe 13 5TUX ypaBHEHUIN MMEET €IUHCTBEHHBINI KOPEHb
0, a BTOpOE KopHeii He umeer. CiieqoBaTe/IbHO, NCXOIHOE YPaB-
HeHUe MMeeT TOJIbKO oAuH KopeHb 0.

Ocoboe BHHMAaHHE HYYKHO YIEJUTh OJHOPOAHBIM IIOKa3a-
TeJIbHBIM ypaBHEHUAM. BbIIle yKe pa3soOpaHbl pPeIleHus OJHO-
POIHOTO TOKal3aTe/JIbHOTO ypPaBHEHWs IIepPBOM cTeleHu (3ama-
Hue 6.8). B manHoM IyHKTe yduyeOHMKA pPasobpaHo peleHue
OJHOPOJIHOTO ypaBHEHUSA BTOPOU cremeHu. I[JIsd IIOATOTOBKU K
camocToaTenbHoU padbore C—23 (mmocse nsydyeHuss OJHOPOIHBIX
HePaBeHCTB) MOYKHO MCIIOJb30BATh CIEAYIOIe 3aJaHusd.

JomomaurensHbie 3aganusa. Pemnure ypaBHeHUeE:

6.24. a) Pemiure ypaBHeHme 3*+1 — =1.

1. a) 9.2 —4.3%=0; 6) 125 - 4% — 64 - 5* = 0;
B) 25744 11.-2:=8.3% 1) 25.7=2.5%2 _ 5%,
2. a) 127+ 187 =2 . 27% 6) 2 - 5%+ 10* = 15 - 4%;

B) 52+l 46 .20%=42+15; 1) 4.8 —127=18%+1,
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3. a) 27-4i—30-6i+8-9i=0;
0) 125-4i—70-10i +8-25i=0;
B) 8 -49%—126-14i +343-4i=0;
r) 64-9i +12-12i—27-16i=0.

OtBetsr. 1.a) 2;6) 3;B) 3; 1) 2.
2. a) 0; 6) 1; B) —-1; 1) —
3. agl ;061 B) 1,

N [ = Oy

r)

l\'JM—l
DO | =

1, L.
> 2’
IIpoMeskyTOUHBIH KOHTpOJab. C—21.

6.4. lMpocTenwive nokasartenbHble HEPaBEHCTBA

IIpocreiimumMyu moKasaTeJIbHBIMUA HEPABEHCTBAMUM Ha3BaHBI
HepaBeHCTBa Buma a*>b u a*<b, rae a — HaHHOE MOJONKU-
TeJbHOE, He paBHoe 1 uwmcio, b — maHHOE AelCTBUTEIbHOE
yucyio. B yueOHUKe HalileHbl PEIIeHUs IPOCTEHINMX MHoKasa-
TeJIbHBIX HEePaBEHCTB a* >a*0 ma* <a*0. A nuMeHHO, B yueOHU-
Ke JoKasaHa PaBHOCUJIbHOCTH HEPABEHCTB:

a*>a* umx>x,npua>1; (1)
a*>a* nux<x,u0pu 0<a<1; (2)
a* <a* mx < x,upua>1; 3)
a*<a* mx>x,upu 0<a<l1. 4)

Hapsany ¢ npuBengeHHBIM B yUeOHUKE JOKa3aTEJILCTBOM IS
JIOKas3aTeJbCTBa, HAIPUMEP, PABHOCUJIBHOCTH HepaBeHCTB (1)
MOYKHO PacCysKJaTh U TaK.

IIycts uncio x, — Jyro0oe pellleHUe HepPaBeHCTBA X > X,
TOTZa CIIPaBeAJINBO UMCJI0BOEe HEPABEHCTBO X; > X, U U3 BO3pac-
TaHuA QYHKOUN y = a* (a > 1) ciaenyeT cipaBeJInBOCTDb UUCJIO-
BOro HepaBeHcTBa a*! >a*0., Ho aTo o3HauaeT, uTO J1000€ perre-
HUe HepaBeHCTBA X > X, ABJIAETCA pelleHHWeM HepaBeHCTBAa
a* >axo,

IIycts Temeppr umcio x, — J00oe pelreHWe HepPaBEHCTBA
a*>a* (a>1), Torga cmpaBeIJMBO UYHNCJIOBOE HEPABEHCTBO
a*1 >a*, JlokakeM, UTO TOTga X; > X,. [JJoKasaTeabCTBO IIPOBe-
JIeM OT IIPOTUBHOTO.

IIpenmonoxum, 4TO X, = Xx,, TOTOHa a*1 =a*0, YTO IIPOTUBOPE-
YUT YCJOBHUIO a*l >a*0, SHAUUT, 3TO IIPEAIIOJOKEHNE HEBEPHO.
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IIpepmonosxkum, uTo X, < X,, TOrJa W3 BO3pacTaHUA (PyHK-
munm y = a* (a > 1) caexgyer cupaBeIJIMBOCTh YMCJIOBOTO Hepa-
BEHCTBA a* <@*0, YTO IIPOTUBOPEUUT YCJOBUIO a*l >a*0., 3Ha-
YUT, 3TO IIPENIOJIOKEeHE HEBEPHO.

Mg ducen x; U X, BOSMOYKHO TOJIBKO OJHO U3 TPeX COOTHO-
HIeHUN X, = X4, X, < X, U Xx; > x, (1. 1.2). ITosaToMy, eciu He-
BEpPHO, UTO X; = X, U X; < X,, TO X; > x,. Ho 2TO 03Hauaer, 4TO
JII000e pellieHre HepaBeHCTBA a* > a*0 ABJsSeTCsS pelleHueM He-
paBeHCTBa X > X,.

CiiemoBaTesIbHO, HEPaBEHCTBA a* >a*0 U X > X, PABHOCUJIb-
HBI TIpu a > 1.

PaBHOCUIBbHOCTL HepaBeHCTB (2)—(4) mOKa3bIBaeTCsa aHaJ0-
THUYHO.

PemeHnusa M KOMMEeHTaApPHUH

6.34. a) Pemure HepaBeHCTBO 2**2 + 2% > 20.
Pemrenmne. Ilepenuniem mcxogHoe HEPABEHCTBO B BUIE
2*(22+1)> 20
UJIU B BUAE
2% > 22, (5)
Pemenuamu HepaBeHcTBaA (5), a 3HAYUT, W NCXOTHOTO Hepa-
BEHCTBA SIBJISIOTCS Bce X > 2.
6.35. e) Pemure HepaBeHcTBO 625 - 3* — 81 - 5 < 0.
Pemrenne. 9T0 OJHOPOAHOE IIOKAa3aTeJlbHOE HEePaBEeHCTBO

mepBoi cremenu. Pasmenus ero Ha 625 - 5* u mepeHecsa BTopoe
cjaaraeMoe B IIPABYI0 YaCTh HEPABEHCTBA, IEPEIUIIeM WNCXOI-

HOe HepaBeHCTBO B BUJE
3)" (3)
= <|[=1. 6

Tark kak 0<§ <1, To pemeHmAMU HepaBeHcTBa (6), a 3HA-

YUT, 1 PABHOCUJIBHOTO €My MCXOTHOIO HepaBEHCTBA ABJAIOTCS
BCce x > 4.

6.5. MpocTenwmve norapyudmMmmiecKkue HepaBeHCTBa

IIpocreiimumu Jgorapu@MUUeCKMMU HepPaBeHCTBAMU Has3Ba-
HBI HepaBeHcTBa Buza log, x > b u log, x < b, rie a — maHHOE
MMOJIOKUTEJbHOE, He paBHoe 1 umciio, b — mamHoe AefCTBUTE -
HOe umcjio. B yueOHUKe JOKa3aHa PAaBHOCHILHOCTL HEPABEHCTB:

94



log, x > log, x, 1 x > x, nuda a > 1;

log, x>log, x,u0<x<x,a180<a<1;
log, x <log, x, mu 0 <x < x, A1 a > 1;
log, x <log, x,mx>x, qna 0 <a < 1.

IIpyrumu caoBaMu, HaWJIeHBI PEIleHUd TMPOCTENINUX Jora-
pudmMUUYeCcKUX HEPaBEHCTB.

PemeHus u KOMMEHTAPUH
6.42. a) Pemure HepaBeHcTBO log, x +log, x + log,s x > 3,5.
log, x  logy x

Pemenne. Tarx wak log, x=
log, 4 2

1
= Elogz x, a

__logyx _logyx
log, 16 4

1
log x = Zlog2 X, TO HCXOJHOe HepaBeHCTBO

1 1
MOJKHO IepenucaTh B Buze |1+ 5 + 1 log, x>3,5

WJIN B BUZE
log, x > log, 4. 1)
HepasencTtso (1), a 3HaUunT, 1 PAaBHOCUJIBbHOE €My HMCXOJTHOEe
HEepPaBeHCTBO MMEIOT PeIleHusd: Bce x > 4.

6.44. a) Pemmute HepaBeHCTBO log, x + log, x < log, 6.
logs x
log; 2

Pemenue. Tax kKak log, x + log; x = +log, x =

1 1+1log;2 log, 6
=log., x +1|= 3% .log, x=—23".log, x, TO MCXOILHOE
€ (log3 2 ) log; 2 g log; 2 &3 A

HEepPaBEHCTBO MOYKHO IepelncaTh B BUIE
log; 6
—2 .]og, x <log, 6. 2
log, 2 g3 g3 (2)

logs 2
YMHOKUB HepaBeHCTBO (2) HA IMOJIOYKUTEJILHOE UMCJIIO

log,; 6’

IIOJIYUYM PaBHOCHUJIBHOE €My HepaBE€HCTBO
log; x < log; 2,

BCe pelleHmnsda KOTOpPOoro, a 3Ha4YuT, M PaBHOCHJIBHOI'O €My HC-
XOOHOT'O HEpaBEeHCTBa COCTaABJIAIOT IIPOMEKYTOK 0<x<?2.

6.6. HepaBeHcTBa, cBOASALLIMECS K MPOCTENLLUM
3aMeHO Hen3BeCTHOro

B IIYHKTE IIPUBEAEHBI IIPXMEMBbI PEeIIeHnd HePpaBeHCTB, KOTO-
PbI€ II0CJI€ 3aMeHBbl HEM3BECTHOI'O CBOAATCA K HpOCTeﬁHIPIM II0-
Ka3aTeJbHBbIM HNJIN .HOI"apI/I(bMI/IquKI/IM HepaBEeHCTBaM.
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Pemenua u KOMMEHTaApHuu

6.48. a) Pemute HepaBencTBo 125 - 32*-7 - 27 - 52-7 > (.,
Pemenne. Tax kKax 52-7>0 gaa ar000ro LeHCTBUTEID-
HOT'O X, TO, PasfeJUB MCXOLHOEe HepaBeHCTBO Ha 125 - 52x-7)

2x -7
IIOJIyYUM HEePaBE€HCTBO (2) - % > O, PaBHOCHUJIBHOE MCXO[-

HOMY HepaBeHCTBY. llepenuiiiem 3TO HEpaBeHCTBO B BUE

3 2x -7 3 3
GG .

O6osHauuB t = 2x — 7, mepenuiiieM HepaBeHcTBO (1) B Bume
IIpoCTeHIIero moKasaTeJIbLHOT0 HeEpaBeHCTBA

Bt

Tak kak 0<§ <1, To HepaBeHCTBO (2) paBHOCUJIBHO Hepa-

BEHCTBY ¢ < 3, cjeIoBaTeJbHO, BCe pellleHus HepaBeHcTBa (1)
COCTaBJIAIOT MHOJKECTBO peIlleHUi HepaBeHcTBa 2x — 7 < 3,
T. €. IPOMEXKYTOK (—oo; 5).

3ameuanue. [Ipu perreHny TakuxX HepPaBEHCTB YacCTO 3aMe-
HY HEM3BECTHOTO He 3alMCHIBAIOT B SBHOM BHUJE, IMIE€PEXOnsd
or HepaBeHcTBa (1) K pPaBHOCMIBHOMY €My HEPaBEHCTBY
2x - 7<3.

6.54. a) PemuTe HepaBeHCTBO log, (x% — 5x + 4) < 2.

Pemenue. Beena HoBoe HeusBecTHOe t = x2 — bx + 4 u 3ame-
HUB 4uciao 2 Ha log, 4, mepenuIilieM HCXOJHOe HEPABEHCTBO B
BUE

log, t <log, 4. 3)

Tax kak 2 > 1, To Bce pellienus HepaBeHCTBa (3) cocTaBisd-
oT mpoMekyTok 0 <t < 4. CiaemoBaresbHO, BCE PEINEHUS IC-
XOQHOI'O0 HEPABEHCTBA €CTh PEIIIeHUs JBOMHOIO HEPABEHCTBA

0<x2-5x+4<4. (4)

Pemmus nBoiiHoe HepaBeHCTBO (4), HalileM BCe ero peleHuns:
x € (0; 1) U (4; 5). OHu ABIAIOTCA TaKiKe PEIIeHUSIMU PaBHO-
CHUJIBHOTO €My MCXOJHOTO HepaBeHCTBA.

6.55. a) Pemure HepaBeHcTBO log, (log, x) > 1.

Pemenue. Beens HoBoe HemsBecTHOe f =log; X U 3aMeHUB
ymcao 1 Ha log, 2, mepenuIiieM MCX0JHOE HEPABEHCTBO B BHU/JE

log, t > log, 2. (5)
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Tax xax 2 > 1, To HepaBeHCTBO (5) PaBHOCUJIBHO HepaBeH-
cTBy t > 2. IloaToMy Bce pellleHUs MCXOJHOrO HepaBeHCTBA SAB-
JAITCA PEeIeHnAMMY HepaBe€HCTBa

log, x > 2. (6)
HepasencTso (6) mmeeT MHOKecTBO pereHuit (9; +oo), cie-
JIOBaTeJIbHO, 1 PABHOCUJIBHOE €My MCXOIJHOEe HePaBEHCTBO MMe-
eT Te JKe peIlleHud.
6.59. a) PemuTe HepaBeHCTBO
1 2 o
leBx+1)  lg(3x+1)+1g0,01

Pemenne. Beegs mosoe HeusBecTHoe t = 1g (3x + 1) u 3ame-
Hus lg 0,01 uymciom —2, mepenuilleM MCXOLHOE HEPaBEHCTBO B
BUIE

1 2
St o>l (7)

HepasencTsy (7) yamoBieTBopsAioT Bee t < —2, Bce t > 2 u Bce
t n3 mpomeskyTka 0 < t < 1. CiregoBaTesibHO, MHOYKECTBO peIlie-
HUH MCXOAHOTO HepaBeHCTBa €CTh 00'beAUHeHNe MHOMKEeCTB pe-
MIeHUH TpeX HEePaBEHCTB:

lg (Bx+1)<-2,
g Bx+1)>2,
O0<lg(Bx+1)<1.

AT HepaBeHCTBa MMEIOT MHOMeCTBa peHIeHI/Iﬁ — COOTBeEeT-

CTBEHHO —%; —-0,33 |, (33; +o0) u (0; 3). ITosToMy MHOKECTBO

peIHEHI/Iﬁ NCXOJHOTI'O HEpaBeHCTBa €CThb OG’be,Z[I/IHeHI/Ie 9THUX IIPO-

MEKyTKOB: (—;; —0,33) U (0; 3) U (33; +c0).

6.62. 0) Permure mepaBeHCTBO 3 - 9* — 5. 6* + 2 - 4* < 0.
Pemenye. Taxk xkax 4* > 0 guasa j1r000ro geiCTBUTEJIBLHOIO X,
TO, pPasmejnB MCXOJHOEe HePABEHCTBO HA 4%, MOJyYnM HepaBeH-

CTBO
2x x
3.3 —5./2| +2<o, (8)
2 2
PABHOCUJIBHOE MCXOLHOMY HEPABEHCTBY.

x
3
BBensa HOBOoe HemsBecTHOE ¢ = (2 , IIepenuniieM HepaBeHCT-

BO (8) B BUze
3t2 -5t +2<0. 9)
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MHuo:xecTBO peltenuit HepaBeHcTBa (9) eCTh IPOMEKYTOK

2 .
§<t <1. IlosTomMy, uTOOBI HAMWTM BCe pelIeHUA HepaBeHCTBA

(8), HamO pPeNIuTh IBOMHOE HEPABEHCTBO

HIRHRGE

MuoxxecTtBo pemieHuii mHepaBeHcTBa (10) ecTth wmHTepBaJ
(-1; 0). CnemoBaTelbHO, MHOKECTBO PEIIEeHUH MCXOJHOTO He-
paBencTBa (8) ecTb TOT ’Ke MHTEPBAJ.

Ocoboe BHUMAaHUE HALO0 YAEJUTHh OJHOPOAHBIM II0KAa3aTeb-
HBIM HepaBeHCTBAM. BpIllle OBLIJIO IIOKA3aHO PEIIeHNe OIHO-
POLHOIO IMOKAa3aTelIbHOTO0 HEPAaBEHCTBA IIEPBOM cTeneHu (3ama-
Hue 6.35), a B JaHHOM NOYyHKTe yueOHMKAa IIOKasaH CIIOCO0
pelieHrsi OJHOPOAHBIX IMOKAa3aTEeIbHBLIX HEPABEHCTB BTOPOM
cremneHnu (3amanue 6.62; cm. Takke m. 23 AUAAKTUUYECKUX Ma-
TepuajoB).

IIpomMeskyTouHBIiT KOHTpPOAL C—22, C—23.
KourponbHasa pabora Ne 4.
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b= ———— S
rNABA 1l

TpuroHometTpuuyeckue popmynbl.
TpuroHomeTpunyeckume PyHkKuunmn

Oco6eHHOCTHIO M3JIOKEeHus MarTepuasia riaBbl II sBisercsa
TO, 4TO cHayaJa (B maparpadax 7—9) usydarmoTrcsa TPUTOHOMET-
puueckre (YHKIIMHK yIja C OIMOPOH Ha reoMeTpUUYecKUe WJIIO-
crpariuu u (akTbl. IloguepKHEM, YUTO apryMeHTOM Yy STHUX
GyHKIIUN ABadgeTcdA yroJi. Bce nx cBoicTBa TOKA3bIBAIOTCH MJISA
YTJIOB, peIlnarmTcA 3aJadyyd Ha HAaXOMKIEeHUEe BCeX YIJIOB, yIOBJeE-
TBOPSIOINX HEKOTOPHIM paBeHCTBAM U HepaBeHCTBaM. TOJBKO
B maparpadax 10 m 11 peub uIeT 0 TPUTOHOMETPUUECKUX
GYHKIIUAX YUCIOBOTO apryMeHTa U O PeIIeHur TPUTOHOMEeTPHU-
YeCKUX YPaBHEHUH U TPUTOHOMETPHUUECKUX HEepaBeHCTB, B KO-
TOPBIX HEU3BECTHBIM SABJISIETCSA UUCJO, a HE yTroJ.

WznoxxkeHne TPUTOHOMETPUYECKOTO MaTepuajga B yueOHUKE
TaKOBO, UTO Bce (POPMYJIBI JOKA3BIBAIOTCS ¢ MUHUMAJIBHON OII0-
poii Ha reoMeTpPUIO cHauaja AJA CUHYca M KOCUHYCA, a IIOTOM
IS TAHTeHca W KOTaHTeHca.

Bce Qpopmyanl ciioikeHUs W CIEACTBUS N3 HUX B yueOHUKe
MTOKa3aHbI, HO TepMUH «(OPMYJIbI IIPUBEIEHUSI» B yUeOHUKE
He HCHOOJIB3YyeTCA IO ABYM HpPUUYMHAM. Bo-TepBBIX, 3Tu (op-
MYJbI TIOABJIAIOTCS IIOCTEIIEHHO II0 Mepe MX JA0Kas3aTelbCTBa, a
BO-BTOPBIX, NPABUJO AJA 3anoMuHaHuA (Gopmysa (MHEMOHHU-
YyecKoe IIPaBUJIO) SBJAETCS JIUINh METOAWYECKUM IIPHEMOM,
KOTOpPBI oNMcaH B AUJaKTHUECKUX MaTepuajgax U OyaeT mpu-
MEHSATBhCS YUUTEJEeM TOTZa, KOTJAa OH MOCUUTAET ITO IleIeco00-
Pa3HBIM.

DyuKYUOHANLHASA JUHUSA YIEOHUKA IIPOJOJIMKAETCI uU3yde-
HUEeM TPUTroHOMeTpuYecKux (GYHKIMII, UX CBOMCTB u rpadu-
KOB. JIUHUA YpasHeHUll U HepaBeHCcme — pellleHueM TPUTOHO-
MeTPpUUeCKUX YPaBHEHUI U HEPABEHCTB.

Ha yray6iensaoM ypoBHE ITPEIyCMOTPEHO M3yUYeHUe apKCUHY-
ca, apKKOCHMHYyCa, apKTaHTeHCa, apKKOTaHTreHca; (OPMYJ IJId
HUX, CJAEJCTBUN 13 (pOPMYJI CIOMKEHUSI, He IIPeJyCMOTPEHHBIX IPU
o0yueHMU Ha 0a30BOM ypOBHE, a TaKiKe CHeIUAJIbHBIX IIPHUEMOB
pellieHns TPUTOHOMETPUYECKUX YPaBHEHUH 1 HEepPaBeHCTB.

OTMeTHM, UTO B CTAHAAPTE 9THU IMMOHATHUSA He IpeaHasHaUeHbI
I m3ydeHus Ha 6a30BoM ypoBHe. Ho coBepIiieHHO OUeBUIHO,
9T0, HEe C(QOPMUPOBAB y yUAIIUXCA TPENCTaBIeHUA 00 apKCHU-
Hyce, apKKOCHUHYCe U apKTaHTeHCe, HeJb3s CUUTAThb, UTO MbI
HAYYUJIW UX PeliaTh gaske IPOCTEHININe TPUTOHOMEeTpUUecKue
ypaBHEHHUs, KOTOpbIe Ha 0a30BOM YPOBHE MOJKHBI M3yUYaATHCH.
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Henbssa cumrarh yueHMKa OOyUYEHHBIM PEITEHUI0 MPOCTEUTIITUX
TPUTOHOMETPUUYECKUX YPaABHEHUI, €CJIX OH YyMeeT pellaTh
ypaBHeHue sin x =0,5, HO He yMeeT pellaTh ypaBHeHUe
sin x = 0,6.

B pesyabTare nsyuenus riassl 11 yuaruecsa moJKHBI 3HATH
OCHOBHBIE OIIpefesieHusA, CBo¥cTBa W (PpOopMYyJbl, CBA3aHHBIE C
TPUTOHOMETPUUECKUMU (PYHKIIUIMHU, YMETD II0 3HAUEHUIO OTHOMI
u3 (GYHKIUHA HAXOAUTHh 3HAUEHUSA OCTAJbHBIX, ITPE0OpPasOBHI-
BaTh HECJIOJKHBIE BBIPAKEHUsS, COMepsKallliie TPUTOHOMEeTpUYe-
cKUe QYHKIIMM, IPUMEHAA U3yUeHHbIe (DOPMYJIbI, 3HATH CBOMCT-
Ba M yMETh CTpOUTh rpadukm (GyHKIUNA Yy =sin X, y =cos Xx,
y=1tg x, y =ctg x, ymers pemiaTh IpPOCTEHIINE TPUTOHOMETPU-
YyecKUe W CBOJAINUECA K HMM YpPaBHEHUA U HepaBEHCTBA.

CuHyC n KocuHyc yrna

7.1. TNoHaTue yrna

B myHKTe BBOAATCA IIOHATUSA IIOJOKHUTEJBHBIX W OTPUILA-
TeJIbHBIX YIJIOB, HYJIEBOI'O yIJIa.

IIpu paccmoTpeHnHn JAHHOIO MYHKTa YAOOHO MCIIOJIbL30BATDH
OKPYKHOCTh €IUHUYHOT0 paanyca, Koropas B . 7.3 OyaeT Ha-
3BaHa eIMHUYHON OKPYKXHOCTBIO. YUaIlMMCs HAA0 II0Kas3aThb
IpUeM IIOCTPOeHUs «TabJIuUHbIX» yryoB (30°, 45°, 60°, 90°) u
CBSBAHHBIX C HUMHK YIJIOB 0€3 TPAHCIOPTHPA, UTO IIO3BOJIUT B
JaJibHeIHIeM ObICTpee HaXOAUTh 3HAUEHUS TPUTOHOMETpHUe-
CKUX (PYHKIIUI, CBOAUMBIX K 3HAUEHUAM (PYHKIIUHN OJd «Tab-
JUYHBIX» YIJIOB, a IIO3JHEee XOPOIIO PellaTh MPOCTEeHIne TPU-
rOHOMETPHUUYEeCKNe ypaBHEeHUS W HepaBeHCTBa. IIokaykeM, Kak
3TO MOYKHO CeJaTh.

VYualnuecss SOYKHBI CHAUAJIA HAYYUTHLCSA OTMeUaTh Ha eu-
HUYHOI OKPYKHOCTH TOUKM, COOTBETCTBYIOII[E yIJIaM:

a) 0°, 90°, 180°, 270° (puc. 23, a), T. e. TOUKHU, IIOJIyUae-
Mble IIPU IepeceuyeHUU OCeH KOOPAUWHAT C eSJUHUUYHOU OKPYIK-
HOCTBIO;

0) 45°, 135°, 225°, 315°, T. e. TOUKH, IOJyUaeMble IPH IIe-
peceueHnU OMCCEKTPUC KOOPAUHATHBIX YIJIOB C €IUHUYHON OK-
py:xHOCTBIO (puc. 23, 0);

B) 30°, 150°, 210°, 330°, T. e. TOUKHU, IOJyUuaeMble IPU IIe-

1 1 .
peceuyeHuUn IIPAMBIX [ = E ny-= _E C €eJUHNYHOM OKPYMXHOCTBIO

(puc. 23, 8);
r) 60°, 120°, 240°, 300°, T. e. TOUKH, HOJydUYaeMble IPU IIe-

1 1 .
peceuyeHn IMpAMBIX X=_— U X = _E C €eJUHNYHOM OKPYMXHOCTBIO

2
(puc. 23, 2).
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VYMesa cTpPOUTH yKasaHHBIE TOUKM, JIETKO IIOCTPOUTH COOT-
BETCTBYIOIME MM YIJLI M TE€M CaMbIM BBIIOJHHUTH 3aJaHUe
7.11. IIpu sTOM HYIKHO OTMETUTHL TpedyeMble YIJIbI Ayramu
(Kak Ha pUCyHKe 76 yueOHMKA) UM, 0003HAUUB HMOCTPOEHHBIE
TOUKU OyKBaMu, cHejaTh IIOACHAIOINIME B3alucu B BUIE
ZAOB = 90° (cm. puc. 23, a).

Y1006BI 060CHOBATH, UTO TOUKa B, m3obpakeHHas Ha PUCYH-
ke 23, 8, coorBercTByeT yriay 30°, mocTaTouyHO OIIYCTHUTL W3
9TOH TouKU meprneaaukyaap BC Ha ock Ox (puc. 23, 0). Torma
B mpaMoyroabHOM TpeyrosbHuKe BOC kater BC paBeH mO0JIO-
BuHe rumnorenyssl OB. Ilostomy yroa COB, je:kaliuili IIPOTUB
9TOT0 Karera, paBeH 30°. AHajlormuyHO maerTcsa 0OOCHOBaHUE
IJis pucyHka 23, 2.

Pemenusa u KOMMEeHTaApPpHuUHA

7.13. IlpexncraBbTe ciemyiolue yriabl B Buze o + 360° - n,
rae 0° < o < 360°, n — HeKoOTOpOEe IIeJIoe UKCJIO:
B) 600°; r) —900°.

Pemenne. B8) 600° = 240° + 360° - 1;
r) —900° = 180° + 360° - (-3).
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7.2. PagnaHHas Mmepa yrna

Cuauajia HAIOMHUM CTapUHHOE MHEMOHUUecKoe npasuJot,
II03BOJIAIOIIlee BOCIPOM3BOAUTE IIePBLIe JeCATHUYHLIEe 3HAKU K-
pamuoHaJbHOTO umcja T. B ciaenyroieii hpase umciao OYKB B
KasKIOM CJIOBE JaeT MU(MPY AecATUUYHON 3amucu uucia T: «Kro,
U IIYTSA U CKOPO, CTPEMUTCS X Y3HATH — UMCJIO Y2Ke T'OTOBO».
ITonyuaerca m = 3,1415926536.

ITpu nsyuenuu mamHOI TeMbI OOBIYHO HAOJII0IaeTCsa HeqoIo-
HUMAaHNUE yUYallIMMHCSA HeOOXOAMMOCTH BBLIPAXKATh PALHAHHYIO
Mepy yrjia yepes3 4ucjao NT. UTOoOBbI CHATHL BCAKNE COMHEHNS Ha
9TOT CUEeT, MOYKHO IIPOBECTU TAKO€ pacCy KIeHUe.

OrTMeTM HA E€IUHUYHON OKPYXHOCTH TOUYKMN, COOTBETCT-
Bymomiue yrjam B 1, 2, 3, 4, 5, 6 paguan. [[ia sToro Hamgo OT-
KJIAObIBATh OT TOUKKU A B HAIIPpaBJIEHUU IPOTUB YACOBOU CTpEJI-
KHu Ha OoKpyskHoctu 1, 2, 3, 4, 5, 6 pas ayry, AJauHa KOTOPOIL
paBHa paanycy OKpPy:KHOcTH. TaK Kak AJMHA OKPYKHOCTU pa-
nuyca 1 paBHa 21 = 6,28, TO MOJIHBIZ 000POT COAEPIKUT OOJIb-
e 6 paguau (puc. 24, a).

a) YA 0) Y B) YA,
2 1 2
3 A 0
0 x 0 X m 0 2n X
6
2 N
5 3m
2
Puc. 24

Ecam npomoskuTh OTKJIaAbIBaHME B TOM K€ HAIpPaBJIEeHUU
Ha 9TON OKPYsKHOCTH AYT OJAWHON B 1 pagmyc, TO BOBHHKAET
WJLIIO3WA, YTO Uepes3 HeKoTopoe (BO3MOIKHO, OOJIBIIIOE) YMCJIIO
II1aroB HOBOE JeJIeHNe Ha OKPYKHOCTH, COOTBETCTBYIOIIIEE YIIY
B HEKOTOPOEe UYMCJIO paauaH, COBIAAET C KAaKUM-HUOYIAb M3 OT-
MeUeHHBIX paHee AejeHui. OMHAKO 3TOTO HE MIPOU30UAET, KaK
OBbI JOJITO MBI HU ITPOJOJI3KAJIN OTKJIAABIBATH B TOM K€ Halpas-
JIeHUU 3TUu nyru. JJoKasKkeM 5TO MEeTOJOM OT IIPOTUBHOIO.

IIpeanososxkum, 4TO Ha n-M mIiare Mbl OTMETUJIU Ha OKPYIK-
HOCTH TOUKY N, COOTBETCTBYIOIIYIO YyIJIy B n pajuaH, n — Ha-
TypajabHoe uucao (puc. 24, 6). 3aTeM IIPOAOJIKUJIN OTKJAIbI-
BaHME B TOM JKe HAIIpaBJeHWU Iyr JAJUHOA B 1 pagmyc m Ha
KaKOM-TO Iare oOHapy KWUJIM, UTO TOYKA, COOTBETCTBYIOIAA
yIJIy B m pajuaH, coBIIaja C yKe oTMeueHHOHU Toukou N. [lia

1 Hagpanme mpaBumia IPOUCXOZUT OT TPEYecKoro cjoBa mnémonikon
’
(ULVEUOVIKOV), 03HAYAIONIET0 NCKYCCTBO 3allOMUHAHUA.
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9TOT0 HpHUIILIOCh cresath k (k # 0) moaubix oboporoB. Torma
CIIpaBeIJINBO paBeHCTBO m — n = 2kn, k € N, ©u3 KOTOPOTO cJe-
m-—n
IyeT, 4TO T T
ITonryueno mnporTuBOopeume: UYMCIO T OKA3aJOCh PAaBHBIM
00bIKHOBeHHOU npobu. Ho Kak m3BeCTHO, YMCJIO T — HPPAIHO-
HaJIbHOE YMCJIO, T. €. OHO He MOJKeT ObITh PaBHBIM OOLIKHOBEH-
HOM npobu. CiemoBaTebHO, IIPEAIOJI0MKEHNE, UTO Ha KaKOM-TO
mare HOBOe JleJIeHWe, COOTBETCTBYIOIEe YIJIy B M paauaH, COB-
majsieT co CTapbIM JIEeJI€HUEM, COOTBETCTBYIOIIUM YIJIy B 1L Paau-
aH (m u n — HaTypaJbHbIEe YHNCJa), HEBEPHO.
3aMeTuM, YTO B IIPUBEAEHHOM PACCY:KIEHUU MBI HUTZE He
MOJIb30BAJIUCh TEM, UTO M W N — HATypaJbHbIe UYHCJIa, T. €.

1
ecau Touka N IoJjiydyeHa IIPU OTKJIAJBLIBAHUY P Pas3 — 4acTU AyTu
q

B 1 pagman, TO 0OHA He MOXKET COBIIACTh HU C KaKOI APYyroii Tou-
. . 1

KO, MOJIyUeHHO!l HpU OTKJIAALIBAHUU I Pas — YacTU AYTU B
S

1 paguan (£¢£, rae p, ¢, r, S — HaTypaJgbHbIe umucia). Takoe
q S

paccysKIaeHre MOKHO IIPOBECTHU IIPU pellleHnu 3agauu 7.396.
Temepb CTaHOBUTCS SICHBIM, UTO IPU WCIOJb30BAHUU PALU-
aHHOM Mepbl 0e3 umcJja T 1 ero moJieii o0OUTUCH HEBO3MOJIKHO.
Ha pucynke 24, 8 moxkasaHbl TOUKH, KOTOPbIe HA PUCYHKe 23, a
coorBeTcTBOoBasu yriaam 90°, 180°, 270°, 360°. Tenmepb oHU cO-

T 3
OTBETCTBYIOT yTIJIaM 97 T, 5 21 paguaH. 3aIOMUHAHNIIO 3TUX

yIJI0B (M CJIEAYIOININX 3a HUMMU) IIOMOTAEeT CYUMAL0YKa: TIOoKa-
3BbIBasi TOUYKM HA OKPYKHOCTH, TOBOpUM: «Pas mu Ha AaBa, ABa U

Ha IBa, TPU IIU HA IBA, ...». AHAJOTUYHBIN IIPpUeM IIOMOTaeT Ipu
T T 3%
OUCKEe TOUEK, COOTBETCTBYIOIINX yIJIaM EUE T, ... paguaH.
Temnepsb, ycTaHOBUB paBeHCTBO: T pamgmaH = 180° — u pas-
IeJWB eTo cHavaja Ha T, moroM Ha 180, mosrydmM cOOTHOIIIEe-

HUsA, KOTOPbIe HAJ0 3aIOMHUT:
180° b
1 paguan = ; —— pagmaH = 1°.
pang T 180 pban

C uX IIOMOII[bIO0 MOJKHO II€PEBOIUTL I'PALYCHYIO MEPY B PALH-

anHyio u ooparHo. Hampumep, 135°=135-1° =135 - T pa-

180
56n -1 paguanm = 56n .180% _ 150°.

3n .51
AUaH = vy panuaH; 6 panman =
B sTux paBeHCTBaxX CJI0BO «paauaH» OOBIYHO ONMYCKAaIOT U IIU-

IIyT KOPOTKO: 135°=37n, 5%21500.
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PemeHua ¥ KOMMEHTAPUH
7.22. 3anumiute B Buae o + 2nn, rae n — HEKOTOpoe Iie-

aoe uucygo (0 < o < 2n), caexyroiiue yrasl: a) 6,5m; 0) gn;
g) —121n; ) —17ln
3 6

9p=ly +47;
2 2

B) —1211'52121'5—147'5; ) —171n=§7t—18n.
3 3 6 6

Pemrenmne. a) 6,5m = 0,5m + 67; 0)

IIpomMeskyTOouHBINE KOHTpPOAb C—24, C—25.

AT paboThl pacCUMTAHBI HA O0yUeHME «UTEHUIO» TOUEK M-
HUYHOI OKPYsKHOCTHU, COOTBETCTBYIOIIUX «TAOJUUHBIM» YIJIaM, a
Tak:Ke Ha IIOATOTOBKY yUallluXCcs K 3aIl1ICH OTBETOB IPU PEIIeHUN
IPOCTEUINNX TPUTOHOMETPUYECKMX ypaBHeHuu. Ilpu BbIOIHE-
HUM CaMOCTOATeJbHON paborel C—25 yualruecsa MOrYyT IIMCATDH
JIUIITH TIPAaBUJIbHBIE OTBETHI, HE Jejiasd MOACHEHUH, aHaAJIOTUYHBIX
TeM, UTO MMeIOTCsA B II. 25 paszaesia I gugakTHUecKuX MaTepuaJioB.

7.3. OnpeneneHne cuHyca U KOCUHyca yrna

B manHOM myHKTe HY;KHO CHavyaJja IIOBTOPUTH BCe CBEIEHUS
13 TPUTOHOMETPUU IPSAMOYTOJIHHOTO TPEYTOoJbHIKA, He00X 011 -
Mble B JaJjibHeHIein paboTe: ompenesieHHs TPUTOHOMeTpHuYe-
cKUX (PYHKIIUN OCTPOTO yrJa MPSAMOYTOJbLHOTO TPEYroJbHUKA,
HaXOXKJeHVe ABYX CTOPOH 3TOT0 TPEYroJIbHUKA II0 OJHOHN ero
CTOPOHE M OCTPOMY YIJIy, BBIBOJ TAOJMYHBIX 3HAUEHUI CHUHYCA
u Kocmuyca ayasa yrioB 30°, 45°, 60°. IIpu sTom Hamo oOpaTUTH
BHUMAaHME ydaluxcsa Ha TOT (hakT, 4To GOJbIITad 4acTh TPUTO-
HOMETPUUYECKOTO MaTepuaJja, KOTOPYIO AeHCTBUTENIbHO JIYUIIle
IIOMHUTH, JIETKO YCBAaMBAaETCs C OIIOPOM HA HaTJIAAHBIE 00pPa3hbI,
pasiuuHble MHEMOHMYECKNEe MpPaBUJia, UTO 3allOMUHaHUE (PaK-
TOB TPUTOHOMETPUUW B BUIe TAOJUI[ ABJISIETCA HamMeHee IIPOo-
IYKTUBHBIM M OMACHBIM C TOUKHU 3PEHUSA MPAaBUIBLHOTO BOCIPO-
U3BEeIeHUA 3alIOMHEHHOTO.

B yueOHUMKe BBOAUTCSA IOHATHE €IUHUYHON OKPYsKHOCTH,
CHHyCa U KOCHHyca yrJja O, pacCMaTpUBAIOTCA CBOICTBA CUHY-
ca ¥ KOocumHyca Kak (DyHKIUN yria o.

Hist Toro uTOOBI B JaJbHEUIIIeM YCIIeIHO pellaTh IIPocTeli-
e TPUTOHOMETPUYECKNEe YpaBHEHUA, ydyallluecsa MJOJIKHBI
HAYYUTHCA TPABUJIBHO U300paKaTh Ha eNMHUYHON OKPY KHOCTHU
TOUYKHU, COOTBETCTBYIOIIME 3HAYEHUAM TPUTOHOMETPUUECKUX
GYHKIIUI, U B caydyae TAOJMUYHBIX SHAUYEHUU YMETh OIPEeNeIsaTh
COOTBETCTBYIOIIME 3HAUEHUS apryMeHTOB aTux (PyHKnui. Iloc-
TH)KEHUIO 9TOM IIeJU CIIOCOOCTBYET CaMOCTOsATeJbHas paboTa
C—26.
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O6paTuTe BHUMaHUE ydyarmuxcsa | Y|
Ha TO, UYTO TOUKHU IIEPBOI YeTBep-
THU, COOTBETCTBYIOIIUE TAaOJUYHBIM | 1|B
3HAUEeHUAM CHHyCa U KOCUuHYycCA, N
HaJl0 CTPOUTH TaK, KaK IIOKasaHO
Ha pUCYHKe 25. ITHM TOYKM HaXO-
OATCA Ha IlepeceuyeHuU C eSUHUY- 1 M
HOM OKPY’KHOCTBIO OCeil Koopau- |2
HaT, Owuccexktpuchl yriaa AOB, \

>

IPAMBIX x=§ u yzg. ITosTomy B

TeTpagu HYKHO pucoBaTh equuud- |0
HYIO OKPY’KHOCTHL pazmycoM 1 cm
ujan 2 ¢cM, YTOOBI OBLJIO yIOOHO me- Puc. 25
JIUTHh IIOIIOJIAM HX PaAUyChl C IIO-
MOIIBIO KJIeTYaTON Oymarwu.

Ilpumenssa teopemy IIudaropa, m3 IPAMOYIOJBHBIX Tpe-

yroapHuKoB OMK u ONE nangem, uro OK = NE = 73 IToaTo-
V3

My cos 30° = sin 60° = PR

Amnanoruuno CF =OF = g ITosTomy sin 45° = cos 45° = g

CienymoIuil sTan M3y4YeHUS TPUTOHOMETPUUYECKUX (PYHK-
nuii — (popMUPOBaHWE IIOHATHUUN CHHYCA U KOCHHYCa IIPOM3-
BOJIBHOT'O yTIJIia.

JJg yCHemrHoro OCBOEHUs TPUTOHOMETPUU IIPOU3BOJIHLHOIO
yIJa BayKHO HAYUUTH IITKOJbHUKOB OIPEAENATh 3HAUEHUA TPUTO-
HOMETpUUYEeCKUX (PYHKIUI II0 TOUKE eTUHHUYHON OKPYsKHOCTH,
COOTBETCTBYIOIIEH YIJIy, IO 3HAUEHUSIM TPUTOHOMETPUUECKUX
PYHKIINH yrjia OTMEeYaTh HA eIUHUYHOMN OKPYsKHOCTH TOUKU U
oIIpeneJidTb COOTBETCTBYIOIIIMI€ UM YIVIBI. Hocne,u;Hee yMeHue, 110
CyTHU, €CTh YMeHHe pellaTh IIPOCTeiilliee TPUTOHOMETPUUYECKOe
ypaBHeHUe. ToIbKO MMOKa CTaBUTCA 3aJadya He PEeIIuTh ypaBHe-
HUe, a HAliTh, HAIIpUMeP, Bce TaKue YIJIbI O, IJIS KasKI0ro U3 Ko-
TOPBIX CIIPaBeAJIMBO paBeHCTBO sin o = 0 (cM. 3aganue 7.26a).

F K

ANIL_A

Pemenusas M KOMMEeHTapuu
7.30. Bwrumcaure, cmenaB pucyHOK: a) sin 120°; B) sin 135°.
Pemenue. CraeraB PHCYHOK
(cm. pwmce. 26, a, 6), yuamuecs a) 6)
nouimyT, uto sin 120° = sin 60°, LY Y
sin 135° = sin 45°. Barem, wuc- 120 60° 135> 45°
HOoJb3ydA TabJMUYHBbIe 3HAYEeHUdd,

momryuar  oTBeT: sin120°=§, Wx wx

sin 135°= @
2 Puc. 26
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IIpencraBasieTca I1esiecooOpPa3HBIM HAYUYUTh IMKOJbHUKOB
pellleHuIo TaKUX 3a/lay 10 TOT0, KaK OHU HaydyaTcs Ha CJelyIo-
MUX YPOKaX NPUMEHATHh (hopMyJabl IPU ITPeoOdpPa3soBaHUAX.

7.35. a) Haiimure cuHyChl M KOCUHYCHI YTJIOB §+2nk, rae

k — nroboe 1ieI0e YMCIIO.
Pemrenne. CHauaJyia mo 3amucy SAaHHBIX YIVIOB yUall[lecs
JOJIXKHBI IIOCTPOUTHh TOUKY €QUHUUYHON OKPYYKHOCTHU, COOTBET-

CTBYIOMIYIO yIJIAM O, = g +2nk, roe k € Z, a IOTOM OIIPeNeIUTh,

uro sin o, = 1, cos o, = 0.

7.46—7.47. Tlpu BBIDOJHEHNU OSTUX 3aJaHUN HAmO OIIU-
paThcA HA YMeHHUE CTPOUTHh TOUKU eIUHUYHOU OKPYKHOCTHU, CO-
OTBETCTBYIOIIIE JAHHBIM yIJIaM, M HaXOQUTh 3HAUEHUS CUHYCa
WJIW KOCWMHYyCa JaHHOTO YIJia MCXO/sA U3 OUpPeaesieHns, TaK KaK
cBoiicTBa sin (—a) = —sin o 1 cos (—0) = cos « ellle He N3YUEHBI.

Jisa 3aKkpenieHnA 3HAHUS CBOMCTB (hyHKIIMHA yrJja: sin o u
COS O 3/ech II0JIE3HO paccMOTpeTh 3amanus 7.65a, 6, 7.66a, 0,
7.67a.

7.65. a) CpaBuure sin 91° u sin 92°.

Pemenne. 91° 1 92° — yrubsl BTOPOIi 4eTBEPTU, B KOTOPOM
6OJIBIIIEMY YIJIy COOTBETCTBYET MEHBIIHUN CUHYC, MTO3TOMY
sin 91° > sin 92°.

7.66. a) CpaBuure cos 101° u cos 157°.

Pemenne. 101° u 157° — yrael BTOpPOIi YeTBEPTHU, B KOTO-
poii GOJIBIIIEMY YTJIy COOTBETCTBYET MEHBIIUN KOCUHYC, II09TO-
My cos 101° > cos 157°.

7.67. a) Cpasuure cos 1,6n u cos 1,68m.

Pemenne. 1,67 1 1,68T — yrinl ueTBEPTO YeTBEPTH, B KO-
TOpPO¥i OOJIBIIIEMY YTJIY COOTBETCTBYET OOJBIINII KOCHUHYC, IIO-
aTomy cos 1,6n < cos 1,68m.

IIpomMeskyTOYHBIH KOHTpPOJAB. C—26.

7.4. OcHOBHble ¢popMyJibl ANg Sin o U cos o

B mamHOM IIyHKTEe C OIIOpPOl Ha paHee H3yUYeHHBIE (PaK-
Thl — ypPaBHEHUWE OKPYsKHOCTU, CBONMCTBA KOOPAMHAT TOUYEK
eIMHUYHON OKPYIKHOCTH, CUMMETPUUYHBLIX OTHOCHUTEJIbHO OCU
Ox, OTHOCUTEJHLHO HauajJa KOOPAMHAT, — JAOKas3aHbl OCHOBHOE
TPUTOHOMETPUUYECKOE TOXKIECTBO

sin? o+ cos? o =1 (1)
n popMyJIbI

sin (—a) = —sin o, (2)

cos (—a) = cos o, (3)
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sin (o + 2nk) =sin o, k € Z, 4)

cos (o0 + 2nk) =cos o, k € Z, (5)
sin (m + o) = —sin o, (6)
cos (T + o) = —cos . (7)

Hexoropsie gpyrue ¢hopmyJibl, Harpumep sin (T — o) = sin o,
cos (T — o) = —cos 0/, MOTYT OBITH OOKa3aHbl KaK CJIeICTBUA
dopmya (2)—(7) (cm. 3amanue 7.68). Hanmpuwmep,

sin (r — o) = sin (® + (—a)) = —sin (—o) = sin o.

B camocrosaTennuoit pabore C—27 mpoBepseTcsa yMeHIe
MIKOJbHNKOB HAXOAUTH 3HAUEHUS ONHOM M3 3aJaHHBIX (PYHK-
nuit yria o (sin o uam cos o)) Mo 3aJaHHOMY 3HAUYEHUI0 APYTroii
¥ BBIIOJIHATH YIIPOIIEHUS BBIPAKEHUIH ¢ mpuMeHeHuUeM Gop-

vyt (1)—(7).
Pemenusa m KoMMeHTapuu

7.54. a) BorumcauTe sin o, ecau cos oL = i, O<ax< g

T .
Pemenne. IlockoabKy O< o <=, To sin o> 0. Tak kKak

2
. 1 15 . V15
sinfa=1-cos?oa=1--"=-", 10 sina= 15 _ V15
16 16 16 4
ITpu pemreHuu 3TOM M aHAJOTUYHBIX 3a/ay Jiydllle n3beraThb
s3amucu: sin o = +,/1 —cos? 0/, TaK KaK, UMes OUbIT BLIUUCICHUS

~b+D
a

KopHell KBaJpaTHOrO ypaBHeHHUsA II0 (opmye , yda-

miuecd MOryT moaymMarb, YTO MMeeTCsA ABa 3HAYEHUA sin o, OT-
BeUaINuX yCJIOBHUIO 3agadu, a 9TO He TaK.

7.64. a) PacmonokuTe B IIOpAAKE BO3pacTaHMdA UYMCJIA:
sin (-55°), sin 600°, sin 1295°.

Pemenne. BLIpa3I/IM CHUHYCBI JaHHBIX YIVIOB Uepe3 CHMHYCBHI
YIJIOB U3 IIEPBOI UEeTBEPTH:

sin (—-55°) = —sin 55°%;

sin 600° = sin (240° + 360°) = sin 240° = sin (180° + 60°) =
=—sin 60°;

sin 1295° =sin (215° + 3 - 360°) = sin 215° = sin (180° + 35°) =
=—sin 35°.

Tax Kak yrabl 55°, 60° u 35° npuHamIeXaT IepPBO YeTBep-
TH, B KOTOPOM OOJILIIIEMY YIJIY COOTBETCTBYET OOJBIINIA CUHYC,
To sin 35° < sin 55° < sin 60°. Ho Torma —sin 35° > —sin 55° >
>—sin 60°, mosTomy sin 1295° > sin (—55°) > sin 600°.
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7.67. r) CpaBuure sin 1 u cos 1.

Pemenne. Tak kax % <1 <g, TO yroJi B 1 paguan HAXOAUTCS

. . T T
B I uerBepTH, mMosToMy sin 1 > sin 4 = cos 1 > cos 1, ciemoBa-

TeJbHO, sin 1 > cos 1.

7.71—7.72. 9ty 3amaHUsA T'OTOBAT YYAIIMXCA K PEIIeHNIO
IIPOCTEHINNX TPUTOHOMETPUUYECKUX YPaABHEHUI OJIA «Tabamu-
HBIX» YIJIOB.

7.73—7.74. 9tu 3amaHUsa TOTOBAT yUAIUXCA K BBEIEHUIO
IMOHATUH apKCUHYyCA UM apKKOCHHYyca uucJa. [ BBITOJHEHUA
3alaHUM «J» U «e» JIydllle OpaTh eJUMHUYHYI0O OKPYYKHOCTE pa-
auyca 1,5 cm iz 3 cm. Torzga TOUKM e IMHUYHON OKPYKHOCTH,
COOTBETCTBYIOINE YIJIY O, OYAYT YKa3aHbl TOUHEE.

IIpomMeskyTOouHBIH KOHTpPOJAB. C—27.

7.5. ApKcuHyC

B manHoM myHKTe yueOHMKA JAHO OMIpeesieHre apKCHUHyca
yucia a (Ja|<1), us xKoroporo mosydaerca (opmy.Jia
sin (arcsin a) = a, cupasemJiuBad AJisI Ka)KJAOr0 YHcCJa @, TaKO-
ro, uro -1 <a < 1.

OTmeTuM, UTO Iepen BBeLeHUeM HOHATHS apKCUHYyca U OIS
MOTHUBAIIMU €0 BBeJEeHUs IOJIE3HO NaBaTh 3aJaHud Tuia 7.75:

o T, T
«Halizure yros m3 IpoMesKyTKa [——'—}, CHHYC KOTOPOTO

2’2
paBen: a) 1; ©6) —-1; B) 0; 1) l; I) —ﬂ; e) ﬁ».
2 2 2

ITocyie HECKONMBKUX TAKMX 3aJaHUI HALO CKasaTh, UTO AJIS
YIPOIIeHUsI STUX (POPMYJIUPOBOK 000POT «yYToJ U3 IIPOMEKYT-
Ka —g; g , CHHYC KOTOPOI'0O PaBEH YMCJIYy a» 3aMEeHSIOT Ha 60-
Jlee KOPOTKUI: «arcsin a». Temeps Te e 3agaHuAg MOXKHO (op-
MYJHNPOBATh KOpoue:

«Hatigure: arcsin 1; arcsin (—1) u T. g.».

Hamee paccmoTpeHa 3agaua 1: s JAHHOTO YMCIa @, TAKO-
ro, uTo |a| < 1, HaifiTu BCe YIJIBI O, AJSA KasKIOI0 U3 KOTOPBIX
sin o = a.

fcuo, uTo sTO APYyras GopMyaNPOBKA 3aJadyM: IJIs SJAHHOI'O
ymesIa a, TaKoro, uTo |a| < 1, permuTh ypaBHeHHUe sin o = a, Tae
HemsdBecTHOe — yroa o. (OTMeTMM, UTO YIJLI U3MEPSIOTCS
O0OBIUHO B pagMaHaxX, XOTsS UX MOYKHO U3MEPATL U B I'pagycax.)

3Iech BIEepBLIE HMOJYUYEHBI (POPMYJILL IS TAKUX YIJIOB:

o=arcsina + 2rn, ne Z unuo=mn — arcsin a + 2nk, k € Z.
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It POopMYJILl B HaJbHEMHIIeM OyAyT MCIOJb30BaHLI AJIS pe-
MIeHUsA TPOCTEUIUX TPUTOHOMETPUUYECKUX ypaBHEHUI. 31ech
He cToUT (POpPCHUPOBATh O0BEIMHEHNE MHOoJydyaeMbIX (OopMyJI
B oxuy. CHauana yualqmecsa MJOJIXKHBI HAYUYUTHCA pPeIlaTh
YPaBHEHUs, TOJBKO HOTOM (M Jaske He BCerja) OKa3bIBaeTCHd
OJIEBHBIM O0'BeAUHATH IT0JydyaeMble (DOPMYJIBI B OAHY.

3aTeM B IIYHKTE PacCMOTPEHBI 3a/lauM, aHAJOTUUYHEBIE 3a/a-
ue 1, Ho Aais |a|=1u |a| > 1.

PemmeHMsa M KOMMEHTAPHUH
. T
7.77. a) Nmeer Jiu CMBICJI 3aIIlCh arcsin 5?

Pemenue. 3mech yualmuecad HepeAKO He BUIAT IMOABOXA.
LT

OHU TaK YacTO BBIYMCJIAIU Sin 5 U ellle He IMIPUBLIKJIN K TOMY,

YTO arcsin a cyimecTByeT JUIIbL OJId TaKUX d, uTo —1 <a <1,

IO9TOMY HMHOI'ZA OHU CUMTAIOT, UTO 9TO BBEIPAXKEHIE CYIIEeCTBY-

er. Mexnay Tem g> 1, mosTomMy arcsin g He CyIIIecTByeT u, CJe-

. T
IOBaTeJILHO, 3alMCh arcsin 5 HEe mMeeT CMBICJIA.
.1 . 1
7.80. CpaBHuTe Cc HyJeM: a) arcsmg; 06) arcsin 3}

.1
Pemenne. Ecoiu yuaruecsa obo3Hauar o, = arcsin 3 1, B3IJISA-

.1 .
HYB Ha PHUCYHOK 27, OTBETAT: arcs1n§>0, TO TOJIyYaT BEPHBIN

OTBET, KOTOPOI'0 IOCTATOUYHO, €CJIW OHM OTBEUAIOT HA BOIIPOCHI
Tecta. Eciu ke oT HUX TpedyeTcs OOOCHOBAHHOE peIlleHue, TO

OHO OyZieT omupaThbcA Ha CIEAYIOIHUE PACCY KIEHMUA.

T T
Hna mr00bIX YIJIOB O W O,, TaKHX, YTO —ESOLI <0, <§’
cIIpaBeJJINBO HePaBEHCTBO Sin o, <

< sin o, (u. 7.3 yuebuUKA). )

1 cpaBHeHUs YIJIOB [OKa-
’KeM oOpaTHOe yTBep:;KIeHue:

Hasa sno6bIX YIJIOB O, U O, U3 1
IpOMeXyTKa | — ~; T |, Takux, 4ro 1 0

272 / 3 \

sin o, < sin o, cIpaBeAINBO Hepa-
BEHCTBO 0, < Oly. \ 119 j x

JlokazaTesIbCTBO TIPOBEJIEM Me- 3 o,
TOAOM «OT IIPOTHUBHOTO» : 1

ecyau O, = Oy, TO sin 0, = sin o,
YTO IIPOTUBOPEUUT YCJIOBUIO

sin o, < sin o.; Puc. 27
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ecau O, > 0,, TO sin o, > sin O, YTO IPOTHBOPEYUT YCJO-
BHUIO Sin o < sin o;

cJIeJJoBaTeJbHO, O, < O, UTO U TPeOOBAJIOCH JOKAa3aTh.

TaxuMm oO6pas3oM, AOKa3aHO, UTO IJA JIIOOBIX YIJIOB O, U O,

13 MPOMEKYTKa —g;g PaBHOCUJIBHBI HEPABEHCTBA:

sin o, < sin oy, 1 04 < Ol
IIpumeHHUM 5TO yTBEDIKAEHUE.
-1
a) Ob6osHaumm O, =arcsin . Tax kax yruasl 0 m o, u3 Ipo-

T, T . .1 1 . .1
- —|==>0= 0, >0
MEeXXYTKa [ 5 2] u sin (arcsmg) 3 sin0, ToO arcsm3
(cm. puc. 27).

6) OGosmHaumm 0, =arcsin (—;) Tak kax yrael 0 u o, u3
T, T . . 1)) 1 .
OPOMEsRYTKA | — 3 o | U sin|aresin|—_ ||=—2 <0=sin0, TO

arcsin (—?1)) <0 (cm. puc. 27).

7.83. 3apaiiTe dopmyaamMu Bce YIJIBI O, OJA KaKIOTO U3

KOTOPBIX: 1) sinocz?z; 3) sinoc:—?z; JI) Sina:-%_
OTrBer. 1) ock=%+2nk, keZ;, «, =3Tn+2nn, neZ

(puc. 28);
3) a, =~ +2nh ke Z;a, =—37n+27m, neZ (puc. 29);

Y Y)

M|ﬁ

Puc. 28 Puc. 29
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J) o, =arcsin (—§)+2nk, ke Z;

o, :n—arcsin(—§)+2nn, neZz

(puc. 30).
JlonmoTHUTEeIbHBIE 3aaHUs. [0 x
.1 T _2
1. CpaBHure arcsmg C yrJioM e 3
o, o,
Pemenne. Tak kak arcsin% u \/k
T
o yras us3 IIPOMEKYTKa Puc. 30
l: T, n:| . 1) 1 V2 .om .1
—~;~ |u Tak Kak sin|arcsin= == <= =sin-, Toarcsin - <
272 3 3 2 4 3 4

(o MoKasaHHOMY BLBIIIE YTBEPIKIACHUIO).

2. CyImecTByeT Ji1 YHUCJIO X, TaKOe, UTO:

a) arcsin ng ; 0) arcsin x= ‘%‘?

Ecau cyuiecrByer, To HaliguTe ero.
T .
Pemenne. a) x= 5; 0) TakK Kak —§<arcsm X<

TO TAKOI'O YMcJja X He CyIIeCTBYeT.

7.6. ApPKKOCUHYC

BBemenne moOHATHMA apKKOCHMHYCa MOYKHO MOTHUBUPOBATH
TaK ’Ke, KaK 1 BBeJleHUe MOHATUSA apKcuHyca. [[J1d 3Toro MOX-
HO MCIIOJb30BaTh 3agaHume 7.84. ToabKO HaAZO IMOAUYEPKHYTH
OpUHIUNHAIbHOe oTjmume: arccos a (ja|< 1) — aTo yrom us
npome:kyTka [0; w]. VI3 onpenenenusa apKKOCHHYyca MOJydaeT-
ca ¢opmyaa cos (arccos a) = a, CIpaBeAnBasi AJA KayKIOTO
yucJia a, Takoro, uto —1 < a < 1.

Iamnee paccmoTpeHa s3afgaua 1: mjis JaHHOTO YHMCIa d, TaKO-
ro, 4To |a| < 1, HalTH BCe YIJIBI O, AJIA KasKJOTO U3 KOTOPBIX
cos o = a.

31ech BIIepBBIE MOJIYUEHBI (DOPMYIIBI

o = arccos a + 2nn, n € Z u o, = —arccos a + 2nk, k € Z.

At POopMYJILI B HAJIbHEIHIIEeM OyAYyT NCIOJb30BAHLI AJIS pe-
MIeHUs  OPOCTEHINIUX  TPUTOHOMETPUUECKUX  yYPaBHEHUN.
W 3pmecr He crouT QopcupoBaTh O0BEAMHEHME II0JIydYaeMbIX
dopmMyJ B OLHY.

3aTeM paccMOTpeHBLI 3aJauu, AHAJOTMUYHBLIE 3agade 1, HO
nns|lal=1wu|a|> 1.
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Pemenua u KOMMEHTaApHuu

7.89. Cpasuure c uucaom 0,57: a) arccos i; 6) arccos (—i)

Pemenue. [na J00BIX YIJI0B O U 0O,y TaKHX, YTO
0<o0,<0,<T cIpaBefIUuBO HePaBEHCTBO COS 0, > COS O,
(m. 7.3 yueOHuKa). [[J1a cpaBHeHUA YIJIOB METOJOM OT IIPOTHUB-
HOTO MOYKHO J0KasaTh oOpaTHOe yTBep:KAeHUe: AJA JIIOObIX yI-
JIOB 04 W O, U3 IpoMexkyTka [0; w], Takux, 4TO CcOSs O; > COS 0,
CIIpaBeINBO HEPABEHCTBO O; < Ol.

Takum o6pasoM, MOYKHO AOKas3aTh, UTO IJSA JIIOOBIX YIJIOB
o, @ O, us npomesxkyTra [0; ] paBHOCHIBHBI HepaBeHCTBA:
cos 0, < COS O, U 0 > O,. [IppMeHuM 9TO yTBepsKAeHUe.

a) O6osHauuMm 0 =arccosi. Tax kax yrusl 0,6 u o, npu-
HajaaexkaT npoMmexyTky [0; m] u cos o, = i > 0 = cos 0,51, TO
arccosi <0,5n (puc. 31).

6) Tak kakx yrusl 0,0 u O, = arccos [—i) OPUHALIEKAT
npoMeXyTky [0; ] m  cosa,= _1 <0 =cos 0,5, TO
arccos (— l)>0,5n (cm. puc. 31).

7.90. a) C momoInpio apKKOCHHYyCa BhIPA3UTe YIJIbI 13 IIPO-

MEeXXYTKa —g; g , COOTBETCTBYIOIIIME OTMEUYEHHBIM TOYKaM
eIUHUYHOU OKPY:KHOCTU (puc. 32).
1
OrBer. a) o, =arccos > 0L, =—arccos >
Y) Y
Oy L 0y g
_1l 0] |1 x 0 1 X
4 4 2
N —/(Xz

Puc. 31 Puc. 32
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7.93. 3apmaiiTe (opmyJsiaMH Bce YIJIBI O, OJd KayKIOTO M3

KOTOPBIX:
e) cos 0‘=§§ 3) cos 0€=—g; M) cos oczé.

OrtBer. €) o, =%+2nk, keZ, a, =—%+2nn, nelZ,

3) ockzgjn+2nk,kez; o =—3Tn+2nn,neZ;

n

M) o =arCCOS%+2nk, keZ; o =—arccos%+2nn, neZz.

n

JdomomHNTEIbHBIE 3aJaHUA.
8
1. CpaBHHuTe C HyJeM arccos 15

Pemenne. Tak xak 0 < arccos a < 7 aJis jgroo6oro a € [—1; 1]
8 8
u arccos — #0, To arccos — > 0.
15 15

2. Cy1recTByeTr Jii YHUCJIO X, TaKOe, UTO:
T
a) arccos x= g; 0) arccos x= _5?

Ecau cymiecrByer, To HaliguTe ero.

Pemenmne. a) x= 9

T
0) Tak Kaxk 0 < arccos x <T, a ~3 <0, To TaKoro umcia Xx

He CYIIeCTBYET.

IIpomMeskyTOoOuHBIHL KOHTpPOaAb. C—28.

7.7*. Mpumepbl NCMOJIb3OBAHUA apPKCUHYCAa U apKKOCUHYCca

B nyukTe paccMoTpeHo mpuMeHeHUe apKCUHYca U apKKOCHU-
Hyca IJid HAXO0MKIEHUS BCeX YIJIOB, IJIA KaKIOT0 13 KOTOPBIX
CIIpaBeJJINBO HepaBeHCTBO sin o >a (sina<a); cosa>a
(cos o < a). Tem caMbIM ITOATOTOBJIEHA 0asa AJA U3YUEHUS pe-
MTeHUA TPOCTEHINUX TPUTOHOMETPUUECKUX HePABEHCTB IJIA CU-
HYCOB U KOcuHYyCOB. SICHO, uTo 3TO aApyrasa GopMyJInpoBKa 3a-
JadyuW: IJis MTAaHHOTO 4YHMCJia 4 PeIlnTe HepaBeHCTBO Sin o > a
(sin o < a); cos o > a (cos o < a), TAe HEM3BECTHOE — YTOJI O.
OrMeTuM, YTO YIJIBI 37eCh OOBIYHO M3MEPSAT B paauaHax,
XOTSA UX MOKHO M3MePSTh U B Irpajycax.

T'smaBHass TPyOHOCTH B peIleHUM paccMaTpPUBaeMbIX 3aau
3aKJII0UaeTCA B IPABUJIHLHOM M300pPa’KeHUU COOTBETCTBYIOIIMX
TOYEeK eJUHUYHON OKPYIKHOCTHM — TI'PAHUIl IIPOMEKYTKOB U B
IIPaBUJIBHOM YUTEHMHU IIOJyUYaeMbIX IITPOMEXYTKOB.
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PemeHusa u KOMMEeHTApPHUH

B saganmax 7.94—7.96, mo cytu, TpedyeTcs PeIIuThb IIPO-
cTellline TPUTOHOMETPHUUYECKNe HepaBeHCTBa, HO 3azauva (op-
MYJIHUPYETCSA B JAPYIAX TEepMHUHAX. 34eCh MCIOJL30BAHLI BCE
TabJIMYHBIE 3HAUYEHNS Sin oL 1 cos O, a B 3agauun 7.97 Hamgo uc-
II0JIB30BATh APKCUHYC MJIN APKKOCUHYC UMCJIA.

7.97. a) HaiiguTe Bce TaKkue yIJbI O, IJd KaXIOro U3 KO-

TOPBIX Sin o > i

Y Pemenue. CHauasia HavifieM yTJIbI
P N u3 mpome:kyTKa [0; 7], Iy Kaskmoro

. 1
o 13 KOTODPBIX SanCZZ. Jto YTJIBbI
1

J)//

0,/
’J

.1 .1
0 ¥ op=arcsin, m o,=m-arcsin

(puc. 33).
~ A Temepsr HalieM BCe HCKOMBIE
YIJbL O, OJId KaXJOT0 U3 KOTOPBIX

. 1
Puc. 33 sin o > 1 (MM COOTBETCTBYIOT TOUKU

€IUHUYHOI OKPY’KHOCTH, BBIAEJIEH-
Hble Ha PUCYHKe 33 KUPHOM! AyTroii):

aresin i + 21k < o< T — arcsin i + o1k, ke Z.

7.98. a) Haiimure Bce Takue yIrJbl O, OIS KayKIOTO W3 KO-

TOpPBIX sin o < 1.
Pemenne. OueBugHO, YTO yCJOBHIO sin oo < 1 ymoBJieTBO-
pAIOT BCe YILJBI O, KpPOMe TaKHX O = 0,, AJII KOTOPBIX
sino,=1, T. €. Kpome

y o, :g+2ﬂ:n, n € Z (Ha pUCYHKe

(B

34 TOYKU EeAWHUYHON OKPYKHO-
CTH, COOTBETCTBYIOIE TAKUM yT-
JaM, BBIJIeJIeHbl JKHUPHOUW IYyTOi).
Nraxk, oo — 11000# yroJ, oOTJaHY-
HBII OT yTJIOB O.,, UJIN KOPOTKO:

a¢g+2nn, nez.

OTBeT MOYKHO 3alucaTh MHAUE,
KaK B yueOHUKe:

g+2nn <o <5?n+27tn, neZz.

Puc. 34
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7.8*. ddopmynbl AN apKCUHYCa U apKKOCUHYca

B mamHOM IyHKTE mJOKas3aHBI (DOPMYJILI:

arcsin (—a) = —arcsin a, |a| < 1,
arccos (-a) = — arccos a, |a| < 1,
arcsin (sin o) = o, o e [—g;g 5

arccos (cos o) = o, o € [0; «].
31ech ke IIpUBEeHbl PelleHns 3a4au, CBA3AHHBIX C BBIUHC-
. . T, T
JeHmeM arcsin (sin o) gaa o ¢ [_5; E}’ a Takske arccos (cos o)

ns o ¢ [0; «].

Pemenus m KOMMEeHTapuUu

7.103. BerumciauTe: I') arccos (cos (—ZD,

. .. bm
nm) arcsin|sin—- |.
6
T T|_ &
Pemenmne. r) arccos|cos (—4) =arccos (cos4)= 7 TeK Kax

T
= e [0; r];
" e [0; ]
nm) arcsin sin5—n = arcsin | sin ~ =£, TaK Kak Ee[—ﬁ; E}.
6 6 6 6 27 2
7.104. Borumcawure: a) arcsin (sin 9); 6) arccos (cos 9).

Pemrenmne. a) arcsin (sin 9) = arcsin (sin (3t —9))=3n -9,

TaK Kak 3n—9€[—£' T

2’ 27
6) arccos (cos 9) = arccos (cos (9 — 2n)) =9 — 21, Tak Kak
9 — 2n € [0; .

JomoauurenpbHoe 3anmanue. Beraucaure:
a) arccos (sin 0,8rn); 06) arcsin (cos 2).

Pemenne. a) Bripasum sin 0,8n uepes KocmHyC yrija u3
npome:xkyTka [0; m]: sin0,87 =sin g+0,3n)=cos0,3n. Tax
kak 0,3rn € [0; «], TO

arccos (sin 0,8m) = arccos (cos 0,3r) = 0,3m.
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0) BrIpasdum cos 2 uepes CHHYC yIJla W3 MIPOMEKYTKAa
T, T .| T T T, T
= = 2= ==-2|.T = =2e|-=5 =,
[ 5 2} cos sm(2 ) aK KaK e[ 5 2} TO
2

TaHreHc M KOTaHreHc yrna

8.1. OnpeaeneHue TaHreHca U KOTaHreHca yrna

arcsin (cos 2)=arcsin | sin (th - 2) =T_2,

BBemenuio TamTeHca UM KOTaHTeHCA ITPOM3BOJLHOTO yIJja
IOJI’KHO IIPeAIIIecCTBOBATh IIOBTOPEHNE OIIpefesIeHUi TaHTeHca
U KOTaHTeHca IJIsI OCTPOTO yIJja, MOBTOPeHWe TAaOJIUUYHBIX 3HA-
YeHMI TaHTreHca M KoTaHreHca maasa yraoB 30°, 45°, 60°

TN T
6’4 3 PamuaH|.

B mammom myHKTe yueOHWKA BBOAATCS IMOHATHSA TaHTeHCA U
KOTaHTeHca yrJja O, IMOKAasbIBaeTCs MpUMeHeHU’e OCell TaHTreHca
¥ KOTaHTeHca M/ HaATJIAIHOTO IPeICTaBJIeHUS UMCJIOBBIX 3HA-
YeHUHN 9TUX QYHKIUHN yria o. 31ech, KaK U IPU BBEeJAEHUU CU-
Hyca U KOCUHYyCa yIJia, HaJ0 HauaTh C OIpPeIeIeHU 9TuX PyHK-
IUN [AJId OCTPOro yrJjia MOPAMOYTOJBHOTO TPEYroJbHUKA,
MIOJIYYUTH BCe TAOJUUYHBbIE UX 3HAUEHUA, TOKA3aTh ATU 3HAUEHUS
Ha ocHM TaHreHca U ocu Koraureuca (puc. 35, 36). Yuamuecs
IOJIKHBI HAYUUTHCS II0 3aJAHHOMY TaOJIMYHOMY 3HAUEHUIO tg o
u ctg 0 MOKAa3aTh COOTBETCTBYIOIME TOUKU €SUHUYHON OKPYIK-
HOCTH, YMETh 3aIllCATh OAUH U3 yT-

t o
Y go JIOB, COOTBETCTBYIOIIUX DTOUN TOUKE,
U BCce TaKue yTJIbI.
2
V3 Pemenusa m koMMeHTapuu
1 8.9. OrmerbTe Ha OCH TaHTEH-
/1 N COB TOYKM, COOTBETCTBYIOIIME UKC-
3 3
5 5 } >~ JaM 0; 1; -1; 2; —2; V/3; —/3; £;
V3 3
\ 3 V3
1 T T e
N 3
,\/‘3
) Pemenue. Iloab3ysach emumHUY-
HOII OKPYKHOCTBIO U KJIeTUaTOU Oy-
Marou, ydJalnuecs TOJIXKHBI PacHo-
JOKHUTL JaHHbIe 4UYMCJIa Ha OcCH
Puc. 35 TAaHTeHCOB, KaK Ha PHUCYHKe 35.
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[\
|
[y
|
e
=}

S
RY

Puc. 36

8.13. OrMmeTbTe Ha OCH KOTAHI'€HCOB TOUKM, COOTBETCTBYIO-

3 3

mue yucaam 0; 1; —1; 2; —2; J3; —/3; g; —g.

Pemrenue. Ilonb3ysdach eIMHNYHON OKPYIKHOCTBIO U KJIeTYa-

TOM OyMmaroi, ydariuecs MOJIMKHBLI PACIOJOKUTh JaHHBIE UHC-
Jia Ha OCH KOTaHI'€HCOB TaK, KaK HA PUCYHKe 36.

Ymenue pemrath 3agaHuda 8.9 m 8.13 momoskeT ydamimmMmcs
HAYUYUTHCA PellaTh IPOCTEeHIIe TPUTOHOMEeTPpUUecKre ypaBHe-
HuUA tg x=a u ctg x =a, a TaxkiKe YyCBOUTH HOBBIE IIOHH-
™A — apKTaHTeHca 4Yucja U apKKOTaHTeHca YucJa.

8.16. CpaBuute: ) tg lutg 2;e) tg2utg 3;x) ctglu
ctg 2; 3) ctg 2 mw ctg 3; u) tg 1 u ctg 2.

Pemenne. 1) Taxk xax yroa B 1 pagmam — yroJa IIepPBOH
YeTBEPTH, a yroJ B 2 pagmaHa — yroJl BTOPOH YeTBEPTH, TO
tg1>0, atg 2<0, mosromy tg 1 > tg 2;

€) Tak KaK yIJyibl B 2 1 3 paguaHa — YIJIBI U3 IIPOMEKYTKAa

g; 3?75 , e @QyHKIua tg oo Bogpacraer u 2 < 3, To tg 2 < tg 3;

JK) TaK Kak yrJybl B 1 u 2 pagmana — yIJIbl U3 IIPOMEKYT-
ka (0; w), rme ¢yuxmua ctgo yowiBaer mw 1<2, TO
ctg 1 > ctg 2;

3) TakK KakK yIJbl B 2 U 3 pagmaHa — YTJIbl U3 IIPOMEXKYTKA
(0; n), rme pyuruua ctg o yobpiBaeT u 2 < 3, To ctg 2 > ctg 3;

W) TaKk Kak yroa B 1 pagmaH — yroJ IepBOM UYeTBEepPTH, a
yroa B 2 pagmaHa — yroJl BTOpO# ueTBepTu, To tg 1 >0, a
ctg 2 <0, mosromy tg 1 > ctg 2.

JIyurieMy yCBOEHUIO N3YUYEHHOTO MaTepuraJia IIOMOTaeT caMo-
crosarenbHasa padora C—29 M3 qUIaKTUUYECKUX MATEPUAaJIOB.

IIpoMeskyTOUHBIHL KOHTpPOaAb. C—29.
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8.2. OcHoBHble dopmynbl ang tg o m ctg o

B sToM myHKTe mOKasaHBI OCHOBHBIE (POPMYJIBI IJIA tg O 1
ctg o:

tg (o) = —tg (x,(x;tgﬂrk, ke Z,
tg (u+mn)=tg o, n e Z, a¢g+nk, keZ,
ctg (o) =—ctg o, o #nk, k€ Z,
ctg(ao+mn)=ctgo, neZ,ao#nk, ke Z,

tgoc-ctgoc=1,oc¢%k,kez,

tg2 o+ 1= 12 ,0* Ltk ke Z,
cos? o 2
ctg?oa+1= — ,0ZTk, ke Z.
Sin“ o

B ympamueHMAX K 3TOMY IIYHKTY IIpEAJaraioTcsa 3aJaHUsa
Ha yIpOIeHWe BBIPAKEHUI C IIOMOIIbI0 M3YUYEHHBIX (DOPMYJI,
Ha HaXOKIeHIe II0 3aJaHHOMY 3HAUEHWIO OJHOI M3 (PpyHKITUHA
sin o, cos o, tg o m ctg O 3HAUEHUII OCTAJBHBIX (DYHKIIUI.

Pemenus m KoMMeHTapuu

8.22. Brrumcaure: B) sin o, tg o u ctg o, ecau n < o < 3?n

u cos o = —0,6.
Pemenne. Taxk xax cos oo =-0,6, To sin2oa =1 — cos? o =
=1-0,36 =0,64.
3

Tax xKax m <o <?n, To sin o < 0, mosTOMYy

sinoo=-,/0,64 =-0,8.

sinoo -0,8 4 1 3
= = == ctgoa=—"=".
cosaa -0,6 3 g go 4

tga

W specy syurne msberats samucu sin o =1,/1-cos?2 o mo
ONMCAHHOI BBINIE IPUYMHE.

8.24. VmpocTure BBIpasKeHue ':

) tga+tgf | cos2o —ctg2a
ctg o +ctgp’ sinZo — tg2o

1 BD;eCL u Jgajiee yrJjbl O U B TaKOBbI, UTO JaHHBbIE€ YMCJIOBbIE€ BBIPDAMKEHUA
NMEIOT CMBICJI.
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Pemenmne. K) = :
ctgo + ctgPp coso  cosf

sinot  sinf
_ sinocosP+sinP cosa  sinPBcosa +sinocosP

tgo + tgP _(sin(x + sinB)_ (cosoc +cosB)

cos o.cos f ’ sin o sin
_ (sinocosP + sinP coso) sino sinf _ sino sinf

= =tgo-tgP.
coso cosfP (sinacosP + sinf cosa) coso cosf b
2 1
cos2q — O8O cos?a|1-——
cos?o —ctg?o sino, _ sin?a )
in2o — tg2o, .. in?
sin?0 — tg?o sin2q - Sin“o sin?a|1- 1
2
cos?a cos? o

_cos?a (sin?a —1)cos?2a _ cos*a(—cos?0)  cosbo ctgSo
sin2a (cos?2a — 1) sin2a0  sinto(—sin?a) sinfa )

8.27. Brruuciure:

a) tg (-80°) + tg (-70°) + tg (—60°) + ... + tg 60° + tg 70°+
+ tg 80°;

B) tg (—80°) tg (-70°) tg (-60°) ... tg 60° tg 70° tg 80°.

Pemenne.
a) tg (-80°) + tg (-70°) + tg (—-60°) + ... + tg 60° + tg 70°+
+ tg 80° =—-tg 80° — tg 70° — tg 60° — ... + tg 60° + tg 70° +

+tg 80°=0, Tak Kaxk cyMMa KakIOW Hapbl CcJaraeMbIX
—tg o + tg o paBHa HyJI0, a cpenHUii 4aeH cyMMbI tg 0° Toxke
paBeH HYJIO.

B) tg (—80°) tg (-70°) tg (—60°) ... tg 60° tg 70° tg 80° = O,
TaK KaK CpeIHWII MHOMKHUTENb B HpousBemdenuu tg 0° paBeH
HYJIIO.

IIpomMesxkyTouHBIH KOHTpPOab. C—30.

8.3. ApKTaHreHc

B nmamrOoM nmyHKTe yueOHHMKa JaHO OIpeJejieHVEe apKTaH-

reHca 4yucja @, U3 KOTOPOro moJjydaeTca opmyJia
tg (arctg a) = a,

cIpaBemJiuBas AJIsA Kakaoro uuciaa a € R.

BBegenue moHsaTrusa apKTaHTeHca MOYKHO MOTHUBUPOBATH TakK
JKe, KaK U BBeleHUe MOHATUSA apKCUHyca. ITO MOYKHO cAesaaThb
npu BeITOJTHeHUU 3aganusa 8.30.

Ilaee paccmMoTpeHa 3asiava: IJisd JaHHOTO ymucja a € R maii-
TU BCe YTJbI O, AJIS KasKIOTO U3 KOTOPHIX tg o = a. 3mecsh BIep-
BbIe mmoayueHa popmyina o = arctg a + nn, n € Z.

dra popMyJaa B majbHelIeM OyaeT HCIOJb30BaHa IIPU pe-
IIeHUW OPOCTEUINUX TPUTOHOMETPUUECKUX YPaBHEHUIA.
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Pemenua u KOMMEHTaApHuu

8.34. Cpasuure c mysnem: 6) arctg 2; ) arctg (-2).

Pemrenne. Moxuo gokasaTh (Kax IIPU BBINOJHEHHHN 3aja-
Hua 7.80), uro AsA JIOOBIX YIJIOB O, U O, U3 IIPOMEXYTKa

—g; g PaBHOCHJIBHBI HepaBeHCTBa: tg o, <tgo, m o, <0,.
IIpuMeHUM 5TO yTBEpP:;KIEHUE.

0) Tak rkak arctg 2 u 0 — yrJbl U3 IPOMEXKYTKA (—g; g) u
tg (arctg 2) =2 >0 =1tg 0, To us HepaBeHcTBa tg (arctg 2) >
> tg 0 cixemyer, uto arctg 2 > 0.

o) Tak kax arctg (-2) mw 0 — yriabel u3 MOIPOMEKYTKAa

(—g; th) u tg (arctg (-2)) =-2 <0 =1tg 0, To u3 HepaBeHCTBa

tg (arctg (—2)) < tg 0 camenyer, uro arctg (—2) < 0.

8.36. Haiigure Bce yIJbl O, OJA KayXIOT0 M3 KOTOPBIX:

oK) tgaz—g; J) tgoczé.

OrBer. %) 0, =—%+nk, k € Z (puc. 37, a);
a) o =arctg%+nk, k € Z (puc. 37, 0).

JomomaurensHoe 3aganue. CyIiecTByeT Ju YUCJIO X, TaKOe,

yro: a) arctg x=— %; 0) arctgx=-— Z?R?
Ecnu cymiectByer, TO HatiguTe ero.
Pemenmne. a) x =-1;
L L 27 T
0) Tak Kak —5 <arctg x <§, a— Y < — TO TAKOTO UMCJa X
He CYIIleCTBYeT.
a) y tga 6) y tgo
] ™ 1 7 ~ 1
Y N1
a \ o / T\[2
0 5 X () 0 X
\ W/ RE] v /
/N 2 N
~ _ _‘1 ~ _ _‘177
|
\ \
Puc. 37
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8.4*. ApKKOTaHreHc

BBenenue moHATMA apKKOTaHTeHCa MOYKHO MOTHBUPOBATDH
TaK ’Ke, KaK 1 BBeleHUe IMOHATUA apKCUHYyca. ITO MOYKHO cle-
JIaTh IIPU BBHINOJHeHUU 3amauus 8.37.

Hano moguepkHyTh IpUHIUIINAJIBHOE OTJinume: arcctg a —
aTo yroa m3 mpomekyTka (0; m). VI3 ompenesieHuss apKKOTaH-
reHca moaydaercsa ¢opmyaa ctg (arcctg a) = a, cupaBemgiuBas
IJIS Kaskmoro umeaa a € R.

Ilamee paccmoTpeHa 3ajiava: AJisd JAaHHOTO ymcja a € R maii-
TU BCe YTJBI O, AJIA KaMKJIOro M3 KOTOPHIX ctg o= a. 3mech
BIIEPBbIe MoJiyueHa popmysaa O = arcctg a + nn, n € Z.

Ira (opmyJsia B AasibHEUIIeM OyAeT MCHOJb30BaHa NIJIA pe-
MIeHUS IIPOCTEUIINX TPUTOHOMETPUUYECKUX YPaBHEHUM.

PemeHuss u KOMMEHTAPUHU

8.41. Cpasaure ¢ yucaom 0,57: 6) arcctg 2; m) arcctg (—2).

Pemrenue. Mo)XKHO mokKasaTh (KaK IIPU BBIIOJHEHUU 3a7a-
Huda 7.80), 4To A1 MI0OBIX YIVIOB O, U O, U3 ImpomMexyTka (0; m)
PaBHOCHUJIBHBI HepaBeHCTBa: ctg o, <ctg o, m o, > 0.,.

ITpumMeHUM 5TO yTBEpPIKIEHUE.

6) Taxk kak arcctg 2 u 0,5m — yrubl u3 mpomeskyTra (0; )
u ctg (arcctg 2)=2>0=ctg 0,51, TO w3 HepaBeHCTBa
ctg (arcctg 2)>ctg 0,5 caexyer, uto arcctg 2 < 0,5m.

n) Tax xax arcctg (-2) m 0,5m — yrusl u3 IPOMEKYTKA
(0; 1) u ctg (arcctg (—2)) =—2 <0= ctg 0,5n, To U3 HepaBeHCTBA
ctg (arcctg (-2)) <ctg 0,5m camenyer, uro arcctg (—2) > 0,5m.

8.43. Haiigute Bce yriabl ¢, AJS KasKIOTO M3 KOTOPBIX:

V3 1

K) ctgocz—?; JI) ctgoczi.

OtsBer. ) O, =2?n+nk, k € Z (puc. 38, a);

Ja) o, =arcctg %+7tk, k € Z (puc. 38, 0).

a) | | ¥ 6) yA

V3 1

3 0 of 21
X ™~ ctga — ctgo

/ \ / \
0 x 0, x

\ / \ /

~_| X -

Puc. 38
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JomonuurembHoe 3aganue. CyIecTByeT JId YUCJIO0 X, TaKOe,
T

yro: a) arcctg x= Z; 0) arcctg x= %‘?
Ecau cymiecrByer, To HaiiguTe ero.

Pemenne. a) x = 1;

51
0) Taxk Kak 0 < arcctg x <m, a L > T, TO TAKOT'O YICJa X He

CYIIIEeCTBYET.
IIpomeskyTOouHBIiT KOHTpPOAB C—31.

8.5*. Mpumepsbl UCNOJIL3OBAHNSA apKTaHreHca
M apKKOTaHreHca

B manHoM myHKTE pacCMOTPEHO MpHMeHEeHUe apKTaHTeHCa
Y apKKOTaHTreHca JJIs HAaXO0MKJEeHUA BCeX YIJIOB, IJs KayKAOTO
13 KOTOPBIX CIpaBelMBLI HepaBeHcTBa tg o> a (tg o < a);
ctg o > a (ctg o < a). Tem cambIM TTOATOTOBJIeHA 0asa AJIS U3Y-
YeHUsI PelIeHusd IIPOCTEeHINNX TPUTOHOMETPUUECKUX Hepa-
BEHCTB [JIsI TAHTE€HCOB M KOTAHTEHCOB.

T'nmaBHass TPYAHOCTH B DPEIeHUU pacCcMATPUBaeMBIX 3amayd
3aKJIIOYAETCA B IPABUJIBHOM M300paKeHUN COOTBETCTBYIOITUX
TOUEK eIWHUYHON OKPYKHOCTU — T'PAHUIL IIPOMEKYTKOB U B
MPaBUIBHOM UTEHUU IIOJyYaeMbIX ITPOMEKYTKOB.

Pemenus m KkoMMeHTapuu

B zaganusx 8.45—8.47, o cytu, TpedyeTcsa pemniuTh Ipo-
cTelilliie TPUTOHOMETPUYECKUEe HepaBeHCTBa, HO 3ajgaua (op-
MyJUPYeTCs B OPYTUX TepMHUHAaX. 3AeCh HCIIOJb30BAHBI BCeE
‘ TabJIMYHBbIe 3HaUYeHUA tg o u ctg o,
Y tgol a B s3amanuu 8.47 Hamo MCIIOJIb30-
BaTh apKTaHTeHC 1 apKKOTaHTeHC.

8.47. B) Haiigure Bce yrJibl O,
IS KasKIOTO M3 KOTOPHIX tg o > 2.

Pemenne. CHauasia HaligeM

(W)

I
y
—

T T .
P y yroa o, € —5; 5] TaKoii, 4YTO

/ \ tg o, = 2. Jro o, = arctg 2
(puc. 39). Tenmepnr HalileM Bce HC-
0 0 | x| KombIe YIJIbI O, OJS KaKIOTO U3
\ / KOTOpBIX tg o > 2 (um COOTBETCTBY-

IOT TOYKU EeIUHUYHONI OKPYIKHO-
— CTH, BbIJeJIeHHbIe Ha puCyHKe 39
SKUPHOU JyToi):

arctg 2+ nk<a< +nk, ke Z.
Puc. 39 2
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8.6*. dopmynbl Ang apKTaHreHca U apKKOTaHreHca

B manmHOM nmyHKTe yueOHMKA NOKA3aHBI (DOPMYJIBL:
arctg (—a) = —arctg a,
arcctg (—a) = n — arcctg a,
arctg (tg o) =0, oL e —g; g ,
arcctg (ctg o) = a, a € (0; w).
31ech JKe IIPUBEIEeHbl PeIlleHNs 3a1au, CBA3AHHBIX C BBIUHC-

aenueMm arctg (tg o) mmaa o ¢ —g; g , a Take arcctg (ctg o)
nis o ¢ (0; m).
PemeHuda U KOMMEHTAPHUH

8.52. Brruucaure: r) arcctg (ctg (—ZD, n) arctg (tg 5;)

Pemenne. 1) arcctg (ctg (— 1)) =arcctg (ctg 3:) = 3%, Tak

Kak 3775 € (0; m);
m) arctg (tg‘?):arctg (tg (—Z))z—g, TaK Kak

T n =
——e|l-= - |
6 ( 2 2)

8.53. Brrumciaure: a) arctg (tg 5); 6) arcctg (ctg 5).
Pemrenne. a) arctg (tg 5) = arctg (tg (5 — 2n)) = 5 — 2m,

TakKk Kak 5—2me —E; T 5
27 2
6) arcctg (ctg 5) = arcctg (ctg (b —7m)) =5 —n, TaK Kak

5 —m € (0; m).

JdomomHNTEILHBIE 3aJaHUA.

1. Beruucaure sin (arctg a).

Pemenne. Tak Kak arctg a cymecTByeT Ajia Jiro0OTO UYucaa
a € R, To nanee OyaeM cuuTaTh, 4YTOo @ — Jioboe umcjgo. Obo-
suaumm P = arctg a, Torza tg B = a.

Breruucianum cos? § = = .
B tg?Bf+1 a?2+1

Taxk Kax —g <B <g, TO cos § > 0, mosTomy
| 1

cosp = a+1 a2 +1°
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sinf3
COs
sinB=tgpP-cosP=a-

W3 dpopmyasl tgf =

caenyer, UTO
1 ___a
Ja2+1 a2 +1°
. _ a
Hraxr, sin (arctga)= 7@ (a € R).

2. Brrumciaure tg (arcsin a).

Pemenue. OGosnauum [ = arcsin @, Torma sin fj=a.
T n T

S, To - <P<s

2’ 2 p 2’
IIOATOMY B 9TOil B3ajmade a — JI000€ UHUCIO, TaKoe, UTO
a € (-1; 1). Boruucaum cos? =1 —-sin? B =1 — a?.

Tak Kax —g <B <g, to cos § > 0, mosTomy cosff =./1—a?.

Tak kak tg [ me ompenenen ajs Bzg up=-

sinf_ a

cosp  J1-a®’

Urak, tg(arcsin a):%, roe a € (-1; 1).
1-a2

Temneps BeruucauM tgf =

IIpoMesKyTOUYHBINA KOHTPOJIb.
KourposnbHaa pabora Ne 5.

dopmynbl cnoxeHus

9.1. KoCuHyC pasHOCTU U KOCUHYC CYMMbI ABYX YIrJiOB

OTmMeTHM, YTO OCHOBHOM (pOPMYJIOH, 13 KOTOPOI MOJYUaIOT-
cA OCTaJIbHBIE, ABJIAETCS (hOPMYJIa
cos (o0 — B) = cos o cos B + sin o sin . (1)
OHa JOKa3LIBAETCS € IIOMOIIBIO CKAJIAPHOIO IIPOU3BEIEHNA BEK-
TOPOB.
s moxkasaTesbcTBa (HOPMYJIbI
cos (o0 + B) = cos o cos B —sin o sin (2)
JIOCTATOYHO BHITIOJTHUTH IIpeobpasoBanme cos (o + ) = cos (o — (—f))
U IPUMEHUTDH (POPMYJIy KOCHHYCA PA3HOCTH ABYX YIJIOB U CBOMCTBA
CHHyCA X KOCHHYCA.

Pemenus m KkoMMeHTapuu
9.7. [oxaxkuTe CIpaBeaJINBOCTh PaBEHCTBA:
b4 . 3n .
a) cos OL—E =sino; T) cos ?+0c =sina.
3mech Hamo MoKasaTh (OPMYJbI, aHAJIOTHUHBIE (hopMyJaam
IJIsI TOIIOJIHUTEJbHBIX YIJIOB U3 I. 9.2, mosToMy CIIOCco0 TOKa-

3aTelbCTBA, OCHOBaHHBIN Ha mpuMeHenuu (opmyna (1)—(2),
IOJI3KeH OBITh YCBOEH YUAIITUMUCH.
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T T . . T
Pemrenne. a) cos OL—E :cosoc-cos§+smoc-sm§=

=cos 0 -0+ sino-1=sin o;
3 . .
) cos(z+oc)=cos32n-cosoc—s1n32n-s1n(x=

=0-cos a—(-1) - sin o =sin o.
9.12. Berumcawure: a) cos 135°; 6) cos 15°.
Pemenue. a) cos 135° = cos (90° + 45°) = cos 90° - cos 45° —
— sin 90° - sin 45° = 0-%—1-%=—%;
6) cos 15° = cos (45° — 30°) = cos 45° - cos 30° +
4 sin 45° - sin 30° = ¥2.¥3 (V2 1_V6+42
2 2 2 2 4
9.13. a) Brrumcaure cos 75° + cos 15°.
Pertrenue. cos 75° + cos 15° = cos (45° + 30°) + cos (45° — 30°) =
= cos 45°- cos 30°— sin 45°- sin 30°+cos 45°- cos 30°+

+sin 45°- sin 30° = 2 cos 45° - cos 30° =2 - %%z%

9.14. YupocTuTte BhIpasKeHUe:
a) cos (45° + o) cos (45° — a) — sin (45° — o) sin (45° + o);

0) cos (2; +0c)+cos [2;—&)+cosoc;

B) cos? (60° + B) + cos? (60° — B) + cos? PB.

Pemenmue.

a) cos (45° + o) cos (45° — o) — sin (45° — o) sin (45° + o) =
= cos (45° + o + 45° — o) = cos 90° = 0;

2 2
0) cos (3“ +oc)+cos (3”—0()+cos azcos%cosa —

— sin%t sin o +cos%cosa +sin2?7r sino +cos o =

=2cos‘2?n cos 0. +cos oc=2-(—;)cosoc+cos0c=0;

B) cos? (60° + B) +cos? (60°— B) + cos? B = (cos 60° - cos f—
— sin 60°- sin B)? + (cos 60°- cos B + sin 60°- sin B)? + cos? B =
= 2 cos? 60° cos? B+ 2 sin? 60° sin?  + cos? B =
= 1cos2[3 + 3sin? B+cos2f= §(sin2 B +cos2fB)= 3,
2 2 2 2
9.18. a) Haiigute HaumboJblllee M HaWMeHbIlee 3HAUECHUS
BBIPaYKEHU COS O — J3sina.
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Pemrenne. Cuauaja nmpeobpasyeM JaHHOE BbIpasKeHIe:
. 1 NER
cos oL — 3sm0c=2(cosoc—s1noc =
T LW T
=2|cos-coso—sin—sina |=2cos| —+a |
3 3 3
Tax Kax HAMOOJIBLIINM UM HANMEHBLIINM 3HAUEHUSIMU BLIPa-
b1
KEeHU cos | — +0 | aBadroTea uuciaa 1 m —1 cooTBeTCTBEeHHO, TO
HAMOOJIBIIIMM ¥ HAWMEHBINNM 3HAUEHHSAMUN BbIPAYKeHUs

COSO. — /3 sino ABJIAOTCA Ynca 2 U —2 COOTBETCTBEHHO.

9.2. Dopmysnbl 4S9 OONOJHUTENbHbLIX YI/IOB

B sToM myHKTe moxkasaHbI JBe (DOPMYJIBI:
T . . (=
cos (2—oc)= sino m sin (2—0c)=cos o,
KOTOPbIe OUeHb YaCTO MCIIOJIb3YVIOTCA B AAJbHEHIITeM.

Pemenus m koMMeHTapuu

9.22. Vopocture BhIpaskenme: a) sin (90° — 13°);

6) sin (-90° + 24°).

Pemenmne. a) sin (90° — 13°) = cos 13°;

6) sin (—90° + 24°) = —sin (90° — 24°) = —cos 24°.

9.23. BrIpasuTe 4mcJjIO Uepe3 CHHYC WM KOCHUHYC II0JIOKUTEIb-
HOTO yIJia, He mpeBbIInaromiero 45°: e) sin 1859°; k) cos 444°.

Pemrenmne. e) sin 1859° =sin (5 - 360° + 59°) =sin 59° =
= sin (90° — 31°) = cos 31°;

3K) cos 444° = cos (360° + 84°) = cos 84° = cos (90° — 6°) =
= sin 6°.

9.24. BrIpasuTe YHMCJIO Yepe3 CUHYC UJIM KOCUHYC TOJIOMKU-
TEJIbHOTO yIJia, He IIPEeBBIIIA0IINero %:

e) cos%; K) sin#.
14n 4 47 . [m A4rn
Pemrenne. €) cos—==cos|2n+— [=cos—=sin| ——— |=
uiere. ¢) 5 ( 5 ) 5 (2 5 )
. 37 .31 . (T o= T
=sin|—— [=—-sin=_-=-sin| - — = |[=—cos <.
10 10 2 5 5
K) sinﬁzsin 475—ﬂ =sin _4n =—sing=
7 7 7 7

——cos| T -4 |- _cos|- " |=—cos &
2 7 14 14



9.3. CuHYC CyMMbl U CUHYC Pa3HOCTU ABYX YrjioB

B mamHOM myHKTe yueOHUKA AOKas3aHBI (GOPMYJBLI CHHYCA
CYMMBI I CUHYCa Pa3HOCTHU JBYX YIJIOB:

sin (o0 — B) = sin o cos B — cos o sin B,
sin (o0 + B) = sin o cos B + cos o sin B.
O6paTuM BHUMaHHWE HA TO, YTO B yYeOHUKE ysKe JOKa3aHbI

dopmyawl aasa sin (n + o), cos (T + o) (m. 7.4), cos g—oc u

sin (g - OL) (m. 9.2). TonpKoO c mOKasaTeabCTBOM (DOPMYJI AJIA
cos (0 x B) m sin (o0 £ B) mossBUIIACH BO3MOYKHOCTEH [OKAa3aTh
(OPMYJIBI IJI COS (nzk s OC) u sin (nzk + oc) s Jrroboro 11es10T0 k.

Tak Kaxk 3HaUeHUs CUHYyCA M KOCHUHYCa He MU3MEHSAIOTCS OT
npubaBieHusA (BBIUUTAHUA) 2T K apryMeHTy, TO cuHyc (Kocu-
HyC) JII000TO M3 YKasaHHBIX BBIIIE apTyMEHTOB HETPYIHO CBe-

CTU K cuUHYCY (KOCHHYCY) apTryMeHTOB g—oc, Lo, m—0, T+0,

2
3n 3n
5 —-a, . +0,, KOTOpPbIe MOYKHO IPUBECTU K apTyMeHTy 0., IIpHU-
MeHAA (GopMyJibl cmHyca (KOcmHyca) CyMMBI (pa3HOCTH) ABYX
YTIJIOB.
Beinumiem Bce 12 popmys o1 yKasaHHBIX BBIIIIE IIECTU ap-

TYMEHTOB:

(= . (m . .
sin (z—ajzcos o, sin (2 +0c)=cos o, sin (T - o) =sin o,
T . b .
cos (2—u)= sino, cos (2 +oc)=—sm o, cos (T — a)=-—cos o,

. | 3m . [3=m
sin ?—oc =—cos 0, sin ?+0c =—Cos 0.,
sin (w + o) = —sin o,

3n . 3n .
cos ?—oc =—sino, cos ?+oc =sin o, cos (T + o) =—cos 0.

Bce st (1)OpMy.TII>I MO HO BOCIIPOM3BOAUTH C IIOMOIITBIO CJIe-

IYIOIIEro MHeMOHULeCK020 NPpAsULA:
I 3n

1) Ecau mepBoe ciaaraemoe apryMeHTa €CThb o WM =5, TO B

IpaBoil yacTu (popMyJabl HALO 3aMEHUTh CUHYC Ha KOCUHYC (KO-

cuHyc Ha cuHyc). Eciiu mepBoe ciaaraemoe aprymeHTa T, TO Me-

HATH CUHYC (KOCUHYC) He Hao.
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2) B mpaBoii wactu (GOpMYyJabl HAJO TOCTABUTH 3HAK «—»,
TOJIBKO €CJIM JJIsI OCTPOTO yTIJia O, 3HaUeHue cuHyca (KOoCHHYyca)
B JIeBOI1 yacTu (POPMYJIBI OTPUIATETHHO.

9t GOpMyJIBI HA3BIBAIOT YaCTO (QOPMYLAMU NpuUBedeHuUs
(aprymeHTa K 0oJjiee mpocToMy Buay). Ho cmeruajsbHOTO TYHK-
Ta «POopMyabl NpUBEAEHUA» B yudeOHuUKe HerT. OZHAKO CTOUT
yAeIUTh BHUMAaHWE W3BECTHOMY MHEMOHWYECKOMY IIPaBUIY,
IIO3BOJAMIIEMY ITPABUJIBHO BOCIIPOMSBOAUTH JIIOOYyI0 u3 (op-
MyJ TpUBENeHWA. OTO OPABUJIO OTBeYaeT Ha JBa BOIIpoca:
1) MeHATH UJIU He MEHATHL HaMMeHOBaHMe QYHKIVU (CHHYC Ha
KOCHUHYC, KOCUHYC Ha CHHYC); 2) CTaBUTh WJU HET B IIPaBOH
yacTu GOPMYJIBI 3HAK «—»?

Ho m3BecTen u meHee (hopMaJIbHBIN €TI0 BapUAHT, KOTOPBIN
yuuTesad MaTeMaTUKU MepelaloT U3 IMOKOJEHUS B IIOKOJIEHUE.
OOGBIYHO PaCCKa3bIBAIOT TAKYIO MCTOPHUIO.

B craprie 1o0phie BpeMeHa JKUJI pacCeTHHBIN MaTeMaTuk, KO-
TOPBII IIPU IMOMCKEe OTBeTAa Ha BOIPOC 1 CMOTPEJI Ha CBOIO YUEHYIO
JIOIIagh, & OHA KUBAJIa TOJIOBOM BIOJBb TOM OCH KOOPAMHAT, KOTO-
po#l mpuHAamIeKasa TOYKA, COOTBETCTBYIOIAA IIEPBOMY cJjarae-

MOMY apryMeHTa gia, T *ao, 3?75 o, .... Ecam jomagk KuBaja

roJIoBo# BHoJsib ocu Oy, TO MaTeMaTHUK CUNTAJ, YTO IIOJIyYeH OT-
BeT «Ja, MEHATL», ecjar BAoJab ocu Ox — «HeT, He MEHSATh».

MokHO mOCOBeTOBATh yUAIl[UMCH, 3a HEeMMEHHEM YyUYeHOI
JoImaan, caMUM KUBATh I'OJIOBOM BAOJL TOM OCHM KOOPAWHAT,
KOTOPOIl IPUHALJIEKUT TOUKA, COOTBETCTBYIOIAS IIEPBOMY
ciaraemMomMy apryMmenTa. Tak OoHM IIoJydyaT OTBeT Ha Bompoc 1.
Pasymeercs, oHE JOJKHBI IOHMMATh, UTO 9TO IIYTKAa, UTO (hpop-
MYJIBI JOKa3aHbI, a «JIOIIAaJAMHOEe» IIPABUJIO JHUIIL IOMOIaeT UM
oupeneauTh PYHKIIUIO yIJja O AJsd IpaBoil 4acTu (POPMYJIBI.

OrBeT Ha BOIpoOC 2 MmoJiydyaeTca TaK. XoTsa (hOPMYJIbI IIPUBE-
IeHus HOKAas3aHbl AJIsA JIOO0ro yria O, JOCTATOYHO OIPEeNeJUTh
3HAK JIeBOU uacTu (OPMYJbI AJIS OCTPOTO yrJja O U IIOCTABUTH
ero mepej Sin o0 MM COS O, B IPaBoil yacTu (POPMYJIEI.

. 31 3n .
Hanpuwmep, sin ?—OL =—Ccos0; CcoSs ?—Hx =sinao.

Pemenus m KkoMMeHTapuu

9.30. YupocTture BBIpasKeHUE:
a) RE] sin o — 1cos o; 0) 2 (cos o0 — sin ).
2 2 2

Ilpu pemtenuu sroro 3aganusa opmyas (1) u (2) npumeHs-
IOTCSA st (DOPMUPOBAaHUA YMEHUs ITPeo0pasoBLIBATHL TPUTOHO-
MeTpUUYeCKUe BbIPAKEeHUSA C IIOMOIILI0 BCIIOMOTATEJILHOTO
yraa. Tor 'Ke mpumeM WHCIOJIB3YETCSA IPU PEIIeHUN 3aTaHUa
9.33.
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Pemrenne.

a) ﬁsin(x—lcosoczcosﬂsinoc—sinﬁcosoczsin a-" ;
2 2 6 6 6

0) %(cos o —sin a)zcos%cos o — sin% sin o0 =cos (ZHX).

9.33. 06) Hatimure HamboJiblllee W HauMeHbIlee 3HAUEHUS
BRIpa)KeHus 5 cos oo + 12 sin o.
Pemenve. Tak xak /52 +122 =13, To 5 cos o0 + 12 sin o =

5 12 .
—13(1300sa+13 smoc)—A.

2
Tax xax (153) +G§) =1, To maiigercss yroia [, Takoii, 4TO

sin B = %, acosfP= % Torgpa

A =13 (sin B cos o + sino cosB) = 13 sin (B + o).

Tak kKak HauboJbIllee U HAUMEHbIIIee 3HAUEHUA BhIPAYKEeHU A
sin (B + ) paBHbel 1 U —1 COOTBETCTBEHHO, TO HaAUOOJIbIlIEE U
HanMeHbIIlee 3HaUeHUA BbIpaskeHusa A paBubl 13 u —13 cooTBer-
CTBEHHO.

IIpomMeskyTouHBIiiT KOHTpPOAb C—32, C—33.

9.4. Cymma 1 pasHOCTb CUHYCOB U KOCUHYCOB

B mamHOM IyHKTe yueOHUKA HOKa3aHbI (DOPMYJIBI:

sin0c+sin[3:2sina;rﬁcosa;ﬁ, 1)
sinoc—sinB=2sin062;Bcosa2LB, 2)
cosa+cosB=200sa;Bcosu;B, 3)
cosoc—cosl3=—2sina;Bsina;B. 4)

Hns gyumiero sanmomuHaHusA dopmya (1)—(4) mamo obpa-
TUTHh BHUMAaHMWE yYalllIXCs Ha TO, UTO B JIEBOM UACTU KaXKIOM
W3 HUX CTOAT CYMMbI UJY PA3SHOCTU ONHOUMEHHBLIX (PYHKITUUA
or 0. u B, a cipaBa — yABOEHHbIe TMPOU3BEAEHUS NBYX (DYHK-
Ui OT IMOJYCYMMbI MJIN IOJYPA3HOCTH STUX YIJIOB. Bocmpous-
BOAUTEL 5TU (opMYyJbl OyIeT Jierde, eCan ydall[uecs 3alOMHST
uae0 uX [O0KasaTeJbCTBa: HAMO CJOMKUTL WNJIN BBIYECTDH
sin (x + y) u sin (x — y) uau cos (x + y) u cos (x — y).

B npagoit vactu kammoi us opmya (1)—(4) sHaK MexIy O
¥ [ B umcauTeJie IePBOT0 apryMeHTa COBIIAfaeT CO 3HAKOM Me-
KAy QYHKIIMAMU B JeBOM yacTu (hOPMYJIBI.

129



He pekomeHayem mpaByio dacTb (OpMYyJbl (4) 3amuchiBaTh
B-a . o+P
0e3 3HaAKa «MHHYC»: 2sin——— 3 1n?. Yuamuecsa DOJMKHBI 3a-

IIOMHUTb, UTO 3HAK «—» B mpaBoii uactu ¢gopmyJa (1)—(4) cra-
BUTCS TOJIbKO IIPY BBIUMTAHUN KOCHUHYCOB.

Pemenus m KkoMMeHTapuu
9.38. a) [lorkakuTe cOpaBeaJINBOCTb PAaBEHCTBA
sin 50° + sin 10° — cos 20° = 0.

Pemrenue. sin 50° + sin 10° — cos 20° = 2 sin 30° cos 20° —
—cos 20°=2. % cos 20° — cos 20° = cos 20° — cos 20° =0,
4TO U TPeOOBAJIOCH NOKA3aTh.

9.40. a) [lokasKuTe CIIPaBeAJNBOCTh PaBEHCTBA

51 mn
=4 —— .
cos 19 cos 12 =0

Pemnrenue. cos5—rE +cos7—n= 2cos * cos L -
12 12 2 12

T
=2-0-cos (— =0, uTo U TPeboBaJIOCh NJOKAa3aTh.

12
o o

9.41. B) Bbrumciiure cos 75 -cos 1;’) .

Pemrenne. @opmynsl s cos o cos B, sin o sin B,
sin o cos B eme OyayT msydarbcsa B 1. 9.6, HeoOs3aTEIbHOM
IJIsT M3ydYeHus Ha 0a30BOM ypPOBHE. 3[eCh K€ BOCIOJIb3yeMCs
paBeHCTBOM cOS (x + y) + cos (x — y) = 2 cos x cos Y, MOJTyUeH-
HOM TIpM JoKasaTtesbcTBe (opmya (1)—(4). I3 Hero HeTpyIHO

OJIYYUTH (POPMYJYy COS X COS Y = % (cos (x + y) + cos (x — y)),
C IIOMOIITbI0 KOTOPOI BHIIOJHUM BBIUMCJIEHU:
75° 15° 1 75° 15° 75° 15°
cos -cos ==|cos + +cos - =
2 2 2 2 2 2 2

—(cos 45° +cos 30°)=— (\F +f) @

2 2
IIpomMeskyTOuHBIH KOHTpPOJAb. C—34.

9.5. ¢ODMVIII:I O OBOMHbIX U NMOJIOBUHHbIX YrNoB

B mamHOM myHKTe yueOHMKA HOKa3aHbI (hOPMYJIBI:
sin 20 = 2sin o cos 0, (1)
cos 20 = cos? o — sin? «, (2)
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1-cosa

.o O
sin? — = , 3
9 9 3)
o l+cosa
cos? —=——"+— 4
9 5 (4)

WNnero norazarenncTBa hopmya (1)—(2) — B popmysmax ajs
sin (o + B) u cos (o + B) samenuTs B Ha OO — yyalMecs TOJK-
HBI 0053aTEJIbHO 3HATD.

He pexkomenngyem gopmyasl (3) u (4) 3anuchiBaTh B BUE

. O 1—coso o 1+ coso
sin-=+|——=, cos—=%* [|—"T"T"—,
2 2 2 2

TaK KaK yJaluecd MOT'yT IIOoAyMaTh, UTO OJIA KaKIO0TOo O CyIIe-
PR 0/ o
CTBYyEeT ABa 3HAUYEHUA smE NJIN COS 5, a 9TO He TaK.

Pemenus m KOMMEeHTapuUu
9.62. a) JlokakuTe CIpaBeIINBOCTbL PAaBEHCTBA

20—
5

(sin o + sin B)’ + (cos o + cos B)’ = 4 cos

IMokaszarenbcTBO. (sin o + sin )2 + (cos o + cos B)? =sin? o +
+2sin o sin B + sin? B + cos? o + 2 cos o cos B + cos? B =
=2 +2sino sin B+ 2 cos o.cos B=2 + 2 (cos 0. cos B +sin o sin B) =

—2+ 2cos (0~ B) = 2 (1 + cos ((x—[i)):4cos2°‘2;3,

4TO U TPeGOBAJIOCH HOKA3ATh.
9.63. a) [loxka:kuTe CIpaBeAJINBOCTbL PaBEHCTBA
sin 20 (sin 20 + sin 2P) + cos 20 (cos 20 + cos 2B) = 2 cos” (o0 — ).
HMokaszareascTBo. sin 20 (sin 20 + sin 2[3) +
+ cos 20 (cos 20 + cos 2B) = sin? 20 + sin 20 sin 2B + cos? 200 +
+ cos 20 cos 2 = 1+cos (2o — 2B) = 2 cos? (o — B),

YTO U TPeOOBAJJIOCH JOKA3aTh.

2 4
9.64. a) Brrumciaure cos ™ cos2F cos 2T,
9 9 9
Pemenne. [Ina pernteHusa 9TO¥M 3amauym YMHOYKHM U pasje-

JIMM BBIpa’KeHUe Ha 8 sing sing ¢OJ U mpeobpasyeM MOJIyUeH-
HYIO p0o0b, IpuMeHsAd 3 pasa GPopMyJay CUHYCa ABOMHOIO yrja:

2 (2 (2 sinncosn) cossz cosﬂ
T 2n 4T _ 9 9 9 9 _
003500830037— =

9 8sin ™
21 21 4r
2| 2sin=——cos—— |cos— oA A ., 8T
( 9 9) 9:2smgcosg_s1n9=l
8sin ™ 8sin ™ 8sin ™ 8
9 9 9
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. 8m _ . T|_ . T
TaK KaK SIn—=8In| T — — [=S81ln—.
9 9 9

HpI/IMEHEHI/Ie PacCMOTPEHHOI'O IIpueMa B CJeAYIOIIleM 3aJa-

HUM He TaK O4YeBUJHO.

27 3n
JomomaurensHoe 3aganue. Berumcanre cos? — smE
[is pellleHus 3aJauy cHauajia IPUBEAEM JaHHOE BbIpasKe-

HIEe K Pa3HOCTU OJHOUMEHHBIX (DYHKITUI:

cos— —sin——=sin 9 5 —sin=——=sin— —sin—.

2n 3r T 2% 3r T 3n
5 10 10 10 10

Tenepsb, mpuMeHUB (POPMYJTYy PA3HOCTH CUHYCOB, IIOJYUMM:

. T .. 3T . T 21 21
r _ ot _ 9 N _ _9 L
sin 10 sin 10 sin ( 10)cos 10 sin 10 Ccos— 10°

T
YMHOMXUM U pas3nesimM IIOJIyde€HHOe IIPDOM3BeJEHNE Ha 2 COSE

(cosTE # 0) U OPUMEHUM JBa pasa GpopmMysay cuHyca ABOMHOTO

10
yria:
2 (2 s1n1005172))005i0 2s1n2—ncosziE
—2sin " cos 2™ an _ 10 10
10 10 2COSL ZCOSf
10 1
. ﬂ sin(n — TEJ T
_ s1n10 _ 2 10 _ coslo _ 1
2COSL 2COSL 2COSL 2
10 10 10
27 3r 1
Hraxk, cosZt —gin°t=_=,
T 5 10 2

IIpomeskyTOouHBIiT KOHTpPOIAB. C—35.

9.6*. MpounsBegeHue CUMHYCOB U KOCUHYCOB

B sToM myHKTe mOoKaszaHBI TPU (POPMYJIBI:

sin o cos B = % (sin (o + B) + sin (o — B)),

cos o cos [ =% (cos (o + B) + cos (a0 — B)),
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sin o sin B = % (cos (o0 — B) — cos (a + B)).

Atu HOPMYJIbI OTHOCATCA K TAKUM, KOTOPBIE IIPOIIe BhIBEC-
TU 3aHOBO, €CJI OHU He 3allOMHUJINCH HamekHo. I 3mech 3armo-
MUHaHUIO (OPMYJI CIIOCOOCTBYET OIlopa Ha uepemoBanue QyHK-
Uil OJA CMHyca CYMMBI MJM PA3HOCTH ABYX YTIJIOB, KOCHUHYyCA
CYMMBI UJUW PA3HOCTHU ABYX YTJIOB.

PemeHusas u KOMMEHTaApPUHU

9.65. a) IIpeoGpasyiiTe B CcymMMy WJIH B PpPasHOCTh
cos 30 cos O.

Pemrenne. cos 30 coso = %(cos Ba+a)+cos (Ba—))=

= % (cos 40 +cos 20) = %cos 40+ %cos 20..

9.66. a) lorkaskure, 4TO

on 51 6 1 1. =
sin2F cos 2% — gin 2Xcos - = = — ~sin T,
28 28 35 3 2 2 5
HoxaszaTesrbCcTBO.
sin 2% cos 2" — sin %" cos ® = 1| gin 91+51 +sin 9 _5m|_
28 28 35 35 2 28 28 28 28
1 sin 6—n+£ +sin br_m||_1 sin® +sin” |-
2 35 35 35 35 2 2 7
1 .. @ .. mTy_1 1. &
——|sin< +sin— [== —=sin_, yTo m TpeboBaSIOCH JOKA3ATh.
2 5 7 2 2 5

MoxkaxkuTe, 4TO €CJIH O, B, Y — YIVIBI TPEYTOJbHUKA, TO BbI-
noaHsercsa paBeHcTBO (9.69—9.71):

9.69. a) 4cos_ 9 cosgcos; =sin o + sin B + sin v.

HokrasareascTBo. IIpeobpasyeM mpaByl 4YacThb pPaBEHCTBA,
yuurthiBas, uro Y= 180° — (o + B):

sin o0 + sin B + sin y=sin o + sin B + sin (180° — (o + B)) =

—2Slna;BCO B+sm(oc+[3) 2sin? P +B ;B+
. o+f o+B . a+P oc—B o+B )
+2sin g COS—, =2sin 2 (cos 5 +cos s |=

:ZSinlsoi_y-ZcosgcosE:ALSin 90°—1 -cosgcosgz
2 2 2 2 2 2

Y

o
=4cos 5 cos g cos > uyTO 1 TPebOoBaJIOCh MJOKAa3aTh.

133



9.70. a) sin? o + sin?  + sin? y=2 + 2 cos o cos P cos Y.
IMokaszareabcTBo. CHauasa mnpeo0pasyeM OTAEIbHO JIEBYIO
(A) u mpasyio (B) yacTu J0OKasbIBA€MOTO PaBEHCTBA, YUUTHI-
Basd, uro Y= 180° — (o + P).
A =sin? o + sin?  + sin? y = sin? o + sin? B +
+ sin? (180° — (o + P)) = sin? o + sin? B + sin? (o + B) = sin? o +
+ sin? B + (sin o cos B + sin B cos o)? = sin? o + sin? B +
+ sin? o cos? B+ 2sin o cos o sin B cos B + sin? B cos? o.
B=2+2cos ocos f}cosy=
+ 2 cos o cos B cos (180° — (o + B)) =
2 cos a cos B cos (o + PB) =
2 cos o cos B (cos a cos B —sin a sin B) =
2 —2cos?acos?P+ 2sin asinP cos o cos B =
=2-cos? o (1-sin? B) — (1 - sin? o) cos? B+
+ 2 sin o sin B cos o cos B = 2— cos? o+ sin?  cos? o — cos? B+
+ sin? o cos? B + 2 sin o sin B cos o cos B = sin? o + sin? B+
+ sin? o cos? B + 2 sin o cos o sin B cos B + sin? B cos? o.
Takum obpasom, A = B, 4TO 1 TPeOOBAJIOCH JOKA3aTh.
9.71. a) sin 20 + sin 2B + sin 2y =4sin o sin B sin y.
HoxrasareascTBo. IIpeobpasyem JieByI0 4acTh JOKa3bIBAEMO-
ro paBeHCTBa, YUYUTHIBasi, uTo Y= 180° — (o + P).
sin 20 + sin 2B + sin 2y = 2sin (a0 + B) cos (a0 — B) +
+ 2sin y cos Y= 2sin (180° — 7) cos (o — B) +
+ 2sin 7y cos (180°— (o + B)) = 2sin 7 cos (o0 — B) —
— 2sin y cos (o0 + B) = 2sin 7 (cos (o0 — B) — cos (a0 + B)) =
o-B-o-P Sinoc—B+oc+B
2 2

YTO U TPeOOBAJIOCH NJOKA3aTh.

2
2
2

=2siny|-2sin =4sina sinf sinvy,

IIpomMesxkyTouHBIiiT KOHTpPOab. C—36.

9.7*. dopmMyibl ANg TAHF€HCOB

B sToM myHKTe moxasaHbI (G OPMYJIIBI:

tgo+t
tg (o +B)=71igOC tggBB

(0(¢12t+7tk, keZ, B;tgﬂm, neZz, 0€+B¢g+nm’ m EZ)’

tgo — tgP

tg(a_B)zlthg(xth

(Ot;tg+7tk, keZ, B¢g+ﬁn, n eZ,Oﬂ-B;ﬁg“‘m’ m € Z),
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tg (g—a)zctgoc (o # 1k, k € Z),

tg2a=M a¢E+ka,keZ,a¢£+nn,neZ 5
1-tg2a 4 2 2
% o _ sino
g2

=— " (u#Tm+ 21N, n € Z),
1+coso

tggzl_,ciow (oo #m+7n, n € Z),
2 sino
a TakKe POopMyJIbI
2tg%
sino=— 2

1+tg2%
£

1-tg2%
coso=—2
1+tg2%

(o# 7+ 2nn, n € Z),

(a#mn+ 2nn, n € Z).

3aMeTuM, YUTO Kakgasd U3 9TUX (QOpPMYyJ cIpaBedjiiBa He
IUIsSI BCeX 3HAUYEHUH o U B, a JIUIb IJIS TeX, KOTOPhIE 3alUCaHbI
B CKOOKAax mocJje KayKIoi (popMyJabl.
31ech JKe IpuBedeHbl IPUMeDhl IPUMEHEeHU 9TUX (OPMY.JI.
PemeHusa ¥ KOMMEHTAPUH
9.78. a) Jloka:kuTe CIpaBeaINBOCTbL PAaBEHCTBA
T 37 T 3n
tg —+tg—— +tg —tg—— =1.
16 16 16 16

HoxazatembeTBo. Iloabsysack popmytoit

tg o+ tg p=tg (a+P)(1 - tg atg P), (1)

KoTopas ciaeayet u3 hopmyasl 1 tg (o + B), mpeobGpasyem Je-
BYIO U4acTh JOKAa3bIBAEMOI'0 PABEHCTBA:

T 3T T 3r n  3n T 3n
T on M to2T LI LU I L e el
€161 8161716 16 tg(16+16)( tg16tg16)+

1 3n T b 3n T 3n
+tg Ftg®T —tg T (1-tg F tg°T |+tg Ftg 2 =
t8ieteig - (186t 5] 6% 4
3n T 3n
=1-|1-tg Ztg 2" |+tg ® tg T =1,
€16 gm) €16 16
qTOo " Tpe6OBaJIOCI) JOKa3aThb.

Hokaskure, 4TO ecau 0, B, Y — yIrJbl TPEyroJbHUKA, TO BbI-
noaHsercsa paBeHcTBO (9.84—9.85):
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9.84. a) tgoa+tgf+tgy=tg atg P tgy.
HoxrasareascTBo. IIpeoOpasyeM JIeByI0 UYacTh pPaBEHCTBA,
ncnosb3ysi popmynay (1) u yuursiBasd, uro Y= 180° — (o + PB):

tga+tgP+tgy=tg oa+tg P+ tg (180°— (o + P)) =
=tgo+tgP-tg(a+P=tg(a+P)(l-tgoatgpP)-tg(a+P)=
=tg(a+P)(1-tgotgf-1)=1tg (180°—7v) (-tg o tg P) =
=—tgy(-tgatgP)=tgatgPtey,

uyTO 1 TPebOBaAJIOCh NOKAa3aTh.

3mech O, B 1 Y — yriabl TPEYroJbHUKA U MOAPa3yMeBaeTcs,
uTO MMeIT cMbICH tg o, tg B u tg y. CiaemoBarenbHo, paccmar-
puUBaOTCA JUMIb TPEYroOJbHUKMN, B KOTOPBIX HET NIPAMBIX
YIJOB, W [OJs1 YIJIOB TaKUX TPEYroJbHUKOB IIPOBEIEHHBIE
BBIKJIQAKHW CIIpaBeJINBBI.

9.85. a) ctg o ctg B+ ctg o ctg Y+ ctg B ctg y=1.

MokxasaTeabcTBO. 31eCh O, U Y — yIJIBI TPEyroJbHUKA U
moJpasyMeBaeTcCsi, UTO WMEIT cMmbica ctg o, ctg f u ctg y.
Paccmorpum gBa cayuasi: 1) cpeiud 9TUX YIJIOB HET IIPAMOTO
yrya; 2) ogwH U3 3TUX YIJIOB IIPAMOIMA.

B mepBoM ciiyuae mMeIOT CMBICT tg o, tg B u tg ¥, 1 Tak Kak
o, P m y— yrael TpeyroabHuKa, To tg o= 0, tgPB#0 m
tg y# 0. Ilosromy pmjma Takux VIJIOB, YYUTHIBAA, UTO
v=180° — (o0 + ), cupaBeIUBLI CIAEAYIOIIEe PABEHCTBA:

ctg o ctg B+ ctg o ctg v+ ctg B ctg y=
=ctg o ctg B + (ctg o + ctg B) ctg y=
=ctg o ctg B + (ctg o + ctg B) ctg (180° — (o + PB)) =
=ctg o ctg B — (ctg o + ctg P) ctg (o + B) =

:1.1_(1 1). 1
tga tgB \tgo tgf) tg(a+P)

_ 1 tgo +tgf 1-tgotgf
 tgo tgP B tgo tgp ’ tgo + tgp
_ 1 _1—tgath:1—1+tg0Ltg[3:1
tgo tgP tgo tgP tgo tgP ’

uyTO 1 TPebOoBaAJIOCh NOKAa3aTh.
CrnemoBaTenbHO, B IIEPBOM CJIydYae PABEHCTBO JOKAa3aHO.
Bo BTOpOM ciiydyae ecTh OAMH IIPAMOM yroJ, HaOpuMep,
. T
yroan o — mpamoii. Torma yrasr B u Y=§—B — ocrpuie. Tak
Kak ctg oo =0, To moKasbIBaeMOe PaABEHCTBO IIEPENUIIEeTCS B

Buge ctgPctg (g — B)= 1.
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Tak Kak ctg (g—[})z tg Buctg Ptg =1, To u BoO BTOpom

cayuae Tpebyemoe paBeHCTBO nokasaHo. CiemoBaTeabHO, pa-
BeHCTBO ctg o ctg B + ctg o ctg v+ ctg B ctg Y= 1 cupasemiu-
BO [IJIs JIFOOOTO TPEYTroJIbHUKA.
T, Tn
9.86. [lns yriaoB o, TaKUX, 4TO O ¢E+?’ n € Z, 1oKaxxu-
Te CIpPaBeIINBOCTL PABEHCTBA
tgo (8 —tg2 o)
tgdo="—""—2=>", (2)
1-3tg2a
JorxasareabcTBO. /i J100BIX O CIIpaBeAJIMBBI PaBEeHCTBA
sin 30 = sin 20 cos o + sin o cos 20, = 2 sin o cos? o +
+ sin o (cos? o — sin? o) = 3 sin o cos? o — sin? a,
cos 300 = cos 20, cos o — sin o sin 200 = (cos? o — sin? o) cos o —
— 2sin? o cos o = cos® o — 3 sin? o cos .,
T. €. CIIPaBeIJINBLI PABEHCTBA
sin 3o = 3 sin o cos? o — sin? o, (3)
cos 3o = cos?® o — 3 sin? o cos o.
n
Tax Kax gasa oc;t%+%, n € Z, umeer cmbica tg 3o, uTO, B
YaCcTHOCTH, O3HaUaeT, uTo cos 3o # 0 mjid sTUX yrJoB, TO, HC-
oJIb3ys paBeHcTBa (3), IoJydyaeM, YTO CIIpaBedINBbI paBEeHCTBA
_ sin3a _ 3sina cos?a — sinda

tg 3o =

(4)

cos3a cosdo —3sinZa coso

Tak xak cos o0 # 0 gasa o # % +%, n € Z, To, pa3ieJuB YUC-

JIUTEeJIb U 3HaMeHaTeJb Ipo0u B IIpaBOil yacTu paBeHcTBa (4) Ha
cos?® o, TIOJIYYUM, UTO CIIPABEAJNBO PABEHCTBO

3tgo—tg3o  tgo(3-tg2o)
1-3tg2a 1-3tg2a
Tem cambIM TpeOyemoe paBeHCTBO (2) JoKasaHO IJA BCeX

tg3o =

T n
o# 6 +?, n € Z, 4to u TpeboBaJIOCh JOKA3ATh.

IIpomMeskyTOouHBIHL KOHTpPOAb. C—37.

TpuroHomeTpuyeckue PpyHKUnmn

YUCNIOBOrO aprymeHTa
B srom maparpade yueOHMKA M3YyUYAIOTCA TPUTOHOMETPUUE-

ckue GYHKIIUU He yIJia, a yucja. VsyuyeHue BceX TPUTOHOMETPH-
YyecKuX (PYHKIIUU UYMCJIOBOTO apryMeHTa OIIMpaeTcd Ha M3yYeH-
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HbIe paHee CBOUWCTBA TPUTOHOMETPHMUYECKUX QPYHKIIUHN yrja u
CTPOUTCS II0 OJHOM U TOH ke cxeMe. CHavasia GOPMYJIUPYIOTCI U
000CHOBBIBAIOTCS CBOMCTBA (DYHKIIUM, 3aT€M CTPOUTCS ee rpaduK.

Ilepen m. 10.1 mambl ompeneeHUA TEePUOIUUYECKON (PYHK-
IUU U ee riaaBHoro nepmonxa. O6paTumM BHMMaHUWE HA TO, UTO B
ompenesieHnu IepuoAuuecKkoi (yurnuu f(x) ¢ mepuomom T
(T # 0) Tpebyercsi, YTOOBI AJIs JIFOOOTO 3HAUEHUST X U3 00JacTH
oupenenenusa QyHruum uuciaa x + T u x — T (T # 0) Traxxke
IPUHAAJIEKATIU dTOM 00JIaCTH OIpeieieHs U BLITIOJHAIOCH pa-
BeucTBO f (x + T) = f (x). Hamee B yueOHUKe HOKa3aHO, YTO U3
ITaHHOTO OIpeAeJeHus CJaedyeT CIPaBeIJIMBOCTh PaBEHCTBA
f(x—T)={f (x), uro uHOTZA TPEOYETCA IO OIIPEAEJEHUIO.

OnpeneneHnre IEPUOAUIECKON (PYHKIIMU MOYKHO IaTh MHAYE:
ecJid 1A JII000ro 3HAUEHUsA X M3 00JacTu ompeneeHuA PyHK-
uun f (x) cupaBedJINBbI PaBEHCTBA

fx+T)=f(x-T)=1(x), (1)

To (pyuKIuio f (x) HA3BIBAIOT MEePUOAUYECKOil ¢ mepumomom T
(T # 0). IIpu TakoM ompeaeeHUN IIPOBEPATH IPUHAIAJIECKHOCTD
x+ T u x — T obnactu onpenenernus pyuxnuu [ (x) He Tpedy-
eTcs, TaK KaK, eCTeCTBEHHO, IIOAPa3yMeBaeTCA, UTO €CJU CIIpa-
BeJJiMBbI paBeHcTBa (1), TO WMMEIOT CMBICT BBIPAKEHUS
f(x+T)uf(x—-T), mosromy x + T u x — T upuHaggexkar o0-
JacTtu onpeneaenusa QyHKmuu f (x).

10.1. PyHKUMEA y = sin x

B nmamHoM myHKTe naHo omnpeneneHue (GpyHKIUU Yy = sin x,
copMyIMpPOBAaHLl X OOOCHOBAHBLI €€ CBOMCTBa, CTPOUTCS ee
rpadpur. IIpu mocTrpoenuum rpadumkKa MOXKHO PEKOMEHIOBATH
yUaliuMcs MCIIOJb30BATHL OAUH U TOT K€ eIUHUYHBLINA OTPE3OK,
paBHbIli 1 cMm, o ocam Ox u Oy. Torpa Touka © Ha ocu Ox Oy-
geT mpasee TOUYKH 3. IIpu mpaBUIBLHOM IIOCTPOEHMU rpadura
mpaMas y = X [OOJJKHA OKasaThCA KacaTeJbHOU K Trpadukry
dyurmuu y =sin x B touke O (0; 0) (pmc. 40). Iror GarT
MOJKHO COOOIIUTh YUAIIMMCS AJIs caMOKOHTpPoJsda. OH OyaeT mo-

Wy=x /||
1 y =sinx
// AN T \
V4 . \\ \\.\ ' S
_ _3n _ _I 0 T 3n x
NG A NG
|| | |
Puc. 40
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KasaH II03)Ke, IIPW BbIUMCJIEHUM IIPOU3BOAHON (PYHKIIIU
y=sin x B Touke x =0 (B 11 xmacce). I'maBHBIM HepmOIOM
dyHKIIMM y = sin x aBasgercd uucygo T = 2w, yro OymeT moxkasa-
HO B 11. 10.2.

PemeHusa ¥ KOMMEHTAPUH
47:
5°
T 3n
Pemenne. a) Ywucaa 7 u X2 OPUHALJIEKAT IIPOMEKYTKY
3n

[—g; g}, Ha KOTOpOoM (PYHKIIMA Yy = Sin X Bo3pacraer, 70
3n

cjemoBaTeJyiIbHO, sm 7 <sin=-.

7
37 4n n, 3%
r) Ywmcia 5 U — OPUHALJIEKAT IIPOMEXKYTKY 2 9 | Ha

5
. 3n
KoTopoM (hyHKIMA Yy = Sin x yOwIBaer, — <— cJe10BaTeJabHO,

5 5

3n 4n
sin== > sin—-.
5 5

10.8. TIlocTpoiiTe rpad@uK QPyHKITUN:
a) y=|sin x|; 6) y =sin (x — x); B) y=2singcosg,

10.7. CpaBuure: a) sing u sin?fz—n; T) sm% u sin—

/3
A

r) y=sin|x|; a) y=|sin x - 0,5]; e) y=sin x - 1.
Pemenne. a) Yrtobbl mocTpouTh TrpaduK  (QYHKIIUUA
= |sin x|, HY)>XHO COXPAHUTh TOUYKM Trpadpuka QOYHKIUN
Yy = sin x, pacrojioskeHHbIe BbIllle 1 Ha ocu OX, U CUMMeTpu4-
HO OTPasUTh OTHOCUTEJIHHO ocu Ox TouKu rpadura QyHKIUHN
Yy = sin x, pacmoaoskeHHbIe HUKe ocu Ox (puc. 41).

0), B) Yuammecs IOJI’KHBI OOHAPYKUTD, UTO TaHHYIO (PDYHK-
IIUI0 MOJKHO 3ammcaTh B BHUAE I = sin x, mosToMy ee Tpa-
¢ux — curycouna (cm. puc. 40).

r) Yro6el mocTpouTsh rpaduk GYHKOuU y = sin |x|, HyKHO
COXPAaHUTH TOUKU rpadmka PYHKIUU Y = Sin X, pPacrooKeH-
HbIe TIpaBee 1 Ha ocu Oy, U, CUMMETPUYHO OTPA3UB ITY YACTh

7] [T
1 = |sinx|
/ \ // \ T N, ,/ \\
// } \“/ } \‘:/ 1 N,
37 T 3T X
B T B e 3 oy 2n
| | -1 T
| L[] |
Puc. 41
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rpadpuka QyHKIIUU Yy = sin X oTHocuTeabHO ocu Oy, MOJYUYUTH
BTOPYIO YacThb UCKOMOTO rpadura ¢pyHKIumM (puc. 42).

Yl [ [ ]
1 y = sin|x|
// N\
i = /."/ : \\.\ : /:/ -
=2l 3t /g _I 0 s N\ | 37 / 27‘E*£
[ L[] | |
Puc. 42

) Yrobel mocTpouTs rpaduk GyHKIUM y = |sin x — 0,5/,
HYJKHO mepeHecTu rpaduk GyHKIuHU y = sin x #Ha 0,5 eguHUITBI
BHU3, 3aT€M COXPAHUTH TOUKU ITOJYUEHHOTO rpadmKa, PacioJio-
"KeHHbIe BhIllle 1 Ha ocu OX, U CUMMETPUUYHO OTPA3UTL OTHOCH-
TeJbHO ocu OX TOUKHU, PACIIOJOKeHHbIe HuKe ocu Ox (puc. 43).

YA |ly=Isinx—0,5|
// ‘\ 1 / N\
/ \ ~ | o ’/ \
*\ y \//5 t t \‘/i t ——
—omg 3 | g | m |0 b4 T 3n | og*
2 2 4 2 2
L 1] |
Puc. 43

e) I'papux ¢dyuxnum y =sin x — 1 moiayyeH mnepeHOCOM
rpadpmura GyHKOUM y = sin x Ha 1 equuuiy BHU3 (puc. 44).

YA
i27!/ _ﬁix—;’tff _eﬂ 0 /rﬂ‘\\ 7!5 it 2;-;?
'// 2 \\ 2 _1 \2 \\ 2 /
\ | N /
S st N
\
Puc. 44

10.9. CkoIbKO KOpPHEH MMeeT ypaBHEHIeE:
a) sin x = x2; B) sinx=-"%; ) sinx=-%_2
10 100
Pemenne. a) dyuxnua f (x) = sin x TpuHUMaeT 3HAUECHUS
JUMIL U3 IpoMes:kyTKa [—1; 1], a pyurnusa g (x) = x2 npuauMa-
eT 3HAUEeHUs M3 TOTO Ke MPOMe:KyTKa JUIh mpu x € [—-1; 1],
IIOATOMY ypaBHeHNEe MOKeT MMeTh KOPHM JIUIIIb Ha OTpesKe
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[-1; 1]. ITocTpoum rpaduru QyHK- Y / y=2x2
muit y = sin x u y = x2 (puc. 45). \
ITpu x € [-1; 0) umeem f (x) <O, \ 1
a g (x) > 0, mosaToMy Ha 3TOM IIpOMe- \
JKYTKe rpauKy QyHKIIUNA He TMEOT ,
00IMUX TOYEK, a 3HAUUT, ypaBHEHUE _I —1 0 1
sin x = x? He UMeeT KOPHEH.
Tax kax f (0) = g (0), To x, =0 — 1
KOpeHb YpaBHEHHU sin x = x2.
Ha mpowme:xytre (0; 1] rpadu- Puc. 45
KU (QYHKIIUHA WMET eIWHCTBEH-
HYIO ODIIYyI0 TOUKY, 3HAUUT, ypaBHeHHe sin x = x? umeer erre
OIH KOPEHb.
WUrak, ypaBHeHUe sin x = x2 umeeT ABa KOPHJI.
3ameuanue. [Ipu peleHuu 9TON 3amauud MBI BBIHYIKAEHBI
omupaTrhbcAa Ha rpapuku (GyHKIui. BeIBOg O cyllecTBOBaHUU
TOUKHU IlepeceueHus rpad@urkoB Ha mpome:xyTke (0; 1] caemyer

W3 TOrO, UTO pasHocThb GyHKIUN f (x) — g (x) B TOuKe % I0JIO-

y= sinx™,

[\9|;| F—

JKUTeJbHA, a B TouKe 1 orpuiiaresbHa. SHAUUT, €CTh XOTs ObI

T
OOHA TOUKa M3 HMHTepBaJa E; 1 , rge 9Ta PAa3HOCTh pPaBHA

HyJ10. BBIBOJ O €IMHCTBEHHOCTH TaKO TOUKU CJeayeT U3 BO3-
. T
pacraHusa o6enx pyHKIIUI Ha IPOMEKYTKe & 1|c coxpaHeHu-

€M BBINTYKJIOCTH BBEPX OOHOTO rpaduKa U BBITYKJOCTH BHU3
Ipyroro. 9ToT Matepuas Oymer usdyudatbesa B 11 Kiacce.
B) @yuknus f (x)=sin x ODpuHEMaeT Bce 3HAUEHUS U3

npome:xkyTka [—1; 1], a pyHKIua g (x)= % IpUHUMAaeT Bce 3Ha-

YyeHUA M3 TOTO Ke ImpoMe:kyTKa npum x € [—-10; 10]. ITosTomy
ypaBHeHIe mMeeT KOPHU JUIIL Ha oTpeske [—10; 10].

Tax Kak 00e QYHKIINU HeYeTHBIE, TO CHAUajia PaCCMOTPUM
ux Ha npome:xkyTKe [0; 10] (puc. 46). Ha mpome:xkyTrax [7; 2n]
u [3m; 10] dyHKIUA [ (X) IPpUHUMAaEeT HEIOJOKUTeJbHbIe 3Ha-

YA y = sinx [ ]
y‘ =X
7,1 —
\\ ——-19"74__
-—"‘_'—_—_-*r—— 1 |// 1 -
0 T N 3n /4 51 x
= T or 2T oL 3m10_ 7
A
\
Puc. 46



yeHUsd, a PyHKIIUA g (x) — moJiosKkuTeibHbIe. [IosToMy Ha 2THUX
OpoMeskyTKax rpapuru QyHKIIUN He mepecekarTcda. Ha rax-
oM 13 mpoMeKyTKOB [0; ] u [27; 3n] rpadukm GyHKIMIT mepe-
CceKaloTcd B ABYX TOYKAaX, CJIEJOBATEJbHO, Ha IIPOMEIKYTKEe
[0; 10] rpadukm QyHKI[HII IIepeceKaloTcA B YeThIpeX TOYKax,
moaTomMy Ha npome:kyTKe [0; 10] mamHOe ypaBHeHUE HMeeT
4 xopHa. CTOJBKO Ke KOpPHEHl OHO MMeeT Ha HIPOMEXKYTKe
[-10; 0]. Ho Tak kak KopeHb X = 0 BXOAUT B 06a 5TU TPOMEKYT-
Ka (OH yuTeH ABaKIbI), TO BCETO MCXOMAHOE ypaBHeHUe mmeeTr 7
KopHeii. OTMEeTHUM, UTO U B 9TOM PEIIIeHUUN MBI BHIHYKIEHDBI OITU-
parbca Ha rpapuKu.

r) ®dyurnua f (x)=sin x TpuHMMaeT Bce 3HAUEHUA U3
npomeskyTKa [—1; 1], a dyHKIIHA g(x)zﬁ OPUHUMAET BCe
3HAUYEHUA U3 TOTO Ke mpoMe:kyTka mmpu x € [-100; 100]. ITo-
9TOMY ypaBHEHUWEe mMeeT KOPHU JuIlh Ha orpeske [—100; 100].
Paccmorpum atu pyHKIIum Ha npome:xkyTke [-100; 100].

B otpesxke [0; 100] ykiagsiBaeTca 15 MOMHBIX IEPUOLOB 2T
Y OAWH HEIIOJHBIN, M300pakeHHBII Ha pucyuke 47. Ha ramx-
oM 13 9TuxX 16 mpoMeXKyTKOB rpaduKy (PYyHKIIHIHA IIepeceKaroT-
cd B ABYX TodKax. Bcero ma mpome:xkyTike [0; 100] umeercsa
32 TouKu TmepeceueHusd, cuuTas u Touky x = 0.

%
YT 100
/ N ya
V4 N L,
301 96 @ 31m\| 99 100/32n ¥

N A

y =sinx

Puc. 47

B cuny cummerpuunocTu rpadmKoB QPYHKIIUN OTHOCUTEIhb-
HO HauaJia KoopauHat Ha npome:xkyTKe [-100; 0] rakske umeer-
ca 32 TOYKM IepeceueHusa, cuutad U TOUKRy x = 0, moaromy
Bcero Touek nepeceueHud 32 + 32 — 1 = 63 (Touxka x = 0 GblIa

. x
yuTeHa aBakabl). CiaemoBaTeibHO, YPaBHEHUE Sin x = 100 nMeeTr

63 KopHA. 11 B 5TOM pellleHUN MbI BBIHYKIEHBLI ONHNPATHCI Ha
rpa)uKu.

HomomaurensHoe 3amanue. IlocTpoiiTe rpadmr GyHKIUU
y =|sin x| + sin x.

Pemenue. IIpu Tex 3HaueHUAX X, OJA KOTOPBIX sin x = 0,
dyukua 3amaerca GopmyJioit y = 2sin x; Ipu Tex 3HAUEHUAX X,
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LI KOTOPBIX sin x < 0, pyuknua sagaerca popmysoi y = 0. Ha
pucyHKe 48 rpaduk GyHKIIMM Yy = sin x u3o0paskeH cepoit JTUHU-
eil, a rpaduk GyHEKIMM y = [sin x| + sin x — depHoit TUHUEIA.

y! RN
y \\ y =|sinx| + sinx

1 \
// \\ ™\
VANNERN N . N
_ 3 - T 0 N 31 6.1 x
Jn,,_?" —n\\\—§ z NG S A2

T

|

Puc. 48

10.2. PyHKUUE y = COS X

B mamnom myHKTe yueOHHMKA OAHO OIIpeaeeHne (PYHKIINK
Y = cos X, chopMyJIMPOBAHLI 1 O0OCHOBAHBI €€ CBOMCTBA, CTPO-
urca ee rpaduk. Ilpum mocTpoeHN rpapmKa MCHIOJIb3yeTcs I'pa-
bur pyurnum y = sin x. B KoHIle nyHKTA pa3o0paHbI [Be 3a7a-
Yy, B KOTOPBIX JOKa3bIBaeTcd, YTO y (GPyHKIUH y =sin x u
Y = COS X He CYHIeCTBYeT MOJOKUTEJbHOTO Iepruoga, MeHbIIIero
T = 2n. Tem caMbIM JOKasaHo, uTo T = 2T sBJSETCS TJIaBHBIM
nepuogoM (GPYHKIIUNA y = sin x u y = cos x.

Pemenus M KOMMEeHTapuu

10.17. TloctpoiiTe rpadpur GyHKIIHAN:

a) y=|cos x|; 6) y=-cos (T - x).

Pemenne. a) Yrtobwbl mocTpouTh rpaduK  (QYyHKIIUUA
y =|cos x|, HyHO coxpaHMTL TOouKM Tpaduka QYHKIUU
Y = COS X, PacIoJIO}KeHHbIe BbIllle U Ha ocu OXx, 1 CUMMeTpPUY-
HO OTPasUTh OTHOCUTEJIBHO ocu Ox ToOuKu rpadura QyHKIIUN
Y = coS X, pacnoJioskeHHbIe HUKe ocu Ox (puc. 49).

6) Tak kKax cos (T — x)=-—cos X, TO rpapuxK QOYHKIUU
Y = cos (T — X) MOJYYUTCSA CUMMETPUYHBIM OTPaKeHUeM KOCH-
HYCOUIBI J = COS X OTHOCUTEJHLHO ocu Ox.

Y Yy =|cosx]|
\\ / 11 N /7 \ /" ™S
t \\e’/ t + AV =
KAUNE BEA RS AEE AN
| ERLEEE |
Puc. 49

143



10.18. CKOJIBbKO KOpPHEN mMeeT ypaBHEHNe:

a) cosx = x2%; 6) cosx =—x2; B)COSX=-—; r)cosSx=-—>_2
10 100

OrBer. a) 2 KopHsa; O0) HeT KOpHelH; B) 7 KOpHeIi;
r) 63 KopHd.

10.3. dyHkumna y = tg x

B manmHoM myHKTe yueOHHKA AaHO olpeneiieHue (GyHKIIUUA
y =tg x, chopmyaupoBaHbEl U OOOCHOBAHBLI €e CBOMCTBA, CTPO-
urcdA ee rpaduk. ['maBubiM mepuogoM GYHKIUU y = tg X sSBJIs-
erca uncgo T =mn. 9ror PpaxT Oymer moxasan B m. 10.4. Ilpu
IIPAaBUJILHOM IIOCTPOEHUM rpaduKa npaMas Yy = X TOJKHa OKa-
3aThcA KacaTeJlbHO! K rpaduky (QyHKIuu y =tgx B TOukKe
O (0, 0). 9roT (paxT MOIKHO COOOMIUTHL YUYAITMUMCS OJIA CaMO-
KouTpoJsa. O Oymer gokasaH B 11 KJjacce ¢ IIOMOIIbIO BbIUMC-
JIeHUSA TTPOU3BOAHON (pyHKIUU y = tg x B Touke x = 0.

Pemenus u KoMMeHTapuu

11n 13n
10.24. C ca) tglumtgl tg =" u tg—°r,
0 paBHUTE: a) g7 u g8 r) tg 10 u tg 10
Pemenne. a) Ywucaa g u g OpUHAIJIEKAT IIPOMEKYTKY
(—g; th)’ Ha KoTopoMm (QyHKIuA y = tg x BO3pacraer, g>g,
cJenoBaTeabHO, tgg >tg g
r) Ywmcaa 1in u 13n MPUHAMJIEKAT TPOMEKYTKY E; 3 ,
10 10 27 2
Ha KoTtopoM (pyHKIUA y = tg x Bo3pacraer, % <113—0n, caemoBa-
11rn 137
, tg—= <tg=——.
TeJbHO, tg 10 tg 10
10.25. IlocrpoiiTe rpapuk QPyHKITHAN:
a) y=tgx;  6) y=tg|x|; B) ¥ =tg (1 — X);
r) y=tgx—-1; n) y=|tg x-1|; e) y=1tg x cos x.

Pemrenue. a) Uro6Gel 1mocTpouTh rpad@ur  QYHKIIUU
y=|tg x|, HyxHO coxpaHuUTb TOUuKM rpaduxa QYHKIUN
y = tg x, pacmosioskeHHbIe BbIIle 1 Ha ocu OX, 1 CUMMETPUYHO
OTPa3uTh OTHOCUTENBbHO ocu Ox TouKu rpadura QYHKIIUN
y = tg x, pacnosiosxeHHble HUKe ocu Ox (puc. 50).

6) YTo656I mocTpouTh rpaduk GYHKINH y = tg |x|, HyXHO
COXpaHUTh TOUKU rpadmka GyHKIUM y = tg X, pacrmosoKeH-
Hble nmpaBee u Ha ocu Oy, U, CUMMETPUYHO OTPA3UB ITY YaCTh
rpadura GyHKIUM Yy = tg x oTHOCUTEJbHO ocu Oy, HMOIYUUTH
BTOPYIO YacTh MCKoOMOro rpadpuxa pyariunu (puc. 51).
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[l yh |y =Itgxl
[\ |
/1 \ / 1\ [\ /1 \
SN /TN
/ / \ /
v N/ AVl A4
K iNEAARY ARNEEE AN R NN
Puc. 50
\ YA [l [y=tglxl
\ /
\ \ |/ /
\ 1L/ /
N / /
e . AW 3 Z - M/Tc
’_2n*_?n —n\\ _% T % //7: ?n A2
\ - /
\ \ / /
\ \ [
| |
Puc. 51

B) Taxk kak tg (m — x) = tg (—x) = —tg x, T0 rpadpur QyHK-
nuu y = tg (nm — x) mosyuurca ua rpadpura pyHxruuu y = tg x ¢
TMOMOIIIbI0O CUMMETPUHN OTHOCUTEJbHO ocu Ox.

r) I'padpur pysxuum y =tg x — 1 monyumrca us rpadura
dbyurIUN y = tg X ¢ mMOMOIIBLIO IIepeHoca Ha 1 eIWHUILY BHU3
(pmc. 52).

I, I, 7 ’] y=tax—1
/ I 1 / /
/ / I /
L/ , ,/ / L/ I o
// 3 _T,E/ I ? /1 n// 31 /x
i / D /// /
/ /
/ /
Puc. 52
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n) YTo6nl mocTpouTh rpadur QGyHKmUm y=|tg x — 1|,
HY:KHO mepeHecTu rpaduk GQyHKIUHU y = tg x Ha 1 egmHUILY
BHUB, 3aTEM COXPAHUTh TOUKU MOJYUYEHHOTO rpaduKa, pacio-
JIO’KeHHBIe BhIllle 1 Ha ocu OX, U CUMMETPUYHO OTPA3UTh OTHO-
cutenbHo ocu Ox ToOuKU TrpadmkKa, PaCIOJIOKEHHBIE HUMKEe
ocu Ox (puc. 53).

NN 11\ [% | y=ltgx—1|
N AN \
SRV INRN NER/AREANEVIIRRN
N/ \ / N\ |/ \
N/ \/ ] AV N
' _3n | _x 0 T T 3 [x
K 1.1 2 2

Puc. 53

e) Tax rak QyHKIUS y = tg X cos x ompejeseHa IJs BCexX

T
X, KpoMe X = E +7n, n € Z, 1 aJid BCeX TaKMUX X BEPHO PaBEHCT-

BO tg x cos x = sin x, To rpaduk QyHKIUU y = tg X COS X ecThb
rpaduk GYyHKIINU y = sin x 6e3 TOUEK, COOTBETCTBYIOIIIUX UMC-

Jam x:g+nn, n € Z (puc. 54). Oru msobpakeHbl Ha rpauKe

«BBIKOJIOTBIMH » TOUYKaMM.

ll/l\ | |y=tgx-cosx
// \\ o \\
l// 1 \\n 1 n \\ 1 -
- 3 b T N N 3’ 4 x
_271;,,_?&5 SNl - 0 I TN oT /o
|
Puc. 54

10.4. PyHkumsa y = ctg x

B mamHOM myHKTe yueOHMKAa JaHO olpenesieHHe (PYyHKIIUU
Yy = ctg x, chopmysimpoBaHbl 1 0OOCHOBAHBI €€ CBOMCTBA, CTPO-
urcd ee rpaduk. IIpu nmocrpoerun rpaduka UCIOJIB3yeTCA Irpa-
dbur dyarmuu y = tg x. B KoHIle myHKTa pa3o0paHbI ABe 3aa-
4y, B KOTOPBIX [OKasbIBaeTCHd, UTO y (GYHKIUN y=tg x u
Yy = ctg x He cyllecTByeT IIOJIOXKUTEJHHOI'O IIepuojia, MeHbIIle-
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ro, uemM T =mn. Tem camMbIM OOKasaHO, 4uTO 1 = T ABJISAETCA
rJIaBHBIM IepuoaoM GyHKIUN y =tg x u y = ctg x.

Pemenus M KOMMEHTAapuu
10.32. Cpasuure: a) ctgg Hctg67n; r) ctg—— u ctg——.

Pemenne. a) Ywucaa g u 6775 OPUHALJIEKAT IIPOMEKYTKY

6n

(0; m), Ha KoTopoM PYHKIUA Yy = ctg x yObIBaer, g < 7 cJeno-

BaTeJbHO, ctg% > ctg 67—n

Lin u 13n OpUHALJIEKAT IIPOMEKYTKY (TT; 2T), Ha

10 10
KoTopoM (YHKIUA iy = ctg x yObIBaer, Lin <13—n, caenoBaTesb-

10 10
11w 13n
HO, ctg 10 > ctg 10"

r) Ywmcia

10.33. IlocrpoiiTe rpapur QPyHKITHAN:
a) y=|ctg x|; 6) y=ctg |x|; B) y = ctg x sin x;
ry y=ctg(n—x); @) y=ctgx+1; e) y=|ctgx+ 1]

Pemenne. a) Yrtobwbl mocTpouTh Trpaduk  (PYHKIITUU
y =|ctg x|, HyskHO coxpaHWTL TOuKM TrpaduKa QYHKIUN
Yy = ctg x, pacmoso)KeHHbIe BBINIe U Ha ocu OXx, U CUMMETPUY-
HO OTPasUTh OTHOCUTEJBbHO ocu Ox TOUKH rpadumka QYHKIINU
y = ctg x, pacnonoskeHHbIe HUKe ocu Ox (puc. 55).

| YAy = lctgxl ||| |

\ \ 1\ I
\ /
N\ /1 . /N )/

N\ / N/ N

To 1 3n | | 1 0 | = 3n x|

2 T2 2 T
Puc. 55

6) UYroOnl mocTpouTh rpaduk GyHKIUU y = ctg |x|, Hyx)HO
COXPaHUTH TOUKU rpadura GpyHKIUHU y = ctg x, pacroaoKeH-
Hble IpaBee ocu Oy, U, CUMMETPUYHO OTPA3UB ITY YaCTh I'Da-
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dura Qyurunuu y = ctg x orHocuresabHo ocu Oy, TOJYIUTH
BTOPYIO YacTh MUCKOMOTO rpaduka ¢pyHKIunu (puc. 56).

| Z U
| /I \| y=ctglx] ||\

/ / N\ N\
/ / N\ \\ N
_ 3n — T 0 F 3n x
-2 /_7,7 T £ 1 2 T 5 \\ 21 X|

/ \
[ [ \
| |

Puc. 56

B) Tax kar QyHKOUA Yy = ctg x ompeneseHa IJad BCeX X,
KpoMe X =Tn, ne€Z, U nOJA TaKUX X BEPHO PaBEHCTBO
ctg x sin x = cos x, To rpaduk QyHKIUU Yy = ctg x sin x ecThb
rpadpuk GyHKIIUHU I = cOS X 0e3 TOUeK, COOTBETCTBYIOIIUX UNC-
JamM x = 7nn, n € Z (puc. 57).

7% y = ctgx sinx
N 1] TN paiih
= \\'\ 1 \\ 1 ’/, 1 v
_orl 3™\ g T 0 | n ' 3 X
2 2 \\\ T 5 . RN /,/ 2“ 212
| 1 N
Puc. 57

r) Tak xaxk ctg (mr— x)=ctg (—x) =—ctg x, TO rpadur
dyHKIHM Yy = ctg (T — x) momyuumrcsa ui3 rpaduka QyHKIUUN
Yy = ctg x ¢ MOMOIIbI0O CUMMETPUU OTHOCUTEJBbHO ocu Ox.

n) I'padbur dyarnuu y = ctg x + 1 moayuurca us rpadpura
dyHKIUM y = ctg x ¢ moMoIIbI0 nepeHoca Ha 1 eqUHUILY BBEPX
(puc. 58).

e) Urob6el mocTpouTh Tpaduk OGyEKDIUE y=|ctg x + 1/,
HYKHO IlepeHecTu rpadumk QyHKIuu y = ctg x Ha 1 emmuuMIly
BBepPX, 3aTeM COXPaHUTh TOUKU IIOJIyUeHHOTO I'pad)Ka, paclo-
JIO}KeHHbBIe BhIlTe 1 Ha ocu OX, U CUMMETPUYHO OTPa3UTh OTHO-
cutenbHo ocu Ox TOouku rpadmKa, PACIOJOMKEHHBIE HIKE
ocu Ox (puc. 59).
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| U\ly =ctgx + 1]
\ \ \
\ \ \
\ \\ \
q N\ .
\\ 1 N \\
N\ \\ N\
N\ N\ N\ N
—27 ,_32—”7 —T -z 0 z \\n 32_n \\27:&
| | | | |
|| ) | \ \
Puc. 58
\ YAy =Ilctgx + 1] \
\ \
\ \ \
\ \ \
J \ \.
N NN
\ N/ N/
1 \\/ [l I \I/ 1 \ R
_3n A 0 3 3n X
2o 2 2 I 2
Puc. 59

IIpomMeskyTOouHBIHT KOHTpPOaAb. C—38.

KourposbHasa pabora Ne 6.

TpuroHomeTpuyeckue ypaBHeHUS
U HepaBeHCTBa

ITpu mayueHuu mpeabIAYINEr0 TPUTOHOMETPUUECKOT0 MAaTe-
puana yaensjgoch BHUMAHWE ITOATOTOBKE yUaIlllUXCA K perre-
HHUIO TPUTOHOMETPUUYECKHX ypaBHEHUI 1 HepaBeHcTB. PDax-
TUUYECKU YydJallluecs Yy:ke o0ydajuch pemraTh ypaBHEHUS U
HepaBeHCTBA, HO BOIIPOC CTaBUJCS HHaue. Hampumep, Tak:
«YKamuTe BCce YIJIbI O, AJIA KasKA0T0 13 KOTOPHIX CIPAaBEAJINBO
paBencTBo sin o = 0 (mam HepaBeHcTBO sin o > 0)». Temeps ¢
omopoii Ha chOPMUPOBAHHBIE YMEHUA HEOOXOIMMO HAYUYUTh UX
peliaTh IpPOCTeHINre M CBOLAIIMECS K HUM TPUTOHOMETPUUE-
CKle YPaBHEHWUS UM HEePaBEHCTBA, OCBOUTH CIIEIHAJbHBIE IPU-
eMBbI pelleHUsI HEKOTOPBIX TPUTOHOMETPUUYECKUX YPaBHEHUN U
HepaBeHCTB.
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11.1. lMpocTenuine TpUroHOMEeTpUu4eCKe ypaBHeHUs

B namHOM myHKTe BBeJeHbI IIOHATUA OCHOBHBIX TPUTOHOMET-
puueckux QyHKOui (y =sin x,y=cos x,y=tg x,y=ctg x) u
IIPOCTEMIIIEer0 TPUTOHOMETPUUECKOTO YPaBHEHUS, IIOHATHE Ce-
puu pelieHunii, MoJaydYeHbl (DOPMYJIbI AJIS PENIeHU IIPOCTEUIITIX
TPUTOHOMETPUUECKUX YpaBHEeHUH sin x = a, cos x = a, tg x = a,
ctg x = a, IpuBeeHbI TPUMEPHI IPUMEHEHUA ITUX (POPMYJI.

YrupakHeHUS K JAHHOMY OYHKTY ydYallluecsd ysKe peliajan
paHee, HO C APYrodl MOCTAHOBKOM 3aJaHUsA, HAIPpUMeEP: «YKa-
JKUTe BCe YIJbl O, IS KOTOPBIX CIIPaBeIJIMBO PABEHCTBO
sin oo = 1», Temeps ke TpedyeTcs PeIInuTh ypasHeHue sin x = 1.

OOpaTuM BHHMAaHHE HA TO, YTO B yUeOHHKE HE CTABUTCS
IeJb cpasy HamucaTb oOIyio (opMyJay pelieHuil ypaBHEHUS
sin x = a (|a| < 1) B Buge x = (-1)* arcsin a + nk, k € Z. Ilpax-
THKa IIOKas3bIBaeT, UTO pPaHHee BBeJeHWEe TaKoll 3amucu 0es
IOJIZKHOTO IIOHMMAaHUA yYaIIUMUCSA ee CMbIcja, 0e3 00bscHe-
HUSA «CKPBITOTO» B Hel mepuoja 21m IIPUBOIUT K MeXaHUYeCcKO-
MYy WCIIOJIb30BAHHUIO STOI 3alllCh C XapaKTepHOII OIIMOKOM:
(-1)* arcsin a + 21k, k € Z.

YuuTeiBasg, UTO AJA MHOIUX 3aJaHWII BIOJHE AOCTATOYHO
IaBaTh OTBET B BHUIE ABYX CepUil peIleHui, Ha MepPBbIX ITopax
MOJKHO He TpeboBaTh OT yuaiuxcs (0cO0eHHO OT cJiabbIxX) 3a-
OIUCH OTBETa B COKpAIlleHHOM Buae. A UTOOBI HpPenyIPEeIUTh
YKa3aHHYIO BBIIIIE OMIMOKY, Hamo 00A3aTeJbHO IOKAa3aTh yua-
miuMcesi, uto upu k=2n uau k=2n+ 1, n € Z, orBer Oyzer
uMeThb BUA arcsina + 2nn, ne€ Z, uau T — arcsin a + 2nn,
n € Z, COOTBETCTBEHHO.

MosxkHO ImocoBeTOBATH ydYalllMMCS He peIllaTh IIPOCTeuInee
ypaBHeHHUe sin x = @ mo obmum ¢opmyaam B ciaydaax a = 0,
a=1, a=-1, MOTUBUPYSA COBET TE€M, UTO, HAIIPUMep, OOIIas
dopmysa naA perieHUN ypaBHeHUs sin x = 1 gaer moBTOpSIO-

kT
muecsa peirneHud. Ecam orBer 3amucath B Buze (—1) §+ Tk,

k € Z, to, naBaa k suauenus 0, 1, 2, 3, ..., HIOJIyYUM peIleHUsT
T T 5T 5% .
97 97 g7 g - COOTBETCTBEHHO. Takue xe IOBTOPHI KOPHEH
mamT obmire (QOPMYJbl IJiA PelleHruil ypaBHeHUN sin x = -1,
cos x =—1.

Yuariuecs, KaK IPaBUJIO, XOPOIIIO CIPABIAIOTCA C IIpeja-
raeMbIMM 3aJaHUSIMU, HO YUYHUTENI0 HeoOXOAMMO MHPOCJIEAUTD,
YTOOBI STOT HAYAJIBHBIN 3TAll 00yUYeHUA PeIleHni0 TPUTOHOMET-
pUYeCKUX YpaBHEHUU OBIJI OCBOEH KaKIbIM yYalluMCH.
IIpoxoHTpOMpPOBATE YMEHUS yUYaIIUXCA PeIllaTh IIPOCTeiIme
TPUTOHOMETPUYECKUE YPABHEHUS MOKHO C IIOMOIIBIO CaMo-
cTosiTeJbHO padoTsel C—39 U3 fUIaKTUUYECKUX MAaTepuajoB.
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Pemenua u KOMMEeEeHTaApPpHuUHA

11.6. Pemure ypaBHeHUe: a) sinx=>; 0) cosxz—%.

A

5 .
Pemrenmne. a) Tak xak 1 >1,asinx < 1 gna xaxgoro x € R,

: 5 .
TO YpaBHEHUE S1n X = Z He NMeeT pellleHNn!.

60) Taxk xax —1< —% <1, ToO ypaBHeHHE COSX= —% nMeeTr

o T
IBe  cepum  peIleHUN: X, =arccos (— 4) +mn, neZz,
T .
X, =—arccos (— 4)+nk, k € Z. ]IBe cepum peIleHUHl X, U X,

P
MOXXHO O0BEeJMHUTH B OJHY: X,, = Tarccos (—4)+ﬂ:m, meZ.

3aMeTuM, YTO CepUM peIleHWi X, U X, MOKHO BBIDA3UTH,
yroTpebsisia ogHy OYKBY, UTO YacTO AesaeTcsA IJis KPATKOCTHU
oTBeTOB B yueOHUKe. Mcmonb3oBaTh ke (hopmyJsry arccos (—a) =
=T — arccos @ Ha IEePBLIX IMOpaX HelleJiecoo0pas3Ho. ITO TOJILKO
YCJIOJKHUT 3aIliCh OTBETA.

11.7. TIpu KakuxX 3HAUEHUAX @ MMeeT XOTs ObI OJHO pelle-
HUe ypaBHeHUeE:

a) sinx=a; ©0) cosx=a; B) tgx=a; 1) ctgx=a?

Pemenne. a) YpaBHeHUe Sin X = a uMeeT XOTs ObI OJHO pe-
mieHue mpu Kaxkaom a € [—1; 1].

6) YpaBHeHHUe COS X = @ UMeeT XOTsA ObI OJHO pellleHne MpPu
KakaoMm a € [-1; 1].

B) YpaBHeHUe tg x = @ mMeeT XOTsA OBI OMHO pellleHre IPU
KaxxaoMm a € R.

r) YpasHenue ctg x = a umeer X0Ts ObI OJHO peIlleHUre IIPU
KaxxaoMm a € R.

IIpoMeskyTOuHBIHL KOHTpPOaAb. C—39.

11.2. YpaBHeHud, cBoAdLIMecs K NPOCTEULLUM
3aMeHOl Hen3BeCTHOro

B mamHOM HOyHKTe pacCMOTPEHBI IIPHEMbI PEIleHWSA TPHU-
TOHOMETPUUYECKUX yPaBHEHMUII, KOTOPLIe IIOCJIe 3aMeHbl Hem3-
BecTHoro t =f (x), rae f (x) — omHa M3 OCHOBHBIX TPUTOHO-
METPUUYECKUX (PYHKIUHA, CBOAATCI K KBaAPATHOMY WJIN
panroHaAJILHOMY YPaBHEHHUIO. 3IeCh Ke IMOKA3aH IIPpUeM pellle-
HUA TPUTOHOMETPUUECKUX yPABHEHUM C IIOMOIIBIO 3aMeHbI ap-
TYMEHTa Y OCHOBHBIX TPUTOHOMETPUUECKUX (PYHKITUHA.
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PemeHusa u KOMMEeHTApPHUH

11.14. a) Pemure ypaBHeHHe sin? x = %

Pemenne. Beensi HoBoe HemsBeCTHOe f = Sin X, HOJYYUM

V3 V3

ypaBHeHue t2 = %, nuMeloIee ABa KOPHA: {; = 3 ut, = —?. ITo-

" . 1
9TOMY MHOMKECTBO PeIlleHUH ypaBHeHUdA sin? x = 3 ecTb 00benu-

HeHUe MHOXKEeCTB peIllleHUN NBYX ypaBHEHUI:

sinng u sinxz—g. 1)
Bce pemenusa mepBoro ypaBHeHUA 3aJal0TCA ABYMs CEPUAMU:

x, :arcsing +2rnn, neZ; x,=n —arcsin§+2nk, keZ.
Bce pemienus BTOPOro ypaBHEHUS 3amalOTCA OABYMS ce-
puaMmm:
NE)

x, =arcsin (—3)+2np, peZ;

: V3
x, =Tm—arcsin (—3 +2nq, q € Z.
Bce pemrenusa mMcxoZHOTO ypaBHEHUs 3aJalOTCSA YETHIPbMS
CePUAMU: X, X}, X,y X,e
3ameuanue 1. OmuMcaHHYIO BBIINIE 3aMeHY HEW3BECTHOTO
OOBIYHO JeJlaloT B yMe U cpady HaXOAAT O0beAWHEHUEe MHO-
°KecTB pelieHuil ypaBuenuii (1).
3ameuanue 2. [li1a HATIATHON

WJLTIOCTPAIlNU PEeIleHUH MCXOTHO-
ro ypaBHEHHUS MOYKHO M300DasUTh
B cucteMe KoopauHat uOv enu-
HUYHYIO OKpY’XHOCTH (puc. 60).
Torma mHa mepeceueHUUW MIPAMON

3 .
vzg U eIUHUYHON OKPYKHOCTH
moJy4yuM ABe Touku A m B, coorT-
BETCTBYIOII[HE yIJjaM, HMEIOI[NM
pasuanuyio mepy x (majgee Oymem

3a0MCHIBATh KOPOTKO: yIJaM X),

Puc. 60
IJIsT KOTOPBIX sinng. Amnaio-

<Y

ruuHo mouayumM Toukum C m D, cOOTBeTCTBYIOIHE yrJjgaM X,

J3

AJId KOTOPBIX sinx=— ?
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Takum ob6pasom, TouKu A 1 B COOTBETCTBYIOT BCEM pellle-

: 3
HUAM ypaBHEHUS smng, a Touku C mu D COOTBETCTBYIOT

RE]

3"
YuuTbeiBag CUMMETPUYHOCTD 1ap ToueKk A u C, B u D oTHO-
cuTtesibHO TouKu O, a TaKKe CUMMETPUYHOCTD ToueK A u D or-
HOCUTEJBHO OCH U, BCE PEIeHUA UCXOAHOTO YPaBHEHUA MOYKHO

BCeM peIlleHUSAM ypaBHEHUSA Sin x=—

o . . 3
3aJ]aTh OJHOU cepuel x, = *arcsin 3 +1mtm, m € Z.

IlpomMesxxkyTouHBI KOHTpPOab. C—40.

11.3. MpumMeHeHUe OCHOBHbIX TPUTOHOMETPUYECKUX
dopmyn ansa pewieHns ypaBHeHUm

B mamHOM mnDyHKTE paccMOTpEeHO IPUMEHEHWEe OCHOBHOTO
TPUTOHOMETPUYECKOTO TOXKAECTBA, (DOPMYJI CIOKEHU, IpUe-
MOB IIOHMKEHHUA KPATHOCTU YyrJjia U IOHUMKEHUs CTeleHUu
ypaBHEHU.

PacckaspiBass 0 MOHMIKEHUU CTENEeHU yPaBHEHUSA, MOYKHO
OPUBECTH BTOPOM CIIOCOO pellleHus paHee pPaCCMOTPEHHOTO

. 1
ypaBHeHUA sin2 x = g:

sinzx=1le170082x 1 copr=1
2 3 3’

Bcee pelrlenus mociaegHero B IEIIOYKE PABHOCUJILHBIX YpPaB-
. . 1 1
HEHU! COCTABJAIOT CEPUI0 DPeIIeHuil X, = iEarccos 3 +7n,

n € Z, KOTOpble U ABJAIOTCA PEIIeHUSIMU HCXOLHOTO ypaBHe-
HUA.

3ameuanue. [Ipu pernreHUM OJHOTO W TOTO K€ ypPaBHEHUSA
(samanue 11.4a) pasHbBIMU CIIOCOOAMU MOJIYUYEHBI OTBETHI, 3AIIU-
CaHHBbIE PA3HBIMU CIIOCOOAMMU:

. 3 1 1
x, = iarcsmgﬂtm, meZux,= igarccos§+nn, neZ. (1)
ITonesHo ybegurbcsd, 4TO cepuu X, M X, 3a4ai0T OOHY U Ty
JKe cepuio perieHuii. [y 5TOro AOCTATOYHO JOKa3aTh, UTO yT-
V3

. 1 1
JIBI O = arcsm? np= §arccos§ PaBHBI. Tak kax o u B — YTIJIBI

U3 IIPOMEKYTKA (O; g), W Ha 5TOM IIPOMEXKYTKE (QPYHKIUI

Yy = sin x npuHUMaeT KaykJoe 3HaYeHNe OAUH Pas, TO IJIA JOKa-
3aTeJbCTBA PAaBEHCTBA O ¥ [ [JOCTATOYHO [JOKa3aTb, YTO
sin o = sin .
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5 sin >0, caenoBaTeanHO,
1

1—
sin = 1-cos2B _ 3
2 2

sin o > 0, mosTomy sin o =

Tark Kak BG(O; RJ,

TO
§° Tak kax oce(O; n), TO

. CiepoBaTenbHO, sin oo = sin f3, a

«fa

2TO O3HaUaer, 4yTo o = 3.

HNrak, 06e popmyasl (1) 3amarT OgHY U Ty JKe CEePHIO pelie-
HUH MCXOTHOTO YPaBHEHUA.

ITonesHo o6paTuTh BHUMaHUE yUaIlIUXCsa HA TO, YTO B 3aBU-
CHMOCTH OT cIiocoba pellleHus ypPaBHEHUS OTBET MOJKET OBITh
3alKCcaH B PA3JIUYHBIX hopMax. Yualiuecsa JOJIXKHBI YMeTh J0-
Kas3bIBaTh, UTO OTBETHI, 3allICAHHBLIE PA3HBIMHU cIlocobamMu, Ha
caMoM [ejie OZUHAKOBBI, HO 00s3aTEJILHBIM JJIEMEHTOM pellie-
HUS YPaBHEHUS 9TO NOKA3aTEJIbCTBO HE ABJISETCS.

PemeHsusa ¥ KOMMEeHTApPHUH

11.17. a) Pemure ypaBHeHUEe Sin x cosg +sin g cosx=0.
Pemrenne. Vcmonbaysa (popmMyay CHHyCa CYMMBbI IBYX YTIJIOB,
mepenuIlieM MCXOIHOe yYpaBHEHUWEe B BHUIeE Sin (x + g) =0.

MHuosxecTBO BCcex peIleHUui IIocJeTHero YpaBHeHUs 3aJaeT-
.. b
ca dopmysoi x,, +§= nm, m € Z, OTKyJa HaXOAuUM BCe pellre-

T
HUSA NCXOJHOIO YPaBHEHUd: X, = ~3 +1mtm, m € Z.

11.18. Pemure ypaBHeHUE:
a) ﬁsinx—lcosxz—l;
2 2 2
B) sinx— J3 cosx=2;
o) sin x + cos x = —1.
Pemrenmne. a) Ilepemnuiiem mcxogHoe ypaBHeHINE B BHUIE

. T s
sinx cos [ — smg COS X = —5,

sin|x-F|=-1
6 2

MHuosKecTBO BCceX pellleHUil IIOCJIeTHero ypaBHeHUs 3a1aeT-
ca popmyJiaMu:
nT_ 0T T _ 5w
xm—g——g+2nm, meZ nu xn—g——?+2nn, neZz,

OTKYyJa HaXOAUM BC€ PEIlIeHMNA MCXOOTHOI'O YPaBHEHUA:

x, =2nm, m € Z; xnz—z—n+2nn, neZz.
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B) Pasmenus mcxomHoe ypaBHeHNE HaA YHCJIO 2, IepPerIuiineM
ero B BUIE
1. V3

—sinx—-~~cosx=1
2 2 ’

. T T
sinx COSg— s1n§ cosx=1,

sin (x— n)zl.
3

MHo:kecTBO BCcex peINIeHUl IOCJeTHEro YpaBHEHUsS 3a/aeT-
ca hopmyJoi x,, —gz g +2nm, OTKyaa HaXOQUM BCe PeIleH’sI

HCXOJHOTO YPaBHEHUS: X, = % +2ntm, m € Z.

) YMHOMKKB MCXOJHOE ypPaBHEHMHE Ha YMCJIO %, mepenu-
IIIeM ero B BHUe
ﬂsinx+ﬂcosx=—£,
2 2 2
sin | x+ Ldy Q
4 2

MHoKecTBO Bcex peIlleHU# MOCJIeTHEeT0 YPaBHEHWA 3aaeT-
ca popmyJiaMu:

xm+£:—£+2n mameZnmn xn+£=—3—n+2nn, nez,
4 4 4 4
OTKyZa HaXOAWM BCe PeIlleHUs NCXOJHOTO YPaBHEHU:
xmz—g+2nm, meZ;, x,=—-n+2nn,neZ.

11.21. a) Pemnute ypaBHeHUE

3cos 2x — bcos x = 1. (1)
CKOJIBKO DpelIeHUil 5TO ypaBHEHWe HMeeT HA OTpe3Ke
[0; 2r]? Beinmuinure ux.
Pemenue. Vcnonb3yss (opmMyay KocUHyca ABOWHOTO yria,
nepenuilieM ypaBHeHue (1) B Buze

6cos? x —bcos x — 4 =0. (2)

Bsemem moBoe HemsBecTHOe f = cOS X, ypaBHenue (2) mpe-
BpaTUTCA B KBaJpaTHOe ypaBHEeHUEe C HEU3BECTHLIM ¢:

6t2 -5t -4=0,

R | 4
umMeroIee ABa KOPHA: ¢; = 3 nut, = 3
CiiemoBaTeJIbHO, MHOYKECTBO peIlleHui ypaBHeHUA (2) ecTb
o0beIMHEHIIE MHOYKECTB PeIlleHN ABYX YPaBHEHMUII:

cosx=-1 u cosx=2
2 3
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Bce pemrenusa mepBoro m3 5TUX YPaBHEHUN COCTABJIAIOT IBE
cepuu pelreHun:

_2n

x +2mrm, meZ; x

27

,=—"—+2nn,neZ,
3

a BTOpoe ypaBHeHwme perreHuii e umeer. CiiemoBaTesibHO, BCe
pemtenusi ypaBHeuus (1) cocTaBisiOT Te Ke JIBe CepUU pe-
IIIeHUn.

Orpesky [0; 2n] mpuHaAIeKaT TOIBKO OJHO YUCJIO U3 CEPUU
x, (mpum=0)nu TOJIszO OfHO qucyo us cepuu x, (mpu n = 1),

I TC

BCero aBa pPeIIeHmnsd: ? n 3 .

WNrak, ypaBueHue (1) umeeT nBe cepuu peIlleHMI: 2?“ +21m,

meZ, —Z?R+2nn, n € Z; orpesky [0; 2n] mpuHaagexaT TOJb-

KO JIBa peIlleHns NCXOIHOTO ypaBHEHU: 2?75 u 43—“
11.23. a) Pemwure ypaBHeHHE
cos 4x +6 sin?2 x = 1. 3)
Pemenue. Mcnonws3ya TosxgectBa cos 4x = 2cos’2x — 1 u
. 5 . _1-cos2x
sin x—T, nepenuilieM ypaBHeHue (3) B Bue
2cos? 2x —3cos 2x +1=0. 4)

Bsemem moBOe HemsBecTHOe t = cos 2x, ypaBHeHue (4) mpe-
BpaTUTCA B KBaJpPaTHOE YPaBHEHUE C HEU3BECTHBIM {:

2" -3t+1=0,
L1 -
nMeloIriee 1Ba KOPHA: ¢, = 5 B t,=1.

CiiemoBaTesIbHO, MHOKECTBO peIlleHUil ypaBHeHusA (4) ecTb
o0beMHEHNE MHOMKECTB PeIlleHUl ABYX YPaBHEHUI:

1
cos2x=§ u cos2x = 1.
Bce pemrenmss mepBoro um3 3THUX YPABHEHUI COCTABJISIOT
ONHY CEpPUI0 PeIIeHUuHi xmzig+n m, m € Z, a Bce pelleHUs

BTOPOT'O YPaBHEHUS COCTABIAIOT OJHY CEPUIO PellleHui x, = Tk,
k € Z. CnegoBaTenbHO, Bce pellleHuA ypaBHeHusA (3) cocTaBJis-
IOT Te JKe [Be CepUU PeIllleHUH.

IIpomeskyTOouHBIiT KOHTPOAB. C—41.
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11.4. OpHOpOAHbLIE YPABHEHUS

B mammoM myHKTe ydYeOHMKA pPAcCMOTPEHBI OJHOPOIHBIE
TPUTOHOMETPUUECKNEe YPABHEHUS W CIIOCO0 UX PeIleHus C Io-
MOIIBIO TIepexo/ia K PaBHOCUJIBLHBIM UM YpPaBHEHUSM OTHOCHU-
TeJIbHO TaHTeHCa, IIPUBeAeHbl IIPUMePhl PellleHUuA OJHOPOIHBIX
ypaBHEHUU IepBOil, BTOPOU U TpeThel cTelleHU.

PemeHuss M KOMMEHTaApHUHu

11.26. a) Pemure ypaBHeHme sin x — cos x = 0.

Pemenne. VicxomHoe ypaBHeHNE PAaBHOCUJIBHO yPaBHEHUIO
tg x — 1 =0, umeromeMy OIHY cepuUi0 pelleHUi x, = % +nm,
m € Z, ciemoBaTebHO, UCXOJHOE YpaBHEHUE MMeeT Ty Ke ce-

PUIO peleHun.
11.29. a) Pemnure ypaBHeHUe

sin? x — 3sin x cos x + 2 cos? x = 0.

Pemenne. VicxonHoe ypaBHeHIE PABHOCUJIBHO YPaBHEHUIO
tg2x —-3tg x+2=0. 1)

CnesiaB 3aMeHY HeM3BeCTHOTro t = tg x, moJiyuuM KBaapar-
Hoe ypaBHeHUe t? — 3t + 2 = 0, uMmerolee gBa KOpHA: t, =1 1
t, = 2.

CremoBaTelbHO, MHOKECTBO pelllenuii ypaBHeuus (1) ecTb
o0beArHEeHNEe MHOMKECTB PeIlleHUl ABYX YVPaBHEHUI:

tgx=1utgx=2.

Bce pertenus mepBoro ms3 3TuX ypaBHEHHUI COCTABJISIOT Ce-

. T
pUIO perreHui xm=Z+n m, m € Z, a Bce peIleHUusA BTOPOTO

YPaBHEHUs COCTaBJIAIOT CepUI0 pelleHuu x, = arctg 2 + nn,
n € Z. CnemoBaTesibHO, BCe PEIeHUs KMCXOMHOTO YpaBHEHUS,
paBHOCHUJIBHOTO ypaBHeHUIO (1), COCTABIAIOT Te JKe IBE Cepuu
pelleHui.

11.30. a) Pemure ypaBHEHUe

sin® x — 2sin2? x cos x — sin x cos? x + 2cos® x = 0.
Pemenne. cxonHnoe ypaBHeHNE PaBHOCUJIBHO YPaBHEHUIO
3 2
tg"x—-2tg" x—tgx+2=0. (2)
CroesiaB 3aMeHYy HEM3BECTHOTO ¢ = tg x, MOJyuYnM ypaBHEHUE
t3 - 2t2 -t + 2 =0, umeromee Tpu KOpHA: ¢, =1, t, =1, t; = 2.
CremoBaTelbHO, MHOKECTBO peIllleHuil ypaBHeHus (2) ecThb
o0beAUHEeHe MHOMKECTB PeIllleHNi TpeX YPaBHEHU:

tgx=-1,tgx=1, tg x = 2.
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Pemraga kamgoe us 9TUX IMIPOCTEUMINX TPUTOHOMETPUUECKUX
ypaBHEHUM, HAXOANM, UTO MHOXKECTBO BCEX pelIeHUll ypaBHEe-

Hua (2), a 3HAYUT, W UCXOJHOTO YPaBHEHUS COCTOUT U3 TPEX

Cepuil pelneHum: Xx =—%+nm, meZ, xk=%+nk, keZ,

m

x,=arctg2+4+nn, neZ.
IBe mmepBBLIe cepruu MOYKHO O0OBeIUHUTH B OTHY:
T, Tm
x, =—+——, meZ.
™4 027
11.31. a) Pemture ypaBuenue 2 cos 4x —cos® x =2 — 16 cos? x.
Pemtenue. Vcmonb3ysa TOMKIAeCcTBaA
cos4dx =2co0s?22x —1=2(2cos?x—-1)2-1=
=8costx —8cos?2 x +1,
IepenuIleM HCXOTHOEe YpaBHEHUE B BUE
16cos* x —cos® x =0
WU B BUIE

16

CremoBaTebHO, MHOMKECTBO DeIlleHUN ypaBHeHUs (3) ecTh
o0beIHEHe MHOMKECTB PEIeHn ABYX YPaBHEHUMH:

cos? x(cosx—l)zo. 3)

1

cosx=0 um cosx=-"—.

16
Bce pelrenuns mepBoro ms 3TUX ypPaBHEHUI COCTABJISIOT Ce-

o T
puI0 pelreHunin xm=§+nm, m e Z, a Bce pelleHus BTOPOI'o
o 1

YPaBHEHUS COCTABJISAIOT CEPUIO PeIIeHui x, = iarccosﬁ +27nn,

n € Z. CiemoBaTelbHO, BCE DPEIIEHUSA HNCXOAHOTO YPaBHEHUS
COCTaBJIAIOT Te K€ [IBE€ CEePUU PeIleHU.

IIpoMesxkyTouHBIHT KOHTpPOAb. C—42.

11.5*. MpocTeiilune HepaBeHCTBAa AJI9 CUHYCa U KOCUHYCca

B pmammomM myHKTe y4yeOHHMKA pPacCMOTPEHBI HepaBeHCTBA
sin x > a, sin x < a, cos x > a, cos x < a. IIpuBeneHbI UX peIie-
HUS B 00IlleM BUIe U AJA KOHKPETHBIX 3HaueHU# a. Onupasich
Ha pUCYHKU ydyeOHUKaA ¢ rpadukamMum QYHKOUN y =sin x u
Y = CcOS X, HaJO IMOKAas3aThb, KAaK YNTAIOTCA IIPOMEKYTKU pelle-
Huii (caeBa HampanBo). Ilose3Ho mokasaTk W BTOPOM cmocob mo-
JYUYEeHUS TeX »Ke OTBETOB C ITOMOIIbI0 eAMHNYHON OKPYIKHOCTH,
YUTasd TPOMEKYTKU OT MEHBIIEero Yucja K OOJbIIeMy IPOTUB
4acoBOU cTpesku. [lanee mjigd HECKOJIBKUX HEPABEHCTB IIOKAa3a-
HBI 00a cmocoba pelreHna TPUTOHOMETPUUYECKUX HEPABEHCTB.
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PemeHuss M KOMMEHTaApHuUHu

11.34. PemuTe HepaBeHCTBO: a) sinx>%; %K) sinx <%.

Pemenne. I cnoco6. B cucreme rKoopamuat xOy TOCTPOUM
rpaduku QyHKIUN y = sin x u yzé, OTMETUM TOUYKHU Iiepece-

yenusa rpadukros (puc. 61). Ha ocu Ox UM COOTBETCTBYIOT TOY-
n 5t 13n

I/IE, G,THT. .

ool |

14 | Y ZAmx _1
250 ; ; d\‘ : '/;“ (LU
-7 -z On | = | Bugp 3n op 18n| 51 17t X

NEDZAEENARCEN Sk 5|2 |0
T Tl L[]
Puc. 61

a) Bce Tourkm rpadumra y = sin x, pacmosoKeHHbBIE BBIIIE
. 1
OPAMOH Y ==, COOTBETCTBYIOT TAKUM 3HAUEHUAM X, IJIS KOTO-
2
. 1 .
pBIX smx>§. ATu TOUKU rpaduKa BbIIEJEHBI KUPHOU JIMHU-

e, a COOTBETCTBYIOII[Ie UM IIPOMEKYTKM 3HAUEHUU X, ABJIAIO-

. 1
muecsa  peIleHusSMU  HepaBeHCTBa  sinx> 5>  BBIAETEHEI
OITPUXOBKOU (cM. puc. 61). Tu pelreHUA COCTABIAIOT CEPUIO
T 5m

IPOMEKYTKOB €+2nn; ?+271:n , neZ.

sk) Bce Toukm rpadpmka y = sin x, pacmoJiOKeHHBbIe HIUMKE
OpaAMOU Yy = COOTBETCTBYIOT TaKUM 3HAUEHUAM X, OJIA KOTO-

. 1 .

PBIX sin x <§. IATu TouKu rpaduKa n300pakeHbl TOHKOMN JIUHU-

eli, a COOTBETCTBYIOI[ME€ UM IPOMEKYTKU 3HAUEHUHN X, ABIAIO-
. 1
muecd pelleHusSMMN HepaBeHCTBa Sinx <§, He BBIJIEJEeHbI

MITPUXOBKOH (cM. puc. 61). OTu pelreHns COCTABIAIOT CEPUIO
5m 137
IPOMEKYTKOB ?+2nn; T+2nn , neZ.
II cnoco6. B cucreme KoopauHaT uQOv IIOCTPOUM €IMHUY-

HYIO OKPYsKHOCTDb, Ha KOTOPOH OTMETUM JB€ TOUKM, COOTBETCT-

1isie)



BymwoIlue yrjamM X, MJId KOTOPBIX sinx==. Oun IIoJjJydyaTcda Ha

1
1 2
mepeceueHUum MPAMOU U = 5 U eIUHUYHON OKPYIKHOCTU.

a) Bce ToOuKM, pacloJioO’KeHHbIe

. 1
BBIIIIE€ IIPAMOHU U=§, COOTBETCTBYIOT

st N\ = _ 1
[ 6/‘/ R(; 1T yriaam X, OJId  KOTOPBIX SInx> E

(5TU TOUYKU BBIAEJEHBI YKUPHOI JIMHU-
\ / eii ma pucynke 62). IlosTomy Bce

pellleHusA HMCXOZHOIO HepPaBEeHCTBA
.y > COCTaBJIAIOT CEPUI0 IMPOMEKYTKOB

)
Y

E+2nn; 5—7t+21tn ,neZ.
6 6

k) Bce ToOuKm, pacmoJioKeHHBIe
HUXKEe IIPAMON v=§, COOTBETCTBYIOT

. 1
yraaM X, OJd KOTOPBIX sinx <§ (aT;

>
—
3

TOYKW BBIJE€JI€HBI JKWUPHON JIMHUEN

Ha pucyHkKe 63). IlosToMy Bce perre-

0 Y HMS MCXOIHOTO HEpPaBEHCTBA COCTAaB-

JAIOT cepuio IPOMEKYTKOB
51 13n

N e on . 19T
(6 +27nn; 5 +2nn), neZz.

11.37. PelruTe HepaBeHCTBO:
a) cosx>°; 1) cosx <%,
) 4 ) 4

Puc. 63

Pemrenue. I cnoco6. Iloctpoum B cucteme KoopauHaTt xOy
rpaduky GYHKIUN y = CcOS X U y:Z’ OTMETHM TOUKHU IIepece-

yeHusA rpadpuros (puc. 64). Ha ocu Ox ©M COOTBETCTBYIOT TOU-
KU O, = arccos” , o= —arccos , o, =2m — arccos’ M T. 1.

a) Bce Touku rpadgmra y = cos X, PaCIOJOKEHHBIE BBIIIIE
IIPSIMOM Y =’y COOTBETCTBYIOT TAKMM SHAUEHHUAM X, AJI KOTO-

] o) s vonx ]
y=§ 1 |
4 ~ | ™
o N s AN
i ' H— o t ,'/ & 4 » =
T /n o, 0 Oco,zi\ T 3m Oy |27 O3 x
SH T
\
Puc. 64
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3 . .
PBIX COS X > Z ITU TOUKHU r‘pa(bn}ca BbBIJIE€JIEHBI JKUPDHOU JIMHUEU,

a COOTBETCTBYIOIIME UM IIPOMEKYTKHU 3HAUEHUH X, ABJISIOIINE-
Cs pelleHnusMU HePaBeHCTBA COS X > e BBIZ€JI€HBI IIITPUXOBKOM

cM. puc. 64). T pelreHuss COCTABJIAIOT CEPUI0 TPOMEIKYTKOB
3
—arccos +2nn; arccos%+2nn , neZz.

r) Bce Touku rpaduKa y = cos X, PACIOJOKeHHbIe HUKe
OpAMOH Y =", COOTBETCTBYIOT TaKHM 3HAYEHUAM X, I KOTO-

3 .
PBIX COS X <Z' AT TOUuKU rpaduKa m3obpaskeHbl TOHKOM JUHU-

efI, a COOTBETCTBYIOIIIME M IIPOMENKYTKHU 3HAYEHN X, ABJIAIO-
Imurecda pPeIlleHrMAMM HepaBeHCTBa COSX <Z, H€ BbIJEeJIEHBbI

HITPUXOBKOU (cM. puc. 64). TU pelleHUuA COCTABIAIOT CEPUIO
3 3
IPOMEKYTKOB arccosz+2nn; 21 —arccosz+2nn ,ne4Z.

II cnoco6. B cucreme koopauHaT uOv IOCTPOUM eITMHUUHYIO
OKPY’KHOCTh, Ha KOTOPOU OTMETHM JB€ TOUKU, COOTBETCTBYIO-

3
e yrjaam X, O KOTOPBIX COS X = vk OHu moJsryyaTcs Ha Iepe-

. 3 .
cedyeHun IIPpAMOU U = Z 1 eJUHNYHOM OKPYMHOCTH.

a) Bce Toukmu, pacnosokeHHBIE v | ][]

. 3 T~ I3
mpaBee MPAMON U= v COOTBETCTBY- Karccoszf
IOT yrJjlaM X, IJA KOTOPBIX COSX > % /

IlosToMy Bce pelreHUsa MCXOTHOTO 0 3 u
HEpPaBEHCTBA  COCTABJIAIOT  CEPUIO \ 4
IIPOMEXKYTKOB Sarceos3
3 3 ~ 1 L
—arccos +27n; arccos +2nn |, | ]
n € Z (puc. 65). Puc. 65
r) Bce TouKu, pacmoJosKeHHBIe D 1]
. 3 = ~ [
JeBee NMPAMOH U =7, COOTBETCTBYIOT e \c\arccos%
/
3
yrJjiaM X, IJd KOTOPBIX COS X <Z' ITo- \
9TOMY BCe pellleHusd NCXOLHOI'0 Hepa- 0 3 u
BEHCTBA COCTaBJAIOT CEpUI0 IIpoMe- 4|/
JKYTKOB L Y
3 3 h 27t‘—arccos.§
arccos i +2nn; 2n —arccos 1 +2nn |, HeTarerosy
n € Z (puc. 66). Puc. 66
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3ameuaHue. XapaKkTepHas OIMUOKA YUAITUXCS IIPU PEIeHUN
TPUTOHOMETPUYECKUX HEPABEHCTB 3aKJIOUAETCSA B TOM, UTO IIPU
YTEeHUN MIPOMEKYTKOB OHHN He COOJIIOJAl0T TIJaBHOTO TpedoBa-
HUA: IPOMEKYTKN UUTAIOTCS OT MEHBIIIEro Umcjaa K OoJIbIeMy
(T. e. Ha OKPY’KHOCTHU IIPOTUB YACOBOI cTpeisiku). UToObI 1306e-
raTh TaKWX ONIUOOK, HYJKHO AJA KaKJOro HepaBeHCTBA AeJaTh
CBOU pucyHOK (cMm. puc. 62 u 63, puc. 65 u 66).

11.6*. MpocTenwine HepaBeHCTBa A9 TaHreHca
N KOTaHreHca

B mamHoM myHKTEe yueOHMKA PacCMOTPEHBI HepaBeHCTBAa
tg x> a, tg x < a, ctg x > a, ctg x < a. Onupasichb Ha PUCYHKH
yueOHUKA ¢ rpadpuramu QpyHKIuid y =tg x u y = ctg x, Hazmo
IOKas3aTh, KaK UUTAIOTCSI TPOMEKYTKM pelleHuil (cjeBa Ha-
IpaBo), IIOTOM IIOKa3aTh, KaK Te K€ OTBETHI MOKHO IOJyYaTh C
IOMOIIBI0O €AWMHUYHON OKPYKHOCTH, YHUTAA IIPOMEKYTKH OT
MEHBIIIET0 Urcja K OOJIbIIEeMY IPOTUB YacCOBOI CTPEIKIH.

Pemenus m KkoMMeHTapumu

11.39. Pemure mepaBeHcTBO: a) tg x> 1; &) tg x < 1.
Pemrenue. I cnoco6. B cucreme roopamHarT xOy TOCTPOUM T'pa-
buxy GyHKIMHA y =tg x u y =1, OTMETUM TOUKU IIepeceueHrs rpa-

¢ukosB (puc. 67). Ha ocu Ox UM COOTBETCTBYIOT TOUKH %, 5{ u 7p.

a) Bce Tourkm rpadpura y =tg x, pacmoJIO’KeHHBIE BBIIIE
opaMoii y = 1, COOTBETCTBYIOT 3HAUEHUAM X, IJSI KOTOPBIX
tg x> 1. 9™ TouKmM rpadumKa BBIJEJEeHbl KUPHOU JUHUEH, a
COOTBETCTBYIOIIME UM IIPOMEKYTKU 3HAUEHUUN X, ABJIAIOIINECS
penieHUAMHN HepaBeHCTBa tg x > 1, BBIZEJIEHBI IITPUXOBKOM
(cMm. puc. 67). OTU pelreHnus COCTABISIOT CEPUI0 TPOMEKYTKOB

T '
~+mn; —+nn|,neZ.

4 2
[ 1] <y |
y=tex | / /
/ / /
{ d 1 y=1/4
/| r / /
Al sy sty gty
_275_7_“_%7[75*_3_“_5 0 'n x| /m 5n 3n ¥
1) 2 i 2 /112 4 2
/
/ /

Puc. 67
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k) Bce Toukm rpadpmra y = tg X, pacmosiOiKeHHBbIe HIUMKEe
opAMO#A Yy = 1, COOTBETCTBYIOT 3HAUEHUAM X, IJISI KOTOPBIX
tg x < 1. 9t TouKu rpaduKa n300pakeHbl TOHKON JUHUEH, a
COOTBETCTBYIOIME UM HPOMEKYTKU SHAUYEHUUN X, ABJIAIOIIHAECS
pemteHUAMU HepaBeHCTBaA tg x < 1, He BbIZeJIEHbBI IIITPUXOBKOIM
(cMm. puc. 67). OTu pellleHusT COCTABISAIOT CEPUI0 TPOMEKYTKOB

o T )
——+4+mn; —+nn|, neZ.

2 4

II cnoco6. B cucreme KoopamHaT uOv IOCTPOUM E€IUHIU-
HYIO OKPY:KHOCTDb, Ha KOTOPOH OTMETUM JB€ TOUKU, COOTBETCT-
ByIOII[Me yrjlaM X, OJIsI KOTOpPbIX tg x = 1. OHu moJsyyaTcs Ha
mepeceuyeHuN eIUHUYHOU OKPYIKHOCTU M IPAMOM, IPOXOAAIIEN
yepes3 HAUAJIO KOOPAMHAT M TOYKY 1 OCU TAHTEHCOB.

a) Bce TOUKM eIMHUYHON OK-
PY’KHOCTH, COOTBETCTBYIOIIHE VI-
JaM X, IJs KOTOpbIX tg x > 1, BEHI-
JeJleHbl JKUPHOW JuHUel. Bce
pelieHusas WCXOAHOTO HepaBeHCTBa
COCTABJIAIOT CEPUI0 MPOMEKYTKOB / \

tgx

)l\:l:l <

E+7tn; L , n € Z (puc. 68).
4 2 0 0 u
k) Bce TOUYKM egMHUYHOU OK- \ /
PYJKHOCTH, COOTBETCTBYIOII[HE VT- C
JaM X, IJs KOTOpPBIX tg x < 1, BEHI-
IeJieHbl JKUPHOW JuHUeli. Bce
pelieHnss HCXOLHOrO0 HepaBeHCTBA Puc. 68
COCTABJIAIOT CEPUI0 MPOMEKYTKOB

T T
_§+nn, Z+7Ul , n € Z (puc. 69). ok tgx

11.42. Pemture HepaBeHCTBO: = a1
a) ctg x> 2; 1) ctg x < 2.

Pemrenmne. I cnoco6. a) B cucre-
Me KoopamHaAT xOy IIOCTPOUM Trpa-
burn GyHrmuin y=ctg x u y =2, 0 0 u
OTMeTHMM TOYKM IIepeceueHus rpa-
¢dukros (puc. 70). Ha ocu Ox um co- /
OTBETCTBYIOT TOYKHU 0,= arcctg 2, ~_—
o, = arcctg 2 + ™ u ap. _‘

Bce Toukm rpadpmra y = ctg x,
pacmoJjiosKeHHbIe  BBIIIe  MOPAMOM Puc. 69
Y = 2, COOTBETCTBYIOT 3HAUEHUAM X,
IS KOTOPBIX ctg x > 2. 9Tu TouKu rpadpuKa BBIAEJEHBI KUP-
HOU JIMHUWEM, a COOTBETCTBYIOIIME MM NPOMEKYTKU 3HAUYEHUN
X, ABJSAIOIIUECA PelieHuAMH HepaBeHCTBa ctg x > 2, BbIgee-

\NE]
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HBI IIITPUXOBKOM (cM. puc. 70). 3Tu pelreHUss COCTABJIAIOT Ce-
puio mpoMe:KyTKOB (nn; arcctg 2 +nn), n € Z.

y =ctgx

2/ \

2

e V_——
<
I
[\

O

& S A N -
f—%n 3\ | T - 0] a ET"\ T 0 3 21 X
2
|
|

i
[\
44[\3|;1_

1

\Tl

Puc. 70

r) Bce Touku rpadpura y = ctg x, pacrosoKeHHbIe HUKe
OpAMOU Yy = 2, COOTBETCTBYIOT 3HAUEHUAM X, IJI KOTOPBIX
ctg x < 2. 9Ttu TOouKM rpadpuKa M300parKeHbl TOHKOI JUHNeH, a
COOTBETCTBYIOIIME UM IMPOMEXKYTKN 3HAUEHUN X, SIBJIAIOIIAECS
pemreHusiMu HepaBeHCTBa ctg x < 2, He BBIJEJIEHBI IITPUXOB-
Ko#i (cm. puc. 70). ITH pellleHUA COCTABJAIOT CEPUIO ITPOMe-
JKyTKOB (arcctg 2 + mn; m+ nn), n € Z.

II cnoco6. B cucreme KoopauHaT uQOU IIOCTPOUM €IMHMNU-
HYIO OKPY’KHOCTDb, Ha KOTOPOIi OTMETUM JBE TOUKM, COOTBETCT-
ByIOII[MEe yIJIaM X, IJisd KOTOPbIX ctg x = 2. OHu mojaydyarcsa Ha
rnepeceyeHy efUHNYHON OKPYIKHOCTH U MPAMOIL, MPOXOAsIei
yepes HAYAJIO0 KOOPAWHAT U TOUKY 2 OCHM KOTAHTEeHCOB.

a) Bce TOUKU eIMHUYHON OKPYKHOCTHU, COOTBETCTBYIOIIINE
yriam X, AJis KOTOPBIX ctg x > 2, BBIeJeHbl JKUPHOW JUHUEH.
Bce pemreHuss nCX0qHOTO HEPaBEHCTBA COCTABIAIOT CEPUIO TIPO-
MeXXyTKOB (nn; arcctg 2 + nn), n € Z (puc. 71).

r) Bce TOUKM eIMHUYHON OKPYKHOCTH, COOTBETCTBYIOIIIE
yriam X, OJd KOTOpbIX ctg x < 2, BbIZIeJIeHbI JKUPHOUW JUHUEH.
Bce pelteHus 1CXOQHOTO HepaBeHCTBA COCTABIAIOT CEPUIO IPO-
MeKyTKOB (arcctg 2 + nn; m + nn), n € Z (puc. 72).

D v

0 1 2 0 1 2
T 1 TN\ ctgx TN ctgx

/ arcctg?2 (/ arcctg2
T
— 0 Jo u B 0 0 u
/ N l/
N A N
Puc. 71 Puc. 72
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11.7*. HepaBeHcTBa, cBOAsLIMECH K MPOCTEULLUM
3aMeHOl Hen3BeCTHOro

B mammomM myHKTe yueOHMKAa PacCMOTPEHBI IIPUEMbI perre-
HUSA TPUTOHOMETPUUYECKUX HEpPaBEHCTB, KOTOPhIE IIOCJE 3aMe-
HBI HeusBecTHOTO t = f (X), rme f (X) — oAHaA U3 OCHOBHBIX TPU-
TOHOMETPUYECKUX (MYHKIWI, CBOOATCA K KBaAPaTHOMY WJIU
panroHaJIbHOMY HEPABEHCTBY. 3/ecCh JKe OKAa3aH IIpueM pelrie-
HUS TPUTOHOMETPUUECKUX HEePaBEHCTB C IIOMOIIbIO 3aMeHBI ap-
TYMEHTa Y OCHOBHBIX TPUTOHOMETPUUYECKUX (DYHKITUM.

Pemenua u KOMMEHTaApPpHuHu

11.44. a) PemuTe HepaBeHCTBO

J2

sinzx—7sinx <0. (1)

Pemenne. Beegem HOBOe HeudBecTHOe ¢ = sin x. HepaBeHcT-
Bo (1) mepenuilieTca B BUE

£2 —gmo. 2)

MHuoxecTBO Bcex perieHuii mepaBeHcTBa (2) ecTh Bce t u3

V2

npoMe:kyTKa 0 <t <?. ITosToMy Bce perreHusa HepaBeHcTBa (1)

€CTh peleHusda ,Z[BOfIHOI‘O HepaBeHCTBa

V2

0<sinx<7. 3) 3n | U

\
/
iNE]

MHosKecTBO BCexX peIlleHHU Hepa- / A\

BeHcTBa (3), a 3HAUUT, U HEPaABEHCT- / \

Ba (1) ecTh IBe CepuMU WMHTEPBAJIOB % 0

2nn;%+2nn u 3:+21m;1t+2nn), \ /

n € Z (puc. 73). =

11.47. a) PemuTe HepaBeHCTBO
sin 2x > 0. 4)

Pemenne. Beenem HOBOoe HemsBecTHoe ¢ = 2x. HepaBeHcT-
BO (4) mepemnuiieTcs B Bume

sin ¢ > 0. (5)
MHo:xecTBO Bcex pellleHU HepaBeHCTBA (5) ecTh cepus WH-

TepBaJioB 2nn <t < T + 27n, n € Z, cjeaoBaTeJlbHO, MHOMKECT-
BO BCeX peIlleHUi HepaBeHCTBa (4) HAXOAUM M3 YCJIOBUI

Puc. 73

2tn < 2x < 1w+ 271n,
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OHO 3aJIaeTCs YCJIOBUEM
n<x <g+nn, ne4z.

CiiemoBaTeJIbHO, MHOJKECTBO PellleHnii HepaBeHcTBa (4) ecTb

T
cepusi MHTEPBAJIOB | 17 §+7tn ,neZ.

IIpomMeskyTOuHBIN KOHTPOJAB. C—43.

11.8*. BBegeHue BcrnomMorartesibHoOro yrna

B manHOoM myHKTe yueOHMKa PACcCMOTPEHO BBeIeHUe BCIIO-
MorareJbHOTO yria. [IpuMeHeHMe 9TOTrO mpreMa IIOKa3aHO Ha
npuMepax pelleHud YPaBHEHUI M HepaBeHCTB. B IIpeabIayInmx
OYHKTaX ysKe pemrajnuch ypaBHeHUs Buja a sin x + b cos x =0
1 HAXOLWUJINCHL HaAMOOJbIIlee 1 HaWMeHbIlee 3HAUeHUS (PYHK-
mum Yy =a sinx +b cosx. Ho TOIbKO Telepb NIpuUMeHeHLe
IIpueMa paccMaTpuBaeTcA B 00IIleM Buze.

Pemenus m KoMMeHTapuu
11.50. a) Pemure ypaBHEeHUEe
4sin x — 5cos x = 2. (1)

Pemenne. PaszgenuB obe vactum ypaBHenus (1) Ha uwmciio
4% +(-5)? =41, nepenuiiieM 3TO ypaBHEHHNE B BUIE

isinx—icosxzi (2)
V41 V41 J4a1~®
IToxbepem Takoi yroJ ¢, 4To sino = %, acoso= %, TO-
raa ypaBHeHUe (2) mepemnuIieTcsa B BUIe
. 2
sin(x —o)=—+—. 3
(x-m)= 3)
2 .
Taxk kaxk —1 <— <1, TO MHOXECTBO peIIeHU aBHEHU
Jat P vp
. 2
3) sBamaetrca dgopMmyJgaMu x, —o=arcsin-——+2nn, ne€Z u
3) it hopmy n J41

. 2
X,—O=T— arcsmﬁ +2nk, k € Z, oTKyIa IIOJYyUYNM, UTO yPaB-
HeHue (1) umMeeT ABe cepuy PEIIEeHUI:
.2
x, =o +arcsin——+2nn, n € Z;
" V41

xk=0c+n—arcsini+2nk, keZ,

Ja1

.5
roae o0 =arcsin——..
4 J41
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11.52. a) PemuTe HepaBeHCTBO
sin x +cos x> —+/2. 4)

Pemenne. PasnenuB o6e yacTtu HepaBeHcTBa (1) Ha MMOI0MKU-
TeapHOEe UHCIO /12 +12 =+/2, mepemuimeM 9TO HepPaBEHCTBO

B BHUIe
1 . 1
——sinx+-——cosx>-1. 5
5 5 (©))

1 T 1 T
Taxk xak ——=sin-, a —— =cos—, TO HepaBeHCcTBO (5) mepe-

IInIIeTcd B BUAe
sin (x+1)>—1. (6)

Bce pemrenusa mepaBeHcTBa (6) 3amaiorcsa
YCIIOBUSAMU:

—g+2nn<x+%<3§+2nn, neZ (puc. 74),

OTKyJa HaXOAUM pelnieHus HepaBeucTsa (6):

—3—n+2nn <x <5Yn+2nn, neZz.

CrenmoBaTebHO, BCe pellleHUsA HepaBeHCTBa (4) cOCTaBIAIOT

Cepuio MHTEPBAJIOB (—?’I +2nn; 5%+21m , neZ.

3ameuanue. Tak Kak HepaBeHCTBO (6) paBHOCHJILHO Hepa-

. T
BEHCTBY sin | x +Z #—1, To Bce perieHus1 HepaBeHcTBa (6) MOXK-

HO OBLTIO 3aJaTh APYTUM YCJIOBHEM: x+%¢ —g +2nn, n € Z, To-

rIa Bce pellleHUs HepaBeHCTBA (4) MOKHO 3aIucaTh U TaK:

x;t—%t+2nn, neZ.

O0paTuM BHUMAHIE HA TO, YTO OJHOPOJHEIE TPUTOHOMETPH-
YeCKHne ypaBHEHUdA HepBOfI n BTOpOﬁ CTeIleH MOXKHO peliaThb
IByMsa crmocobamu: 1) BBeZeHMEM BCIOMOTATEJIbHOTO YIJIa;
2) cBefieHMEeM K PaBHOCUJIBLHOMY YPaBHEHUIO OTHOCHUTEIHHO
tanrenca (m. 11.4 yueO6HUKA), mpuueM oba criocoba OTMHAKOBO
TPYLOEMKH.

B 10 :Ke Bpems 0qHOPOAHBIE TPUTIOHOMETPUUECKE HePaBeH-
CTBa nepBoﬁ u BTOpOfI CTeIIeHHU IIPpeAIIOUTHNTEe/JIbHEee PEeIllaTh BBE-
JeHIeM BCIIOMOraTeJbHOI'0 yIja, TaK KAaK CBOAUTh MX K Hepa-
BEHCTBAM OTHOCHUTEJILHO TAHIeHCA OUYeHb TPYAOeMKas 3azada.
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Hampumep, paccMoTpuM pellieHre HepaBeHCTBA
sinx — cosx > 0. (7

I cnoco6. BBonsa BcrioMoraTeJbHBIA yIoJI, IepenunIineM Hepa-
BeHCTBO (7) B BUAE

sin (x—;‘)>0. (8)

MHo:kecTBO Bcex pellleHU HepaBeHCTBa (8) 3azaeTcs ycJjo-
BUSAMU

2nn<x—%<n+2nn, neZz.

OTKyza HAXOLMM MHOMKECTBO BCEX peIlleH’il HepaBeH-
crBa (7):
%+2nn <x <5Zn+27m’ neZz.
II cnoco6. Ina peirteHusa HepaBeHcTBa (7) BTOPBIM CIOCO-
00oM HAJO PENIUTh TPU CUCTEMBbI:
) cosx=0 ) cosx>0 ) cosx <0
sinx >0, tgx>1, tgx <1
U 3aTeM OO0BLeIUHUTH PeIlleHUs TPeX CHCTEM.
SlcHO, UTO MEepPBBIHA CIIOCO0 IIPEAIIOUTHUTEIbHEE.
11.54. 6) PemuTe HepaBeHCTBO

3sin? x — 243 sin x cos x— 3cos? x> 0. 9)

Pemrenne. I cnoco6. Ilepenuiniem HepaBeHcTBO (9), pasio-
SKUB €ro JIeBYIO YacTh Ha MHOMKUTEJIU:

(sin x — v/3 cos x)(8sin x + /3 cos x) > 0. (10)
Pasnenum mepasenctBo (10) Ha 4./3:
(;sinx—‘fcosx)(fsinx+écosx)>0. (11)

IIpeobpasyem JjieByio uacTh HepaBeHcTBa (11), BBemss BcIio-
MOTAaTeJbHBIN yToJ:

. T . L
sm(x—S) sin (x+6)>0. (12)

Jlajee MOKHO PeIUTh ABE CUCTEMBLI HEPDABEHCTB U, 00heau-
HUB MHOXKECTBA WX PEIeHUM, MOJYUYNTh MHOMKECTBO PeIleHn
HepaseucTBa (9).

IIpumenum gapyroit nmpuem. Tak Kak

sin -+ in [(x_3)+2)= (=-7)

TO TIOCJIe YMHOKeHUs Ha 2 HepaBeHCTBO (12) mepemnuinercsa B
BUZE
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2sin (x—n)cos (x—n)>0
3 3

sin (2x—23")>0. (13)

I B BUOE

Bce pemtenusa mepaBeHcTBa (13) 3amaroTcsa yCIOBUAMU

2nn<2x—2§n<n +2nn, ne Z,

OTKyJla HAaXOJIUM BCe pellleHus HepaBeHcTBa (13):

§+nn<x<%+nn, ne2.

CrnenmoBaTebHO, BCe pellleHUA HepaBeHCTBa (9) COCTABIAIOT

b 51
CEpUI0 NHTEPBAJIOB §+7tn; F+7tn ,neZ.

T
II cnoco6. 1) Ecau cos x =0, 1. e. ecau x, =§+nn, neZ,
TO CIPAaBEAJINBO HEPABEHCTBO
3sin? x,— 24/3 sinx, cosx, — 3cos? x, > 0.

9To 03HaYaeT, YTO BCe YUCJIA X, ABJIAIOTCA PEIIeHUAMU He-
paBenctBa (9) (puc. 75, a).

2) Ecau cos x # 0, T. e. eciu x¢g+nn, TO HepaBeHCTBO (9)

MOJKHO IIepeluncaTh B BUE
cos? x (3tg? x — 24/3tg x — 3)>0. (14)
Tax Kax cos? x > 0, To HepaBeHCTBO (14) paBHOCUJIBHO He-

PaBeHCTBY
3tg? x— 2/3tg x—3>0. (15)

BBensa HoBOe Hem3BecTHOe t = tg Xx, mepenuIileM HepaBeHCT-
BO (15) B BumE
3t2 — 2./3t—3>0. (16)
MmuoxxecTBO Bcex pemreHudi HepaBeHcTBa (16) ecTth Bce
V3

t< —-5 HmBce ¢t > /3. [109TOMY MHOKECTBO peLIeHUH HepaBEeHCT-

Ba (9) ecTb 00beIMHEHE MHOKECTB PEIIeHNI HepaBeHCTB

tgx>J§ u tgx<—§.

MHuo:xecTBO penieHui mepBOro HEPaBeHCTBA €CTh CepuA UH-

T T .
TepBaJIOB §+1tk; §+Ttk , ke Z, a MHOXeCTBO peIlleHUIl BTO-
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5

s s
poro HepaBeHCTBaA €CTb Cepusda HHTEepPBaJIOB (2+TCI’L; 6+TCT’L),

n € Z. Torma MHOXKeCTBO pellleHni HepaBeHcTBa (15) ecTb 00B-
eqVHEeHNe 3TUX WHTEPBaJoOB (puc. 75, 0).
3) O0benuHUB Bce HalileHHBIE PEIeHUs, IOJYUYNM MHOMKe-

. 4 5T
cTBO pelreHuii #HepaBeHcTBa (9): §+nn; ?+nn , neZ
(puc. 75, 8).
2) VA 0) vh  tgxh 2) vh tgx
V3 V3
s i T T
2 25 3 3
5m 5w
6 6
0, 0 0,
0 u 0 u 0 u
V3 V3
3 ] 3
2T Z T 21 gl
_x 3 _z 6 3 6
2 2
Puc. 75

III cnoco6. llpumeHUB HOPMYJbI CUHYCA M KOCUHYCA JBOM-
HOT'O yrIJla, ImepemnuilneM HepaBeHCTBO (9) B Bume

—3cos 2x — /3 sin 2x > 0.
PasnenuB o6e yacTu 3TOro HepaBeHCTBA Ha 243, nepenu-

IIIeM ero B BHUJE
§c032x+%sin2x <0. 17

3

Taxk xax %: sing, a 7=cosg, TOo HepaBeHcTBO (17) mepe-

IINIIIeTcda B BHUAe
sin (2x+g)<0. (18)

Bce pemrenuss HepaBencTtBa (18) BsagaioTcs YCIOBUAMU
T +2nn <2x+g <2n+2nn, n € Z. Orcioga IOJIy4YUM, UTO BCe

pemnteHusas  HepaBeHcTBa (9) ecTh cepuss  MHTEPBAJIOB
b4 51
~+4+nn; —+mnn|, n € Z (cMm. puc. 75, 8).
3 6
Hawnbosee mmpocThIM IIpeACTaBJIAETCA TPETUil CIIoco0 perlie-

HHUS TaHHOTO HepaBeHCTBA.
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3ameuanue. [Ipu BoimosHenun 3aganusa 11.54 BTopsIM cIIO-
co00M YacTO HMPOITyCKAIOT IEPBBINA IIAT PeIleHud U, KaK CJe-
CTBUE, TEPAIOT PELIEHU X,.

11.9*. 3ameHa HeusBecTHOro t = sin X + cos x

B manHOM IDyHKTE pPacCMOTPEH CHEeIUaJbHBIN IIpHUeM perre-
HUA YypaBHEHUN W HEPABEHCTB, COMEPIKAIUX BhIPAKEeHUA
sin x + cos x (uyu sin x — cos x) u sin x cos x.

PemeHusas u KOMMEHTApPUHU
11.56. a) Pemiute ypaBHeHUe
2sin x cos x + sin x + cos x = 1. 1)

Pemenne. CoesaeM 3aMeHY HEM3BECTHOTO ¢ = sin x + cos x
U BBIpa3uM uepes { BeIpaskeHme 2 sin x cos Xx:

t2=1+ 2sin x cos x, orkyzga 2sin x cos x = t2 — 1,
mosToMy ypaBHeHwue (1) mepenuiiiercsa B Bume
t2+t—-2=0. (2)
YpaBHeHUe (2) UMeeT ABa KOpHA: ¢, = 1 u ¢, = -2, caegoBa-
TeJIbHO, MHOKECTBO pellleHnii ypaBHeHus (1) ecTh o0bemuHe-
HUEe MHOKECTB PeIlleHUI JBYX YpPaBHEHUIi:

sinx +cosx=1 um sinx + cosx =-2.

Ilepenmuniem sTu ypaBHEHUS ¢ TOMOIIBIO BBeJeHUSA BCIIOMO-
raTeJbHOTO yrJja:

sin (x +n):\/2§ u sin (x+2)= 2.

4
IlepBoe ypaBHeHmHe HMeeT [ABe Cepuu pellleHUi: x, = 271n,
T
neZux, =§+2nk, k € Z, a BTOpOE ypaBHEHUE He MMEeT pe-

- . I
IIeHNH, TaK KaK sin (x+4)> —1 gs sr06oro x € R, a —J2 <-1.

Nrak, ypaBHeHue (1) mmeeT nBe cepuu pellleHUi: x, = 21n,
neZuzx, :§+2nk, keZ.

11.58. a) Pemure ypaBHeHUe
sin® x + cos® x = sin 2x + 1. 3)
Pemenmne. Ilepenuiniem ypaBHenue (3) B Bume

(sinx + cosx) (1 — sinx cosx) = 2sinx cosx + 1. 4)
Hcnonpsyda saMeHy HeusBeCTHOro t = sin x + cos x, Iepe-
nuilieM ypaBHeHue (4) B Buze

t(l—tzz_l)ztz. (5)
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YpaBHeHUue (5) umeer Tpu KopHa: ¢, =0, t,=1 u t;=-3,
cienoBaTeIbHO, MHOYKECTBO pellleHuil ypaBHeHuA (3) ecTb 00b-
eInHEeHe MHOYKECTB PelleHUN TpexX yYpaBHEHUI:

sin x +cos x=0, sinx+cosx=1mwusin x + cos x =-3.

Pemuwm st ypaBHeHUs BBeleHEM BCIIOMOTAaTeJIbLHOTO yTJIa.
IlepBoe 13 HUX MMeeT OJHY CEPUIO PeIlleHUU: X,= —%+nn,

n € Z, BTOpoe — [Be CEPUU DEIIeHUu: X =g+2nm, meZmn

m

x,=2nk, kReZ, a Tperbe He UMeeT DpeIleHMUH, TaK Kak
sin x + cos x > -2 gna arwoboro x € R, a -3 < —2.
Nrak, ypaBHeHUe (3) UMeeT TPU CEPUU PEIIeHU: X, X, 1 X,.
11.59. a) PemuTe HepaBeHCTBO

sin2x — 3sinx — 3cosx + 3 <O0. (6)

Pemenne. UWcmosbdyda B3amMeHy HeW3BECTHOTO ¢ = sin x +
+ cos x, mepenuilieM HepaBeHCTBO (6) B Buze

2 -3t +2<0. (7

Bce pemienus HepaseucTBa (7) ecTh Bce t M3 IPOMEIKYTKA
1 <t <2, cregoBaTesibHO, MHOJKECTBO PeIleHUIl HepaBeHCTBa
(6) coBmazaeT ¢ MHOYKECTBOM PEIEHUN MTBOMHOTO HEPaBEHCTBA

1 <sin x + cos x < 2. (8)

I/ICHO.HBSYSI BBeE€HME BCIIOMOIraTeJbHOI'O yIJvia, II€epeIlnIiiaemM

J2

9TO HepaBeHCTBO (8) B BUze Y <sin x+% <+/2.

. T
HepasenctBo sin (x+4)< 2 cIopaBemJiuBO MJisA JIIOOOTO

J2

. T
x € R, a Bce pelreHnd HepaBeHCTBa S1n (x+4) <7 3aJaTCA

YCJIIOBUAMU % +2nn<x +% < SZR +2nn, n € Z, oTKyga HauWgem

Bce pellleHusA HepaBeHcTBa (8):

2nn <x <g+2nn, neZz.

HWrak, pemrenus HepaBeHcTBa (6) COCTABISIOT CEPUU MHTEP-

T
BaJIOB | 21n; E+2nn ,neZ.

IIpoMeskyTOUHBIIT KOHTPOJIb.

C—44, C—45 (nmosTopenue). KourpoabHasa pabora Ne 7.
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T AT DESEESS

OnemMeHTbl TEOPUUN BepoATHOCTEMN

B mpeam0Oyiie K yueOHUKY BBeIEeHbI IMOHATHA: TEOPUSI BEPO-
ATHOCTEeH, COOBITUSA U caydaliHble COOBITHA. [IJIsT KOHTPOJIA
YCBOEHUS MaTepuaJja dTOro maparpada MOMKHO HCIIOJIb30BAaTh
3amaun U3 yueOHUKa WU U3 JPYTUX MUCTOUYHUKOB.

BeposaTHOCTb COObITUSA

12.1. MoHATHUE BEepPOATHOCTU COObITUS

B mammoM myHKTe BBEAEHBI IIOHATHSA PABHOBO3MOYKHEIX CO-
ObITHUIl, €IMHCTBEHHO BO3MOKHBIX COOBITHI, CayUasi, JOCTOBEP-
HOT'O COOBLITIS, HEBO3MOMKHOI'O COOBITHSA, HECOBMECTHBIX COOBI-
TUHN, BEPOATHOCTU COOBITHUA.

PemeHusas u KOMMEHTaApPUHU

12.2. BpocaioT urpajbHy0 KOCTb. IBIAAIOTCSA JU COOBITHS
A — «BBITIaZlaHUE IIECTU OUKOB» U B — «BBINaJaHUE YETHOTO
Yypcjia OYKOB» PABHOBO3MOYKHBIMI, €IWHCTBEHHO BO3MOMK-
HBIMUI?

Pemenne. CobObiTuss A 1 B He ABIAIOTCSI PABHOBO3MOYKHBI-
MU, TaK KaK COOBITHIO A 0GJIaTONPUSATCTBYET OAUH CJIydYail (BbI-
nazer 6 04KOB), a coObITHI0O B — Tpu (BBIazeT 2, 4, 6 0OUKOB).
CobbiTusa A 1 B He ABIAIOTCA U €IUHCTBEHHO BO3MOYKHBIMIU,
TaK KaK, Kpome coObITHUNl A m B, MOXKeT MpPOMU3ONTU, HAIIPU-
Mep, u cobbiTue C — BBIIIAAET 5 OYKOB.

12.4. Bpocaior aBe MOHETBbI. PaccMOTpuM [ABa COOBITUS:
A — «BBIIIAJIU ABa opJa»; B — «BbImaja pelika» (XoTs ObI Ha
omHOUM MoHerte). SBasAtoTcA au cobObiTuA A u B:

a) PaBHOBO3MOXKHBIMU; 0) HECOBMECTHBIMU ?

Pemenne. [[1a OoabIliell HATJISAHOCTH OyIeM CUUTATh, UTO
MOHETHI pasHble — OOJbITasd W MaJieHbKas, BCErO0 BO3MOIKHBI
4 cayuas: BeimagyT asa opJaa (0Oo), aBe pemku (Pp), open Ha
0OJIBIIION MOHEeTe, pelrka Ha MajeHbKou (Op), pemika Ha 60Jib-
IO MOHeTe, opeJl Ha MajJeHbKoil mouete (Po).

a) CoOviTua A m B He ABJIAIOTCS PABHOBO3MOMKHBIMHU, TaK
Kak cobbiTHio A GaarompuAaTcTByeT oguH caydaut (0o), a coGbI-
tuio B — tpu (Pp, Op, Po).
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6) CobObiTuss A m B ABIAIOTCA HECOBMECTHBIMM, TaK Kak
OHU He MOTYT IPOU30NTU OJHOBPEMEHHO B OJHOM OIBITE.

12.8. IIpu urpe B JIOTO MCIIOJB3YIOTCA (PUIMKU C HOMepaMu
or 1 mo 90. Haynauy BeiHUMAaeTca oxHa ¢uinka. KaxoBa Bepo-
SATHOCTH COOBITHUA:

a) A — «HoMep BBIHYTOH (uIiku genutcsa Ha 10»;

6) B — «HOMED BBIHYTOH (QUIITKU JEJIUTCA U Ha 5, 1 HA 9»;

B) C — «HoMep BbIHYyTOM (uitku meHbIime 100»;

r) D — «HOMEp BBIHYTOU (umiku 77»?

Pemrenne. a) CoObiTuio A OJarompuATCTBYIOT 9 ciyuaes:
OyayT BeIHYTHI (puinku ¢ momepamu 10, 20, 30, 40, 50, 60, 70,
80, 90. P(A)=10:90=0,1.

0) CoObiTui0o B 0JIarOIPUATCTBYIOT 2 ciiydasd: OyayT BBIHY-

TbI (puniku ¢ Homepamu 45, 90. P(B) =2 : 90 = 4—15
B) CooOnituio C 6GuaaronpuarcTByorT 90 ciyuaeB: OyAyT BBI-
HYTBI uriku ¢ Homepamu oT 1 1o 90. P (C) =90 : 90 =1.
r) Cob6eiTuro D GaarompuAaTcTByeT 1 caydaii: OyaeT BbIHyTa

dumka ¢ Homepom 77. P(D) =1 : 90 = %.

12.10. a) A sagyman aBysHauHOe umcjo. KakoBa BepOST-
HOCTB TOT'0, UTO BBEI yrajaeTe 9TO YHCJIO C IIepBOro pasa?

0) A sagyman ABYy3HAUHOE UICJO, 3alllICAHHOE Pa3HBIMU
muppamu. KaxkoBa BepOATHOCTH TOTO, YTO BBI yragaere 35TO
YKCJIO C IIepPBOTO pasa?

Pemenne. a) Bcex aBysmaunbix uwmcea 99 — 9 = 90. Bepo-

1

ATHOCTB yragaTh OJHO U3 HUX C IIEPBOr0 pasa paBHa 90"
60) N3 90 aBysHauHbIxX unces 90 — 9 = 81 zamucanbl pasHbl-
Mu nudpamvu. BeposaATHOCTHL yrajgarbh TaKoOe UYMCJIO C IIePBOTrO

pasa pasHa Tk

12.11. YueHuK 3agyMaJj HaTypaJbHOE YMCJIO, He IIPEeBbI-
miaroifee 100. KaxoBa BepOsATHOCTH TOI'O, UTO HTO UMCJO:
a) ueTHoe; 0) menuTcs Ha 4; B) menautca Ha 10; r) mpu gese-
Huu Ha 10 gaer ocraTox 7?

Pemrenue. 13 nepsrix 100 HaTypasabHbIX unces 50 4eTHBIX,
25 pmenamuxca Ha 4, 10 gensmmuxcsa Ha 10, 10 garomiux opu ge-
Jeann Ha 10 ocTaToK 7, MOSTOMY HMCKOMAS BEPOSATHOCTH paBHA:
a) 50 : 100 = 0,5; 6) 25:100 = 0,25; B) 10 : 100 = 0,1;
r) 10 : 100 = 0,1.

12.12. Hcnoansysa HekoTopble u3 mupp 1, 2, 3, 4, 5 Oes
IIOBTOPEHU S, 3allicaJIl YeThbIpex3HauHnoe uncjo. Kakosa Bepo-
ATHOCTH TOT'0, UTO BBEI yrajaeTe 3TO UMCJIO C IIepPBOro pasa?

174



Pemenne. Takux yeTbIpex3HAUYHBIX unces AL=5-4:3 2=
1

= 120, mosToMy MCKOMasA BepOATHOCTH paBHa 1 : 120 = 120"

12.13. YeTbIpex3HauHOE YMCJIO 3AIIMCAJIN, UCIOJIb3Ys IuQ-
pet 1, 2, 3, 4, 5 (mudps! YyKcia MOTYT OBLITH OMMHAKOBLIE). Ka-
KOBa BEPOSATHOCTH TOT'O, UTO BBl yrajgaerTe 9TO YMCJIO C IIEePBOTO
pasa?

Pemenne. Takux yeTbIpex3HAUHBIX Yyuceya 5 - 5 - 5 - b =625,
IORTOMY MCKOMAas BEePOSATHOCTH paBHA 1 : 625 = 1

625

12.14. OguH UrpoOK 3amucaj YeThIPeX3HAUHOE UMCJIO, KC-
HOoJb3ys pasauuHble HMudpbl, kpome 0. KaxoBa BepoATHOCTH
TOT'0, UTO BTOPOI UI'POK yrajgaeT 3TO UMCJIO C IePBOro pasa?

Pemenue. Takux ueTblpex3HauHbIX umces A$=9 -8 X

XT7.6=3024, mosToMy HCKOMAasA BEPOATHOCTH paBHA
1:38024=_1 .
3024
12.16. B amuke Jjexat 6 6eabIlXx U 8 UepPHBIX MIaPOB — U3
HUX 2 6esJbIX WM 3 YepPHBIX Iapa IMOMeUYeHbl 3Be3mouKaMu. V3
ANUKA Haygady BBIHMMAIOT OoAUWH I1ap. KakoBa BepOsSTHOCTH
TOr0, 4TO OyAeT BBIHYT OeJIBbIH IIIap CO 3BE3L0UKOM?

Pemenne. BepoATHOCTh BBIHYTH JIFO0OH M3 ABYX Oe€JIbIX IIa-
POB co 3Be3q04Koii paBHa 2 : (6 + 8) = Iz

12.17. Yersipe (pyTboabHBIe KOMaHAbl K, K,, K;, K, BBI-
X B MOJIy(PUHAT MUPOBOTO IepBeHCcTBa. CHenuaaucTbl CUU-
TaOT, UTO UX CUJIBI IPUMEPHO paBHBI. KakoBa BepOATHOCTDH CO-
OBITUS:

a) A — «xomaugel K, u K, BEIAAYT B QUHAI»;

6) B — «xomaHza K, IOJYYHT «30JI0TO», a KOMaHja
K, — «cepebpo»;

B) C — «KOMaHJbI 3aHAJN MeCTa C IIePBOT0 II0 YeTBEPTOe B
ykasaHHOM nopsagke: K,, K, K;, K,»?

Pemenne. a) B ¢duHAaM MoKeT BBINTH Ji00adA mapa KOMaH.:
1) K uK,;2) KKuk,;;3) KuK;4) K, uK,;;5) K,uK,;
6) K; u K,. CobbiTuio A 6a1aronpuarcrByeT 1 cuayuait us 6, mo-
stomy P(A)= %.

0) B Kamaom m3 paccCMOTPeHHBIX 6 cirydaeB (3amaHue «a»)
nMeeTcs OBa cIocoba pacIpelesIUTh «30J0TO» M «Cepedpo».
CobOviTuio B OGuarompuarcTByer 1 ciayuait us 12, mosTomy
P(B)=-L.

12

B) Tak Kak pacmpenejieHHe MeCT C 1-To IO 4-e BO3MOIKHO

P,=4-3:-2-1=24 cnocobamu, To cobbiTrio C 6J1aronpusar-

crByeT 1 cayuaii us 24, mosromy P (C)=2—14.
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12.2. CBoiicTBa BEpPOATHOCTEN COObITUIA

B nmamHoM myHKTe yueOHHMKA oIIpejiesieHa cyMMa cOObITUM A
u B, cymma (oO0bequHeHNE) HECOBMECTHBIX coObITU A u B,
mpousBeseHNe (IepeceueHue) coObITHil A u B, BBeJEeHBI COOT-
BeTCTByMOIIe obosHauenusa: A U B, A+ B, AN B. 3xgecs e
JaHO oIIpefesieHUE COOBITHS, IIPOTHUBOIIOJIOKHOIO COOBITHIO A
(o6o3Hauenmue A), BBemeHO obo3HaueHre A\B A coObITHUA, 3a-
KJIIOYAIOIerocsi B TOM, UTO IPOUCXOAUT COObITHEe A, HO COOBI-
Tre B He TPOUCXOAUT.

Pemenus m KkoMMeHTapuu

12.22. BpocaroT urpanbubiii Kyouk. CoobiTue A 3aK/ova-
eTcs B BRIDAJAAHUY UJIHN 5, nau 6 0UKOB; coObITHE B 3aKai0UuaeT-
CcA B BBINIQJAHWY YETHOT'O UMCJIa OUKOB. B ueM 3aKJIOUAIOTCA
cobertua A\B u B\A? Brruuciurte BeposarHoctu P (A\B) u
P (B\A).

Pemenne. CobriTuie A\B 3akKJjpuYaeTcd B BbIDAJaHUU D OY-

KoB, P (A\B) =%. CobOviTie B\ A BakJouyaeTcsa B BBITIQJAHUU

_1
3

12.24. Opgmaxxkael K TIaamiaeo Taaumiero saABUCS cogaT u
cupocun: «Kaxkas cymma BhImagaeT uarile IIPU OPOCAHUU TPeX
UrpanbHbIX KocTel — 9 mam 10?» Tanauiaeil mpaBUJIBHO PEINJI
aTy 3amauy. Yro orBetusa lanuneii?

Pemrenne. Ilpu Opocamumum Tpex KOCTeli BO3MOIKHBI
6-6-6=216 cryuyaeB, KaKJJOMy U3 HUX COOTBETCTBYET TPEX-
3HAUHOE UHCJIO, IIepBas, BTOpPasg U TPeTbs IUQPPBI KOTOPO-
ro — KOJHNYECTBA OUKOB, BBLINIABIINE COOTBETCTBEHHO Ha IIep-
BOM, BTOPOM U TPETheM KyOuKe:

111, 112, 113, 114, 115, 116, 211, ..., 665, 666.

CymMa 9 OYKOB IIOJYUHTCS TOJBKO B CJAEAYIOMIUX 25 CJIy-
yagx:

vau 2, niau 4 oukos, P (B\A) :%

126, 216, 315, 414, 513, 612,
135, 225, 324, 423, 522, 621.
144, 234, 333, 432, 531,
153, 243, 342, 441,
162, 252, 351,

261,

CymMa 10 0OYKOB MOJYUYUTCA TOJBKO B ciaeAyiomux 27 ciay-
qyadx:

136, 226, 316, 415, 514, 613,
145, 235, 325, 424, 523, 622,
154, 244, 334, 433, 532, 631.
163, 253, 343, 442, 541,

262, 352, 451,

361,
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CJIeJJ,'OBaTeJII)HO, BEPOATHOCTH BbIIIaJaHUA 9 OuKOB paBHa

25 27
216’ a BepoATHOCTH BhInamanusa 10 ouKoB paBHaA 216" ITosTomy

0oJjiee BeposaTHO BbInaganme 10 ouKoB.

12.25. B HeKoTOpoM I[apCTBe, B HEKOTOPOM TIOCYZapcCTBe
JKUBYT TPaBIOJIOOIIBI, KOTOPBIE BCerga TIOBOPAT NpaBay, U
JIJKeIlbl, KOTOPbIe MOTYT JraTh WX I'OBOPUTH MPAaBIy, HO He
JII00SAT MPUBHABATHCA B 9TOM. [[JIA mOJyUYeHUs MPaBIUBOUN UH-
dopManuum 0 KOJIUUECTBE JIXKEIIOB ObLJIO IIPOBEIEHO TaKoe HC-
ciaemoBaHme. KaXIoro UCIBITYeMOI'O CIPAIIWBAJIN: «BbI
jwxrer?» Ilpe)kige ueM OTBETUTh, UCIBITYEMBIH ITOAOpachIBAJ
MOHETY TaK, 4TOObI PE3yJbTAT dTOrO OIIbITA OBLI BUAEH TOJBKO
emy ogHOoMy. Ecyiu BhImazasa rep6, TO OH JOJI?KEeH OBLI cKa3aTh
«Ja» (He3aBUCUMO OT TOTO, K€M OH SABJISETCA Ha cCaMOM JeJie).
Ecawu ke BBITIafasia peIrka, To OH JOJI3KeH OBbIJI IIPaBAUBO OTBe-
TAUTH Ha BOIpPOC (B 5TOM cJydyae HCCIeJOBaTeId He MOTJIHN
3HaTh, K€M Ha CaMOM Jejie SABJIAeTCS WMCIBITYyeMbIl, TaK Kak
OHU He 3HAJIM pe3yJbTaTa OUbITa ¢ MOHeTOI1). B pesyabraTe uc-
CJIeJOBAaHUSA BBIICHUJIOCH, uTO 61% rpakman mapcraa-rocymap-
CTBA OTBETUJIN <«Ja», OCTAJbHBIe — «HeT». CKOJBKO IIPOIlEH-
TOB T'PaKIAH 9TOTO I[apCTBa-TOCyJapCTBa SIBJIAIOTCS JIXKelaMu,
ecJr OBLIM OIPOIIEHLI BCe IpakagaHe?

Pemrenne. Cuntaem BbITIaaHue repba ¥ PEITKU PaBHOBEPO-
ATHBIMU COOBITHUSAMU, ModToMy y 50% Bcex TrpasKIaH BBITAJ
rep0, U OHM ckasaau «ga». BEime 61 — 50 = 11 (%) Bcex rpask-
JlaH IIOCJIe BBIMAJAHUA Y HUX PEIIKU TaKyKe cKaszanau «ga». OHu
JoKenpl. Ecau cuuTaTh, UTO JIMKEIlhI PABHOMEPHO pacIIpefesieHbI
MeXKAy ABYMSA TIPYIIIaM{ HCIBITYeMbBIX (IlepBasg — Te, V KOTO-
PBIX BBIOAJT Tepbd, BTOpas — Te, ¥ KOTOPBIX BhIMAJA PEIIKa), TO
¥ B TIEPBOM T'pyImne JiKelbl cocTaBaaoT 11% Bcex rpakmam. To-
Tla Cpeay BCEro HaceJeHMWs IapCTBa-TOCYAapcTBa JIXKeIbI CO-
craBaaoT 22% .

12.26. Vmeercsa 16 urpanbHbIX KapT: 4 Bajieta, 4 mambl,
4 KopoJusa u 4 tysa. I3 Kooabl HayAauy BBEIHMMAIOT OOHY Kap-
Ty. KakoBa BepOSTHOCTH, UTO OyAeT BBIHyTa WUJU KO3BIPHASA
KapTa, uiau gama?

Pemenmne. IlycTs coObITHIE A BaKJIIOYaeTCsA B TOM, UTO OyIeT

BBIHyTa KO3BbIpHaA KapTa, P(A)= % = i ITycts coobiTUEe B 3a-
KJIOUaeTcsa B TOM, UTO OyJeT BBIHyTa JaMa, P(B)=%=i. Co-

opiTue A U B 3akJjo4aeTcsa B TOM, UTO OyJeT BBIHyTa HUJIH KO-
3bIpHasA Kapra, waum gama. Torma P(AUB)=P(A)+
+ P(A) — P(AB). Co6biTue AB 3akJjoUYaeTca B TOM, UTO OyaeT

BBIHYTa KO3bIpHad mama. P(AB)= %
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1 7
— =—--, T.€. HCKOMAas BepoAT-

Nraxk, P(AUB)= 16=16’

+

NG
N

HOCTH pPaBHA L.
16

MosxHO paccykgaTh m mHaue. Tak KaK KO3BIPHBIX KapT 4 u
mam 4 (13 HUX ofHAa KO3BIPHAsA), TO COOBITHIO D — «BBIHYyTa KO-

3bIpHAs KapTra WA JaMa» — OJaronpUATCTByeT 7 CJaydaes.
7
CiuenoBaresibHO, P (D)= 16°
12.27. Nmeerca xoJioga u3 52 mrpajbHbIX KapT. M3 KoJIo-
IBbI Haynauy BRIHUMAIOT OOHY KapTy. KakoBa BEpOSATHOCTH, UTO
OymeT BBIHYTa WJIM KO3BIPpHASA KapTa, UIu gama?

Pemenne. ITycTb coObiTHE A 3aKJII0UaeTCsI B TOM, UTO OyAeT
1
BBIHYTa KO3bIpHAsS KapTa, P(A):Z. IIycTh coObiTHE B 3aKJIIO-

4 1

52— 13" CobbITHE
A U B 3akJjiouaeTcsi B TOM, UTO OyZeT BbIHYTA MJIU KO3bIPHAS
Kapra, maum gama. Torma P(A UB)=P(A)+ P(A)—- P(AB).
Cob6piTue AB 3aKJ4YaeTca B TOM, UTO OyAeT BbIHYTa KO3bIpHASI

nama. P(AB)= é

YyaeTcs B TOM, UTO OyneT BbIHyTa gama, P (B)=

1,1 1 4
Urak, P(AUB)=-+-———-=— T.e. -
TaK ( ) 4+13 r2-13" T e. HMCKoOMas BEpoOAT

4

HOCTHh paBHA —.
PaBHa 13

MoskHO paccy:xkaaTh u mHaue. Tak KaK KOBBIPHBIX KapT 13

u gaMm 4 (13 HUX OJHA KO3BIPHAs), TO COOBITHIO D — «BBIHyTa

KO3BIPHAs KapTa Uiau AaMa» — OJaronpuarcTByeT 16 cayuaes.

CremoBaTtenbuo, P (D)= 16 _ i.
52 13

YactoTa. YcnoeHaga BepoOsaTHOCTb

13.1*. OTHOCMTE/IbHAa YacToTa COObITUSA

B AJAaHHOM ITYHKTE€ BBE€JE€HBI IIOHATNUA OTHOCI/ITeJILHOﬁ qgacTo-
ThI CO6I)ITI/IH, CTaTHCTquCROﬁ yCTOfIqI/IBOCTI/I OTHOCUTEJIBHBIX
4acToT, IMpuBeaeHbl gaHHble Brodgdoua u Ilupcona o BrImaza-
HUU repba, MOJydYeHHbIe B OOJBIINX CEPUSAX OIBITOB ¢ moabpa-
ChIBAHIEM MOHETHI. 3[IeCh JKe MMeeTcs 3aMeuaHune o0 akcruoMa-
TUUYECKOM IIOCTPOEHUU TEOPUU BEPOSATHOCTEH, a TaKiKe O
pasniuuuu MeKIy SJIeMeHTapHOU Teopueil BepoATHOCTeil m 00-
el Teopueil BepOATHOCTEH.

178



Pemenusa u KOMMEeHTAaApPpHUN

13.3. Ilarepo yuamuxcs mpu Opocanuu MoHeThbI 50 pas mo-
JIYUWJIN CJIeNYIOIIre NaHHbIe:

YyeHunk 6 ; OMC(;”H?/M Bbl?ggggmﬁ OTHSSSTTS:; e
rep6a BbiNagaHuns repba
1 50 27 0,54
2 50 28 0,56
3 50 23 0,46
4 50 26 0,52
5 50 24 0,48

BoiunciauTe OTHOCUTENBHYIO UACTOTY BBIIALaHNSA repba BoO
Bcex 250 ombITax.

Pemenue. [[714 BbIUMCIIEHUA OTHOCUTEIHBHOM YaCTOTHI BhITIA-
manuda repba Bo Bcex 250 ombITax pasmesinM KOJHWUYECTBO BBIIIA-
IaHui repba B 3TUX OIIBITAX HA YMCJIO OHBITOB:

(27 + 28 + 23 + 26 + 24) : 250 =0,512.

13.2*. YcnosHag BeposaTHOCTbL. He3aBucumbie codbiTud

B nmyHKTe BBeJeHBI MOHATUA YCJIOBHOUN BEPOATHOCTHU COOBI-
Tus B npu ycjloBUM, UTO IIPOUIOIIIO COOBITHE A. ITO OTHOIIIE-
HHEe UYHcJa cJydyaeB, 0JIarONPUATCTBYIOIIUX COObITHIO AB, K
YUCJY CJAydaeB, OJarompuATCTBYOIMUX coObiTuio A. Ero 060-
sHayaior P, (B). llajee mokasaHa CIIPaBeIJIMBOCTH PaBEHCTB:

P(AB)=P(4) P, (B), P(AB)=P(B)F,(4), P;(A)="7 >
P (AB)
(ecim P(B)>0) u P,(B)= P(A) (eCJII/I P (A)>0).

3aTeM BBOLUTCS IIOHATHE HE3aBUCHUMBIX CcOObITUN A u B.
ITo TaKme coOBITUSA, NI KOTOPHIX P (AB) = P (A) - P (B).

Pemenus M KOMMEeHTapuu

13.5. Ilycts OpocatorT urpajbHyio KocTb. CobGbiTme A 3a-
KJIIOUaeTcs B BbIDaJaHUM He 0ojiee 4 OUKOB, cOObITIIe B — B
BBIIIAJAaHNY HEUETHOI'O YKMCJIA OYKOB. BrIunciuTe BepoOsATHOCTD:

a) P (A); 6) P (B); B) P;(A); ) P,(B).

Pemenne. Bcero paBHOBO3MOMKHBIX UM €JMHCTBEHHO BO3-
MOXKHBIX ciydaeB 6 (Beimagauue 1, 2, 3, 4, 5, 6 0uKOB), U3 HUX
0JIaTOIIPUATCTBYIOMINX: COOBITHI0O A — 4 cayuass (BbImagaHue
1, 2, 3, 4 oukoB), cooniTui0 B — 3 cayuasa (Beimaganue 1, 3, 5
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OYKOB), coObITuI0 AB — 2 ciayuasa (Belmagaumue 1, 3 OuKOB).

_2_1
P(AB) 56-3"
_4_2, =3_1,
a) P(A)=_=3; 6) P(B)=(=
_P(AB) _1,1_2, _PAB)_1.2_1
B) B (A)= PB 32 3 r) Py (B)= P(A) 33 2°

3ameuanue. PesysbraThel, moiry-
YeHHBbIE TIIPU PeIlleHUU STOH 3aja-
YK, MOYKHO IPOUJLIIOCTPUPOBATE (U
Iaske MOJYUUTH UX 0e3 M3yUeHHBIX
¢dopMyJI) C TIOMOIIIBIO KPYToB JiiJie-

CobObIiTrIe A CobbiTEe B

pa (puc. 76).
BeposaTrHocTh coObITHA A TIpH
6 YCJIOBUM TOTO, UTO HACTYIIUJIO
Puc. 76 cobwiTue B, ectb Py (A)= %, TaK Kak

cobpITrie A TPOMCXOMUT B ABYX CIydYasdaX M3 TeX, KOrga MpPo-
M30IILJIO coObITUE B.

BeposaTHOCTh cOOBITHSA B IIpU YCIOBUU TOTO, UTO HACTYIIUJIO
2 1
cobwsiTUE A, ecTh P, (B)_Z 5 TaK Kak coObITue B mpoucxo-
OUT B OBYX CJyYasdX U3 TeX, KOrJa IIPOU3O0IILIO cOObITHEe A.
13.6. B amuke HaxomaTca 15 1mmapoB: 7 Oeablx um 8 uep-
HBIX, U3 HUX 3 0eJIbIX Iapa M 2 YePHBIX MOMeUYeHbI 3Be3J0UKa-
Mu. OOBIT COCTOUT B TOM, UTO U3 AINUKA HAyraJ BBIHUMAIOT
onuH 1map. CoObiTHe A 3aKJIIOUAETCSA B TOM, UTO «BBIHYT O€JIBIN
map», coObITe B — «BBIHYT UepHBIN I1map», coobitme C —
«BBIHYT IIIap, MOMEUEeHHBIN 3BE3MI0UKON». BBIUMCINUTE BEPOST-
HOCTb:
a) P(A); 6) P(B); B) P(C); r) P, (A);
n) P (B); e) P, (C); x) P, (C); 8) P, (A).
Pemenne. Bcero paBHOBOBMOMKHBIX U €IUHCTBEHHO BO3-
MOKHBIX cJuyudaeB 7 + 8 =15 (BbIHYT myu Oesblii I1ap, WUJIU
YepPHBIU MIap, WKW CO 3BE3J0UYKOIT), U3 HUX OJaromnpuAaTCTBYIO-
mux: cooblTuio A — 7 cayuaeB, coObiTHI0O B — 8 ciayuaes, co-
opiTuo C — 5 ciayuaes, coosiTuio AB — 0 ciyuaes, COOBITHIO

AC — 3 cayuas, cobwpiTuio BC — 2 cayuas. P(AC)=%,

P(BC)=%,
a) P(A)=%; 0) P(B)_%, B) p(C)_i5 %
P(AC
P feld)= P((C)) 15135
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) PC(B):% 12? : %:g; Co6mu%i6mnfgﬁme3
) PB(C)=I;‘gj) 2.8_1
%) Fp(4)= PP(;ZJ)B) %:%:0' Puc. 77

ATy pe3yabTaThl MOYKHO IIPOUJIIIOCTPUPOBATH C IIOMOII[BIO
Kpyros ditaepa (puc. 77).

13.10. [IBa cTpesKa CTPeJAOT IO MUIIMEHU. BeposTHOCTH
HOopasKeHWs MUIIeHU TepBLIM cTpeakoMm paBHa 0,7, BTO-
peim — paBHa 0,8. Cunuras, 4TO MOPaKEeHUA MUIIEHU KaKIbIM
W3 CTPEJKOB SABJSAIOTCA HE3aBUCUMBIMU COOBITUAMMU, HAUAUTE
BE€POSTHOCTD CJIEAYIOIIEro COOBITUA:

a) MUIIIEHb ITOPAa3AT 00a CTPeaKa;

0) MuIlleHb MOPa3UT IEPBBIH CTPEJOK, HO He IMIOPasuT
BTOPOI;

B) MUINIEHb IIOPA3UT BTOPOIl CTPEJOK, HO He IMIOPa3uT
TepBBI;

) MUIIIEeHb He TOPA3UT HU OJUH U3 CTPEJIKOB;

) MUIIEHb IIOPA3UT XOTA ObI ONUH M3 CTPEJIKOB.

Pemenne. a) g KpaTKOCTU IIEPBOTO CTPEJKa 0003HAUUM
A, BTroporo — B. IlycTs cobbiTe A — «CTpPeJIOK A momas B
MUIIIeHb», coObITEe B — «cTpesok B ImomajJ B MHUIIIEHb», CO-
oniTrie AB — «Immomnajau oba», TOT/a cobbITie A — «CTpPeJIoK A
He IOIaJ B MUIIEHb», coburTe B — «CTPEJIOK B He moman B
MUIIIeHb», COOBITIIE AB — «moman A, HO He momaJj B», coObI-
The AB — «moman B, #HO He momax A», coObITHe AB —
«He mmomajau oba», coobiTue A U B — «momayl XoTsaA OBl OAWH
ctpesiok». CobnlTust A u B, A B Awu B, A u B HezaBucH-
MBI, II0O9TOMY:

a) P(AB)=P(A)-P (B)=0,7-0,8=0,56;

6) P(AB)=P (A)-P (B)=0,7-(1-0,8)=0,14;

B) P(AB)=P (A)-P (B)=(1-0,7)-0,8=0,24;

r) P(AB)=P (A)-P (B)=(1-0,7)- (1 - 0,8) = 0,06;

n P(AUB)=P(A)+P(B)-P(AB)=0,7+0,8-10,56 =
=0,94.
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MaTtemaTnyeckoe oxunpgaHve.

3akoH 0onbLWUuX Yyucen

14.1*. MartemaTuyeckoe oxuaaHue

B myHKTe BBeJeHO IIOHSATHE MaTEeMATHUYECKOTO OXKMIAHWS
CJIyUaMHOU BEJIMUUHBI X. ITO UMUCJTI0, o0o3Hauaemoe M (x), paB-
HO CyMMe MIPOU3BeAeHUIN 3HAUEHUN CIyUYallHOM BeJIMYWHBI Ha

m
BEPOATHOCTH dTUX 3HAYEHUH, T. e. M(x)= > x,p,.
i=1

Hanee pasbACHAETCSA, UYTO MaTeMaTUUYeCKoe OXKHUAaHUe Ha-
3LIBAIOT eIlle CPeIHUM 3HaueHNUeM CJIYYaWHONW BeJWUYUHBI WU
ee 3HAaUEHMEM «B cpenHeM». IIpumBeneHbl IpuMepsl 3a1ad, AJIA
pelIeHns KOTOPLIX MCIIOJb3yeTCa IIOHATHE MaTeMaTHYeCKOTO
OKUIAHUA CIIYUYaNHOU BEJUUUHEI.

Pemenus m KkoMMeHTapuu

14.1. Pynerka umeer 38 HOMEPOB, BBINIaJaHUE KaKIOTO U3
KOTOPBIX €IUHCTBEHHO BO3MOXHO ¥ PABHOBO3MOXKHO. Ecyiu BbI-
[majerT HOMEp, Ha KOTOPBLIM HOCTABUJ UI'POK, TO OH MOJydaeT
CBOIO CTaBKY O00paTHO ILJIIOC TY JKe CYyMMY B 35-KpaTHOM pasme-
pe, ecau HeT, TO TepsieT CBOIO cTaBKy. OmpemenunTte, CKOJIBKO
«B CpeIHeM» II0JyYaeT KasKAbIil UI'POK B OQHOM UIrpe IIPU CTAB-
Ke B 19 pyoOJieii.

Pemrenne. BeposATHOCTL BBIMTPHIINIA B PYJETKY paBHA %,

a TpouMTphIIIa z—; Bynem cuurath, YTO UTPOK IOJYUYUT X P.,

rme X — cnyqafmaa BeJIMUMHAa, IIPHMHHMAKOIIAasd 3Ha4YeHUuA

x;=19 - 36 u x, =—-19 cOOTBETCTBEHHO C BEPOATHOCTAMU % u
%. Torma wMmaTeMaTuduecKoe OYKHIAaHWE BBIUTPHIIIA PaBHO
M = %-36-19+% -(-19)= —% p. CiemoBaTesIbHO, KasKIbIA WUT-

POK IIOJIYUUT «B CPEIHEM» —% p., T. e. mpourpaer 0,5 py0iisa.

Bynem HaswmiBaTh UIpy CIPaBEAJIMBOI, €CJAM «B CPEIHEM»
OymeT OAWHAKOBBIM YHMCJIO OUKOB WJIU JEeHer, MOJydYaeMbIX Ka-
KIBIM urpoxkom. Omnpepennrte, SBAAETCA JU CIPaBeIJIUBOI
urpa, onucaHHas B 3amauax (14.3—14.5):

14.3. IlombpacwiBaroTcsi ABe MOHeTHI. MITpOK A IoJaydaer
3 ouKa, ecJii BRITIAAAIOT ABa repba, 0 0UKOB B APYTHUX CIyUadX.
Urpox B moayuaeT 2 ouKa, ecjiu BbIIagaeT repd M peIka,
0 OYKOB B APYTUX CAyYadX.

Pemrenne. Boinmuiiiem Bce MCXOOBI, IIOJIyuaeMble IIPU OPOCKe
nByx moHetr: OO, OP, PO, PP. BepoATHOCTb BLIUTPHIIIA UTPOKA
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A paBua P (A)— 2 a urpoka B paBHa P(B)—— Maremaruue-

_3
4 4

a pna wurpoxka B — MB=2-§=1. M, <M, — urpa HecIpa-

CKoOe OKHUAaHUe BBIUTPHIIIA A urpoka A pasuo M, =3-=

BeIJINBASA.

14.5. ITombpacwiBaioTcs OBe uUTrpadbHble KocTu. Mrpoxk A
moayuaeT 6 OUYKOB, ecJid BbIIAZaeT cyMma, He OoJjbIras 7 ou-
KoB, 0 0uKOB B Apyrux cayuasax. Urpox B moJsydaer 7 OYKOB,

ecJii BbIIAZaeT cyMMa, 00Jbiiasgs 7 o4ykKoB, 0 OUKOB B JIPyrux
cayJadax.

Pemenue. Vcxon Gpocka AByX KyOMKOB OyaeM 0003HAUaThH
OBY3HAUHBIMM umncjgaMu oT 11 mo 66, B 3ammcu KOTOPBIX IIEp-
Basd mu@pa 0603HAUAET YKUCJI0 OYKOB, BHITIABIIIEE Ha IIEPBOM K-
O6uKe, BTOpasg — Ha BTOPOM.

Kax HeTpymHO moacuuTaTh, BBIMTPBINTY UIpoKa A OJaro-
npuarcrByer 21 cayuait muz 36: 11, 12, 13, 14, 15, 16, 21, 22,
23, 24, 25, 31, 32, 33, 34, 41, 42, 43, 51, 52, 61.

Beiurpeinty urpoka B 6aaronpuaTcTByer 15 cayuaes us 36:
26, 35, 36, 44, 45, 46, 53, 54, 55, 56, 62, 63, 64, 65, 66.

BeposaTHocTs BhiurpshImnia urpoka A paBua P(A)= % = 17—2,
urpoxka B paBHa P(B)=§=% MartemaTuueckoe OKHUIAHLE
BBIUTDHINIA IJI m‘poxa A paBHO M, =6" 17—2 +0- 152 % a nuda
urpoka B — Mp="7- ﬁ +0- 17—2 i’g

Tak xaxk M, >M,, To Urpa HeclipaBeAJIUBad.

14.7. TlomOpaceiBaroTcA ABe MOHeTBHI. MIrpok A moJuayuaer
a OYKOB, ecJIU BBITIafaeT ABa repba, 0 ouKoB B APYyrux cJjayda-
ax. Urpok B moJsyuaeT b 0UKOB, €CJIU BBITIaJaeT repd 1 perrka,
0 oukoB B npyrux ciayudasax. Haiigure orTHOIllleHME a : b, mipu
KOTOPOM 3Ta UI'pPa CTAHET CIIPaBEeIJIUBOM.

Pemnenne. BeposaTHOCTU BBIUTPHINIAa UTPOKOB A u B paBHBI
1 1
cooTrBeTcTBeHHO P(A)= 1 u P(B)= 5 MaremaTuuecKkoe oKuma-

HUe BBIUTPHIIIA IJs UTPoKa A paBHO MA=a-i+0-%, a mis
urpoka B — MB=b-%+O-%. YTo0Bsl MI'pa cTaja CIpaBemJIu-

BOM, HOJI’KHO BBIMOJIHATHCSA paBeHCTBO M, = My. 9To BO3MOXK-
HO TOJBKO B ciaydae a : b=2: 1.

14.8. 3amaua Jlyku Ilawyomau (1494 r.). [[Boe UTPOKOB uTpa-
IOT IO TpeX BhIUTDHIIIEH. Ilociie TOro Kak mepBbIA UTPOK BBIUT-
pajJ IBe mapTuu, a BTOPOH — OmHY, urpa mpepBanachk. Cmpa-
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IIBAaeTCA, KAaK CIpaBelnBO pasmejuThb cTaBKy 210 amBpos
(1uBp — cepebpsHas MOHeTa).

Pemenue. B 3agauax Ha gejieX CTaBKU CUNTAETCS, UTO Be-
POSATHOCTD BLIUTPHIIIA B KAXKA0W MapTUU AJS KaKI0TO0 UTPO-
ka pasHa 0,5. Tak Kax B XyAIlIeM JJs II€PBOI'0 UI'POKA CJIY-
yae uMrpa 3aKOHUYHUTCSA IIOCJIe ABYX IMApTHUM, TO PAaCCMOTPHUM,
KaKue ciydyau MOTJHU OBl IIPOM30ONTH, eCiu ObI UTPOKU ChITpa-
Ju aBe maptuu (He3aBHUCHUMO OT IE€PBOHAUYAJIBLHON JOTOBOPEH-
HOCTH):

1) mepBbBIiT UTPOK BBIUI'PAET 00€ mMapTUM; 2) HEePBBIA UT'POK
BBIUTPAET MEePBYIO0 MapTUIO U IIPOUTpPaeT BTOPYO; 3) IepPBLIi
UTPOK TIPOUTPAET TIIEepPBYI0 MapTHUI0O U BBIUTPAET BTOPYIO;
4) TepBBIii UTPOK MIPOUTPAET 00e MapPTUU.

Ilo mepBoHauaIBLHOMY COIVIAIIIEHUWIO BCIO WIPY BBIUTPAET
IIePBBIN UTPOK B TPEX CIydasxX U3 UeTbIpeX, BTOPOH — JIUIIb B
onuoMm. CiaemoBaTebHO, BEPOATHOCTh BBIMTDBIIIA IIEPBOTO WT-

poka paBHa P1=Z’ BEPOATHOCTH BBIUTPHINIA BTOPOTO UIPO-

1 1_1
Ka — B =---=-",
2 2 4
N3 crasxku C (210 nuBpoB) Urpok A mosryuus OBl X, JUB-
pPOB, I'Ie X, — ciaydaiiHad BeJMYWHA, KOTOpas NPUHUMAaEeT 3Ha-

3 1
yenue C ¢ BEPOATHOCTBIO Z u 3Hauenue 0 c BEPOATHOCTBIO Z’ a

UTpoK B mosyumis Obl Xz JIUBPOB, TJe X — cjaydaiiHasd BeJu-
1
YuHA, KOTopasa ImpuHuUMaeT 3HaueHue C ¢ BEPOATHOCTHIO s

3
sHaueHnmre 0 ¢ BepOATHOCTHIO %

Haiinem maTemMaTudyecKkoe OKUJaHUe BEJIMYUH X, U Xg, T. €.

HaWJIeM, CKOJIBKO «B CPeJHEM» MOJYUYMJ Obl KasKIbIA UTI'DOK:
3 1_3 ., A~ 1 8_1
M(xA)—C-4+O-4— 4C, M(xB)—C-4+O 1 4C.

CremoBaTenbHO, «B CpPeJHEM» UTDPOKMU pas3fmesinjiud Obl CTaB-
Ky B oTHoIeHuu 3 : 1, mostomy craBky 210 JiuBpoB Hamo pas-
Jenutsb B orHomeHuu M (x,) : M (xp) =3 : 1. IlepBrIil UTPOK
IOJIDKeH IoayuuTh 157,5 JiuBpoB, BTOpoii — 52,5.

14.9. 3amaua IIsepa Pepma (1654 r.). IIycTh 10 BHIUTPBI-
II1a BCeH BCTPEUU UTI'POKY A HeIOoCTaeT ABYX IIAPTHUI, a UTPOKY
B — tpex naprtuii. Kak cnpaBenanBo pasaeauTh CTaBKY, €CJIU
urpa npepsaHa?

Pemenne. [ly1a BbIMTPBIIIIa Bcell BCTpedm UTPOKY A ocra-
JIOCh BBHIUTPATH ABe MapTuu, a urpoky B — Tpu. [laa oxkoHua-
HUSA UTPHI JOCTATOUHO IIPOBEeCTU 4 mMapTuu, TaKk KakK B XyAIIEeM
IJs A ciydae OH BRIMTPAaeT OOHY, a B — nBe mapTuu u AJisl BbI-
ABJeHUA mobenuTeNA TOoTpedyeTcd elle oqHa maptus. [aa me-
pebopa Bcex BOBMOYKHBIX CJIYYaeB COCTABUM TaOJJIUIYy BBIUTPHI-
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e, e BBIUTPHIMIN HapTuii urpokaMu A m B 0003HAUYEeHBI
COOTBETCTBEHHO OyKBaMu a u b.

1 2 3 4 5 6 7 8 9 |10 (11|12 |13 |14 | 15| 16
alal|lal|al|b|a| ala|b]|b b| b | b|al|b
ala| a|b|laja|b|b|a)]a b | b|a|b|b
a blal|a|b|la|bla|b|lal|b|a|b|b|b
al|b|alala|b|b| a|b|lajalal|b|b|b|b

N3 16 Bo3MOKHBIX MCXOAOB 11 6GIaTOTNPUSTCTBYIOT BBIUT-
pBIIly UTpoKa A 1 5 — BBIUTPBINTY UTPOKa B, clIiegoBaTeJIbHO,
u3 ctaBku C (IeHeKHBIX eIWHUII) UTIPOK A TOoaydusa Obl
X, IeH. en., TAe X, — CciiydyaliHas BeJIMYMHA, KOTOpasd IIPUHU-

11
maet 3HaueHue C ¢ BEPOATHOCTBIO E u 3uaueHue O c BEPOATHO-

CTBIO %, a urpok B mouyuuna Obl X JeH. el., The Xz — CIy-

yaiHasg BeJUUYMHA, KOTopas mpuHuUMaeT 3Hauenume C ¢

5 11

BEPOATHOCTBIO '~ ¥ SHAUCHNE 0 ¢ BEpOATHOCTHIO T

Haiinem maTemMaTudyeckoe OKUJaHUE BEJIUUUH X, U Xp, T. €.
HalileM, CKOJIbKO «B CpPeqHeM» MOJYUYMJ Obl KarKIbIll UTPOK:

5 A1_5
16 16 16

ITosTomy Hago pasgeluTh CTaBKY B  OTHOIIEHUU
M(x,): M(x,)=11:5.

OTmMeTnM, UTO TakKoe pellleHue ObLIO mpemyoxkeHo II. Mep-
Ma B 1654 r.

_c11,0.5 _11, o5
M (x,)=C- 1 +0 164G Mxp)=C- 7 +0

14.2*. CnoXHbIA OnbIT

B JAHHOM ITYHKTeE y‘—Ie6HI/IRa BBE€EHBbI IIOHATHUA HEe3aBHCHU-
MBIX OIIBITOB, CJOMHBIX OIIBITOB.

PemeHnusas u KOMMEHTaApPUHU

14.11. Yro Gosee mpaBmomoms00HO — BBINAJaHUe, IO Kpaii-
Hell Mepe, OLHOM IIecTePKU Ipu 4-KpaTHOM OPOCAHUU HUIPAJIb-
HOM KOCTU WJIU BbIIaJaHWe, 10 KpaliHel Mepe, IIaphl IITeCTePOK
nopu 24-KpaTHOM OJHOBPEMEHHOM OpPOCAHUU IBYX KocTeii?

Pemenune. BepoATHOCTH TOTO, UTO HOPU UYeTHIPEXKPATHOM

4
. 5
6pOCElHI/II/I OOHOM KOCTHU IIeCTepPKa He IIOABJIAETCHA, PaBHa (6 .
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OTCIOI[a cjaenyer, 4To BEPOATHOCTB TOI'O, YTO IIPDM 4YeTbIPpEX-
KpaTHOM 6p00aHI/II/I O,lIHOfI KOCTH IIIeCTepKa IIOABUTCA XOTA ObI

4
OIUuH pas, paBHa P, =1- (2) ~0,518.

C mpyroil CTOPOHBI, BEPOATHOCTH TOIO, UTO IPH OJHOBpE-
MeHHOM OpOCaHUU JABYX KOCTell CJHYUYUTCA BbIIaZaHUe IBYX

35
IITeCTEePOK, paBHAa 36’ HE CIYUYUTCA — 36° Ho Torga eciu stoT

OIBIT C OpocanmeM ABYX KOCTeil MOBTOPUTH 24 pasa, TO BepOsT-
HOCTB TOTO, UTO IIPW STOM IIOSABUTCA XOTdA OBI OOWMH pas Imapa

24
II1ecTepoK, paBHa P, =1 — (zz] ~(0,491.

Takx kak P, > P,, To IepBoe co0ObITHEe 60Jee IIPaBJOIOLO0HO
(BeposiTHEE) BTOPOTO.

14.12. B xaxXgoM u3 JIByX SIIUKOB JeXKaT OAUHAKOBBIE
mapbl ABYX IIBETOB: Oesible um dYepHbIe. OIBIT 3aKJaOYaeTCsd B
TOM, UTO U3 KaKIOTO0 AMNINKA He TJIAAA 6epyT II0 OJHOMY IIapy.
H3BecTHO, YUTO BEPOATHOCTb B3ATH O€JBIH IIIAp W3 IIEPBOTO
amuka paBHa a (0 < a < 1), a BEpOSTHOCTL B3ATh OEJBIN ITap
u3 BTOporo Ammka paBHa b (0 < b < 1). KakoBa BeposTHOCTH
TOTO, UTO B pe3yJbTaTe OmbIiTa OyAyT BBIHYTHI: a) 2 OeJabIX
mapa; 6) 2 uepHbIX mapa; B) 1 6enblit map u 1 4epHBIHA mrap?

Pemrenne. ITycts coObiTusA A m B 3aKJII0UalOTCAa BO B3ATHUU
Gesioro ImIapa u3 MEPBOIl U BTOPOI YPHBI COOTBETCTBEHHO. Ilo
ycaoBuio 3agaum P (A) =a; P (B) =b.

a) Hac uHTepecyeT BeposaTHOCTL coObiTuA AB. Tak Kak co-
oviTusa A u B HezaBucumbl, To P(AB) =P (A) - P (B) = ab.

6) Hac mHTepecyeT BepOATHOCTL COOBLITHSA A B. Tak Kax
coobiTus A u B HesaBucumbl u P(A)=1-P(A)=1—a,
PB)=1-PB)=1-0b, 10

P(AB)=(1-a)(1-b)=1-a—b + ab.

B) Hac mHTepecyeT BepOATHOCTH COOBITHUSA AB 3 + AB. Tax

KaK coObiTua AB u AB HecoBMecTHBI, To P(AB + AB)=

=P(AB) + P(AE), a TaK Kak coObiTuss A u B, A u B He3aBu-
CUMBI, TO

P(AB + AB)=P(A) P(B)+ P(A) P(B) =
=(1-a)b+a(l-b)=a+b— 2ab.

186



14.3*. dopmyna BepHynnm. 3aKoH 00bLUUX YUCEN

Pemenua u KOMMEHTaApHuu

14.13. BcxoskecTh ceMsAH HEKOTOPOrO pacTeHHsS paBHA
90% . HaiimuTe BepOsITHOCTH TOr'0, UTO M3 IATHU IMOCEAHHBIX Ce-
mAH B3oigyT: a) 0; 6) 1; B) 2; 1) 4; nm) 5.

Pemenne. B namnom npumepe p =0,9, ¢g=1-p =0,1, To-
roa, npuMeHsas gopmyay (1) (c. 355 yuebuUKa), mMeeM:

a) n=5,k=0. Torga P, (0) =C? - (0,9)° - (0,1)5 = 0,00001;

06) n=5, k=1. Torga P, (1) =C} - (0,9)! - (0,1)* = 0,00045;

B) n =05, k=2. Torga P, (2) = C2-(0,9)? - (0,1) = 0,00081;

r) n=25, k=4. Torga P, (4) =C% - (0,9)* - (0,1)! = 0,32805;

n) n=2>5,k=0>5. Torga P, (5) =C?- (0,9)° - (0,1)° = 0,59049.

14.14. Monera mon6pacsiBaercs 10 pas. Beruucaure Bepo-
ATHOCTH BBIIAJAHUSA repda:

a) He O0ojee ueM 2 pasa;

0) e GoJsiee uem 3 pasa.

Pemenne. a) BepoAaTHOCTH TOr0o, UTO IIPU paccMaTpuBae-
MOM HaMHU JAECATUKPATHOM IIOBTOPEHUU OIbITA COObITHE A (BBI-
nagaHme Trepba) mpousoimer 0, 1 wmam 2 pasa, paBHaA
P, (0) + P, (1) + P, (2). Yucna P, (0), Py, (1), Py, (2) BBIULC-
aum mo Gopmyiae (1) (c. 355 yuebHUKA):

P, (0)=C?, - (0,5)° - (0,5)10 = L ;

1024’
P, (1)=Cl, - (0,5)! - (0,5)° = 1(1)24-
P, (2)=C2 - (0,5) - (0,5) = %.
Urax, Py, (0) + P, (1) + P, (2) = ﬁ ~0,0547.

06) BeposaTrHOCTH TOTO, UYTO IIPM paccMaTpruBaeMOM HaMU Je-
CATUKPATHOM IIOBTOPEHWHN ONObITAa coObITe A (BbIOa- ma-
Hue repba) mpoumsomimer 0, 1, 2 wmam 3 pasa, paBHaA
P, (0)+ P, (1) + Py (2) + Py (3). Yucama P, (0), P,(1) u
P, (2) MBI HamIM OpU BBINOJHEHUU 3aJaHUA «a», UYHUCIO
P, (3) Beruucaum no dopmyiae (1) (c. 355 yuebHUKA):

120
P, (8)=C}, - (0,5)" - (0,5)' = =

Urax, Py, (0) + Py, (1) + Py, (2) + Py, (3) = loﬂ ~0,1719.

14.16. meercsa TecT u3 deThIpex 3amaHuii. K Kammgomy us
3alaHUM HaHBI 5 OTBETOB AJis BbIOOpa. KoHTposupyroiee ycT-
poiicTBO HpoBepseT pPadoTy yUYeHHKa II0 HOoMepaM BBIOPAHHBIX
OTBETOB M BBICTABJIAET OIEHKY:

5 — 3a BBIOODP BEPHBLIX OTBETOB BO BCEX UEThIPEX 3aJaHUIX;

4 — 3a BBIOODP BEPHBLIX OTBETOB B JIOOBIX TPeX 3aJaHUAX;
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3 — 3a BBIOOD BEPHBLIX OTBETOB B JIOOBIX MBYX 3aJaHUAX;

2 — 3a BBIOOP BEPHOTO OTBETA JIUIIIb B OJHOM 3aJaHUMN;

1 — 3a BLIOOP HEBEPHBIX OTBETOB BO BCEX UEThIPEX 3aJaHUIX.

VueHUK, He BBINOJHAA 3aJaHUI, PEINU CIAydalHbIM oOpa-
30M YyKasaTb HOMepa BEePHBIX OTBETOB B KaKJAOM U3 HHUX.
KaxoBa BeposaTHOCTb TAKUM CIIOCOOOM IIOJIYUUTH OIEHKY:

a) 5; 6) 4; B) 3; 1) 2; m 1?

Pemenue. Ilycts cobbiTus A, B, C u D 3akJII04alOTCsa B yra-
IBIBAHWU OTBeTa B 3amanHuax 1, 2, 3 u 4 coorBercTBeHHO. IIpu
ciaydaiinom BeIOOpe oTBeta P (A)=P (B)=P (C)=P (D) =0,2,
Torna P (A)=P (B)=P (C)=P (D) =0,8.

a) P(ABCD)=P(A)-P(B):- P (C)- P (D)=(0,2)*=0,0016.

6) CoOviTusA ABCD, ABCD, ABCD, ABCD He3aBUCUMEI,
BEePOATHOCTh Kaskmoro m3 Hmx pasua 0,8 - (0,2)3, a Beposr-
HOCTb CYMMBLI 9TUX YeTbIpex coObITuii paBua 4 - 0,8 - (0,2)3 =
= 0,0256.

B) Cobertua ABCD, ABCD, ABCD, ABCD, ABCD,
ABCD He3aBUCHMBI, BePOATHOCTb Ka’KJOI0 U3 HUX paBHA
(0,2)2 - (0,8)%, a BEPOATHOCTH CYMMBbI 3THUX IIIECTU COOBITUI paB-
ma 6 - (0,2)? - (0,8)2=10,1536.

r) CoObITus ABCD, ABCD, ABCD, ABC D He3aBUCHUMBEI,
BEPOATHOCTL Kaskmoro m3 Humx pasua 0,2 - (0,8)3, a Beposar-
HOCTh CYMMBI 9THUX UeThIpex cobOwnITuii pasua 4 - 0,2 - (0,8)% =
=0,4096.

x) P (ABCD) = (0,8)*=0,4096.
IIpoMekyTOUHBIHT KOHTPOJIb.

WNroroseii Tect nasa camMokoHTposasa (c. 149—153) us gu-
JaKTHUUYECKNX MaTepHaJIoB.
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